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PREFACE 

In  accordance  with  the  new  educational  plan  for  astronomic-geodetic  specialty 
spheroidal  geodesy  is  studied  in  the  IV  course  of  geodetic  colleges  in  USSR  for  7 
hours  s  week  during  the  entire  scholastic  year.  Independent  setting  of  this  depart¬ 
ment  of  higher  geodesy  has  as  an  aim,  on  one  hand,  to  give  future  engineers  *he  nec¬ 
essary  knowledge  for  treatment  of  results  of  geodetic  measurements  of  the  spheroid 
and,  on  the  other,  to  prepare  them  for  study  of  theoretical  geodesy,  mathematical 
cartography  and  theory  of  the  figure  of  the  Earth. 

Till  now  in  USSR  there  was  no  special  textbook  on  spheroidal  geodesy.  The  work 
of  professor  N.  A.  Urmayev  "Spheroidal  geodesy"  (1955),  being  a  scientific  treatise, 
contains  mainly  results  of  his  research  on  this  subject  and  does  not  embrace  all  prob¬ 
lems  of  the  course  program.  Second  part  of  the  fundamental  labor  of  F.  N.  Krasc.vskiy 
"Guide  to  Higher  Geodesy"  (191*?),  which  up  to  r.ow  was  recommended  as  a  textbook  and 
wnere  spheroidal  geodesy  for  a  period  of  19*12  is  presented  with  sufficient  fullness 
has  significantly  become  obsolete  in  certain  parts.  Furthermore,  the  work  of  F.  N. 
Krasovskly,  in  the  contemporary  understanding  can  not  te  considered  as  a  textbook. 

This  scientific  guide,  is  intended  not  only  for  students  and  post  graduates,  but  also 
lor  eng. I nee r s -geodes i s t s  working  on  large  astronomic-geodetic  nets,  and  for  I  eg inner 
sc  lent  Is* a. 

I'i.e  offered  textbook  embraces  all  questions  of  the  course  program  on  cr-  croidn  1 
geodesy ,  •..l.ere  in  many  cases  presentation  exceeds  the  bounds  of  program  requirements. 
Guch  approach  should  be  considered  as  fully  acceptable,  since  majority  of  >-e  n>  glen’s 
after  mur.ti  rl.-.g  he  course  wish  to  study  the  problems  deeper  and  to  become  wi  ter  no¬ 
il  alri'et  with  the  direction  of  the  development  of  scientific  'i.ouri’  in  t‘e  ••re--  of 
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spi  f  r< i  i  la  i  i'm  h-::y , 

/,  .wi.oi  i.'  i.i,  hs  i  r-ilf,  U)  analytic  method  Of'  presentation,  the  geometric  up- 
1  i'i  ■!••:.  1.;  used  ;'t»r  ■’  X  i  r  i  ’  .v  of  ti  rcourr.c  and  interpretation  of  complex  analytic  rela- 
•  1‘  Jl.t?  cl  as::  hf!  I  :.vi*  i*  leal  •tpptt  rettis  is  used.  However,  in  order  Hint 

■  lie-.’  j  art iflclil  '  r  in:  forv/itluna  and  reckonings  would  not  over  ci  udow  the  fnn- 
a  1  Ideas  and  dependencies.  non-fundamental  details  of  derivat  ions  of  certain 
: .  >  !•••.  .[  l  ••  i  ions  i:i  -a  •••■•■.ter  of  cases  were  omitted.  Along  wl'h  this  an  attempt, 

I::  r.a  to  >v  la. prove  accepted  :  ill  now  symbolism. 

al  1  y  » *  ••  oonten'  of  -:e  textbook,  will  indicate  the  following. 

1.  Tie  chapter  on  ellipsoid  curves  is  substantially  expanded.  Here  for  U.e 
fir.: '  1  ime  in  our  educational  literature  is  presented  a  resolution  of  geodetic  profi¬ 
le.':.:-  w  t  * 1  ii.i-  Help  of  normal  r.e-»icr.s  and  ciiords  of  ellipsoid.  In  connection  with 

'  :.e  st  My  :i!o::t  normal  sec  tiers  and  chords  of  ellipsoid  are  expounded  with  con- 
;  H  '•••!  I  e  t'ullner.o.  Tract. lnr  on  reodeslc  and  their  application  t.o  resolution  of 
t  roh  1  eiiu:  of  *j|  t  eroir*al  geodesy  occupies  substantial  place  in  the  textbook.  It  is 
shown  tr.at  .application  of  geodesic  in  t:u-  resolution  of  geodetic  problems  has  definite 
a  i Vi r i *  ares  as  compared  t.o  application  of  ot.uer  curves  on  the  surface  of  the  ellipsoid. 

The  theory  of  geodetic  triangle  on  tr.e  surface  of  an  ellipsoid  Is  presented 
■i'.".vr  1 1  nr  to  d-tnjttt  work:  "Investigation  of  Curved  Surfaces". 

f .  "n  'he  Ic.sis  of  results  of  investigations  of  the  aufnor  and  other  scientists 
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a  whole  chapter  with  account  of  basic  methods  of  resolution 
e  t  : .  ■  prof  ler.s  for  1  ora*  distances. 

<  i  r».-:e:.:  at  leu  of  ellipsoid  on  a  spin  re  and  planes  are  pre- 
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ir,*1 2'.!! .irements  a  necessity  arose  for  the  resolution  of  a  number  of  problems  on  Me  sur¬ 
face  of  'errestrlal  ellipsoid.  Parallel  with  this  work  the  Chair  of  Higher  Geodesy 
“II  !AIK,  candidate  of  Tech,  Sciences  V,  A.  Polevoy  worked  on  composition  of  a  train- 
i.'ic  aid  "Mathematical  Treatment  of  Radargeodetle  Measurements",  wnici;  were  already 
P"M  ished,  1  The  re '"ore  to  avoid  parallelism  lr.  this  textbook,  the  problems  of  treat¬ 
ment  of  radargeodetle  measurements  are  not  shown, 

8.  In  order  not  to  overload  the  textbook  witn  examples  of  calculations,  the 
more  model  and  universal  of  them  are  referred  to  the  "Practlcum"  of  professor  B.  N. 
Rabinovich.^  But  nonmodel  examples  are  placed  in  corresponding  places  after  presen¬ 
tation  of  the  theory  of  a  given  problem. 

The  author  attempts  in  presentation  of  key  basic  concepts  to  avoid  "mathematical 
ballast",  which  submerges  the  essence.  How  well  he  succeeded  it  is  difficult  for  the 
author  to  judge.  However  he  earnestly  hopes  for  great  help  and  friendly  criticism 
from  geodetic  society;  such  help  became  a  tradition  in  our  Soviet  activities. 

Of  great  help  to  the  author  in  preparation  of  the  manuscript  for  publication  was 
rendered  by  assistants  of  the  Chair  B.  F.  Khltrov,  V.  A.  Romanovskiy  and  A.  N. 
Solov'yev,  Translation  of  foreign  literature  and  a  check  of  foreign  texts  and  names 
were  carried  out  by  senior  teacher  of  the  Chair  of  Foreign  Languages  MIIGAIK  G.  I. 

Za Lenskaya. 

The  author  obtained  much  valuable  advice  and  recommendations  on  the  manuscript 
from  Asst.  Professors  A.  I.  Vltman,  A.  V.  Butkevich  and  A.  A.  Virgin. 

I  consider  It  my  pleasant  duty  to  express  to  enumerated  comrades  my  deep  grati¬ 
tude  for  their  help  in  my  work,  especially  professor  P.  S.  Zakatov,  whose  very  valuable 
remarks  rendered  great  service  to  author  during  final  editing  of  the  manuscript. 

G.  V.  Bagratunl 


1  V.  A.  Tolevoy,  Mathematical  Treatment  of  Radargeodetic  Measurements.  M. , 
i-odrrls-iat, 

2  * 

F.  N.  Rabinovich,  Practlcum  on  higher  geodesy.  M. ,  Geodezizdat. ,  1961. 
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CHAPTER  I 
INTRODUCTION 

§  1.  THE  OBJECT  AND  PROBLEMS  OF  SPiiEROIDAL  GEODESY 
Higher  geodesy  Is  a  science  about  the  figure  of  the  EarM The  main  scientific 
problem  of  the  higher  geodes;  consists  of  determination  of  the  size  arJ  shape  or  t.he 
Earth;  this  problem  Is  resolved  by  means  of  establishment  of  a  typical  mathematical 
figure  which  would  geometrically  present  the  Earth  on  the  whole  and  the  study  of 
deviations  from  the  real  form  of  t.he  Earth  from  a  fixed  mathematical  figure.  Such 
figure  is  a  rotating  ellipsoid  with  small  polar  compression  also  called  a  spheroid. 

Tiie  term  "spheroidal  geodesy"  is  derived  hence. 

Spheroidal  geodesy  is  a  study  of  the  geometry  of  terrestrial  ellipsoid  and  rep¬ 
resentation  of  important  parts  of  Its  surface  on  a  sphere  and  on  a  plane. 

All  geodetic  measurements  are  made  on  the  physical  surface  of  the  Earth,  then 
for  strict  mathematical  treatment  the  results  are  projected  on  the  surface  of  adopted 
reference-ellipsoid.  The  ellipsoid,  oriented  on  the  body  of  the  Earth,  in  a  determined 
way  on  whose  surface  are  projected  the  results  of  geodetic  measurements  and  or.  which 
coordinates  of  geodetic  points,  are  determined,  is  called  the  reference-ellipsoid. 
Frequently  the  surface  of  reference-ellipsoid  is  called  the  surface  of  relativity. 

In  order  that  the  surface  of  the  reference-ellipsoid  would  be  disposed  as  nearly  as 
possible  to  the  surface  of  the  Earth  within  the  limits  of  a  given  area,  it.  is  necessary 
that,  it.s  major  semiaxis  and  polar  compression  be  obtained  from  t.he  results  of  geodetic 
gravimetric,  and  astronomical  measurements,  carried  out  in  this  area. 

When  it  is  spoken  in  higher  geodesy  about  the  surface  of  the  Earth,  visible 
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physical  surface  in  not  iir.pl  i *•-! ,  but  a  sen  level  surface  at.  every  point  of  wnict.  a 
pliffit  line  coincides  wl r  1:  tl.e  normal,  Tula  condition  satisfies  infinite  nearer  of 
sea  level  :urT:i'S,  In  higher  geodesy  *.h9f  surface  Is  <’o>  a  He  red  w  lei.  coincides 
►•I':  * :  »■  surface  of  1  he  world  ocean  in  a  sr ate  of  complete  equll Ibrluti:  of  tne  water 
contained  In  it.  u;il,  consequently ,  not  disturbed  b,.  tiles,  elbs,  winds,  our- 
r— .'a  •::••!  o*  l.*»r  fap'r  r*.  If  ♦p-ls  surface  is  hypothetically  extended  throngr.  me 
trsaitilai:  to  In  suet:  «  manner  that  ‘be  plumb  lines  remain  normal  to  1:.,  i-verywnnre  t  her. 
we  will  obtain  a  closed,  continuous  without,  folds  and  ridges,  even  surface,  which  Is 
called  ■  •  -  latum  of  me  surface  of  the  Earth.  Geometric  figure,  limited  by  this 
s- *r fare,  is  called  me  geoid.  Thus,  terms  "surface  of  the  geoid"  arid  "datum  of  tn< 
surface  of  tr.e  Earth"  have  identical  meaning, 

in  order  to  present  the  geoid  on  the  whole,  an  idea  is  introduced  in  hlgner 
geodesy  about  the  general  terrestrial  ellipsoid,  determined  by  the  following  charac- 


1  erl *  ic r. : 


1,  The  volume  of  the  ellipsoid  is  equal  to  the  volume  of  the  geoid.  2.  The 
r  of  gravity  and  the  plane  of  the  equator  of  the  ellipsoid  coincide  with  the 
center  of  gravity  and  the  plane  of  the  equator  of  the  Earth.  3.  The  sum  of  the 
squire;:  of  deflections  of  the  geoid  from  ellipsoid  should  be  minimum  in  height. 

The  problem  of  determination  of  the  size  and  3hape  of  general  terrestrial  ell  in- 

sc  Id  enters  Into  natural-science  problem  of  study  of  the  Earth  as  a  planet  and  can  he 

rigidly  solved  by  Joint  use  of  data  of  geodesy,  gravimetry,  astronomy,  geophysics, 
geology  :md  otner  related  sciences  obtained  for  all  the  surface  of  the  Earth.. 

.•  rejection  of  the  results  of  t;.e  geodetic  measurements  on  the  surface  of  the 
reference  ellipsoid  it  a  complex  physical  and  mathematical  problem,  which  Is  studied 
In  the  theoretical  part  of  the  higher  geodesy.  In  spheroidal  geodesy  it  is  assumed 
’i;it  •  •  e  results  of  tne  geodetic  .measurements  are  rigidly  projected  on  the  surface  of 
••.e  reference-ellipsoid  and  geoletic  problems  are  resolved  as  if  all  the  measurements 
personnel  directly  on  the  surface  of  the  reference-ellipsoid. 

%  vihoi  v.E'.'i’  of  KirovxEnn-  the  mathematical  n  ;  iat  ce  ;mk  r ah i 

Oontem:  orary  views  on  ti.e  figure  of  the  Earth  take  their  beginnings  from  1. 

newton,  who  for  ti.e  first  '  itr.e  bad,  or.  a  basis  of  fne  law  of  till  versa  l  gravl ' ;. '  !or. 

expressed  .as  a  thoao:  •  tr.a>  geometric  figure  of  the  F.urth  Is  the  r<c:l'  of  ao> ion  of 
'wo  force.:,  'he  force  of  '  •  rr-J '  r  1  a  1  at  tract  ion  art  of  cent,  ri  f  1  force.  IVir, 
pirely  gei  r.,  •  >  ic  ajprv.'fi.  *.•  question  if  de’ *  rmir.at  ion  of  fig  « re  .  •' 
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•  -x'.ctJrg  j.rinr  t.o  Kpwt.on,  was  put  to  on  end.  Cons;  lerinp,  the  Earth  an  a  uni  fern, 
toiy,  in  which  all  particles  ore  mutually  attracted,  and  taking  ratio  of  centrifugal 
'<  ti.e  force  of  gravity  on  the  equator  as  equal  to  l:?Bq,  Newton  obtained  a 
vai  l*  uf  !:?'•’  for  corap ress ion  of  the  earth  (lrbo),  besides,  as  he  noted ,  u:;-  value 
should  decrease,  if  the  density  of  the  masses  Increases  toward  the  center. 

A  contemporary  of  Newton,  Dutch  scientist  Kh.  Gyuygens,  considering  attraction, 
of  r.i.i  hart),  not  from  separate  pai  tides  of  her  mass,  as  follows  from  the  law  of  uni¬ 
versal  gravitation,  but  from  the  center  and  taking  this  for  ratio  of  centrifugal 
f-uve  t.i  gravity  on  equator  received  the  very  same  number  as  Newton  had  obtain*.]  for 
oorqrpssion  of  the  earth  1 ; 078  (1668),  that  is  half  of  its  actual  value. 

Thus,  at  the  end  of  17th  Century  without  any  direct  measurements  or.  the  Earth's 
surface,  two  extreme  limits  for  the  compression  of  the  Earth  were  obtained.  Mean¬ 
while,  the  real  compression  of  the  Earth  could  only  be  determined  from  materials  of 
direct  geodetic  measurements.  The  French  Academy  of  Sciences,  founded  in  166 6,  under¬ 
took  such  measurements  under  the  leadership  of  the  famous  astronomer  C.  Picard  in 
1669.  Although  the  measurements  of  Picard  were  the  first  in  this  direction,  before 
their  fulfillment  numerous  and  very  Important  for  that  time  inventions  and  Instru¬ 
ments,  such  as  for  instance,  pendular  and  spring  timepieces  telescopes  provided  with 
crosshairs  microscopes,  cylindrical  levels,  and  verniers  etc.  were  already  utilized. 
Picard  considerably  improved  the  methods  of  triangulation,  originally  proposed  by  the 
Dutch  scientist  Snellius  in  1615. 

Kesults  of  measurements  of  Picard  and  his  pupils,  published  in  17?0  by  the 
Trench  Academician  (5.  Cassini,  showed  that  within  limits  of  France  the  length  of  arc 
of  a  degree  on  a  meridian  decreases  to  the  north,  as  if  it  testified  not  about  com¬ 
pression  of  the  Earth  at  the  poles,  but  of  prolateness. 

This  contradiction  was  brought  forward  in  the  beginning  by  Cassini  himself  and 
then  successors  as  refutation  of  the  theories  of  Newton  and  Huygens,  since  actual 
measurements  were  considered  very  precise.  However  it  was  established  that  the  error 
of  tnr  measurements  themselves  was  so  great  for  such  short  distances  that  they  wholly 
can  cover  the  influence  of  compression  of  the  Earth.  For  clarification  of  this  and 
the  evaluation  of  accuracy  of  measurements  of  Picard  new  measurements  were  required, 
they  were  undertaker,  by  the  French  Academy  of  Sciences  in  1735-1743.  Two  ares  were 
measured  near  the  Equator,  In  Peru,  3°7'  long  and  in  the  north  of  Norway,  In  Lapland, 

1°  ion,t.  Kesults  of  these  measurements  confirmed  the  correctness  of  The  theory  of 
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Hewlett  -ini  simultaneously  indirectly  snowed  that  the  Earth  is  a  heterogeneous  tody, 
since  eoapre.::.’ Ion  at  near  Equator  measurements  was  obtained  equal  to  1:314,  a’' 1  near 
*  he  roles  it  was  1:214. 

I.vuu,  one  of  the  major  natural-science  problems  about  Earth,  namely  the  deter- 
nit, alien  of  Its  size  and  shape,  was  solved  in  18th  century  by  the  results  of  geodetic 
measurements.  French  measurements  laid  foundations  for  degree  measurements  along,  the 
meridian,  which  began  to  be  rapidly  developed  from  the  end  18th  Century  in  many  Euro¬ 
pean  states.  Somewhat  later,  with  the  invention  of  the  telegraph,  degree  measurement 
along  'he  parallels  began. 

Eighteenth  century  is  also  famous  for  still  other  facte,  in  the  history  of  geod¬ 
esy  to  purely  geodetic  method  of  determination  of  compression  of  the  Earth  were  added 
other  methods  founded  on  theoretical  positions  of  celestial  mechanics  and  other  sci¬ 
ences.  Tne  famous  A.  Clerot  member  of  the  French  Academy  of  Sciences  and  participant, 
of  the  Laplandlan  degree  measurement,  obtained  an  equation  In  1743,  which  showed  that 
with  the  aid  of  a  difference  of  gravity  at  the  Equator  and  the  Pole  it  is  possible  to 
calculate  compression  of  the  Earth.  Delamfcre  investigated  dependency  between  the 
figure  and  distribution  of  Earth  masses  attracted  by  the  Moor,  and  the  Sun.  LaPlace 
at  tne  end  18th  Century  found  periodic  terms  in  equation  of  the  motions  of  the  Moon, 
which  are  conditioned  by  the  shape  of  the  Earth  and  distribution  of  masses  within  it. 

In  the  second  part  ol'  the  celestial  mechanics  LaPlace  on  the  basis  of  the  theory 
of  Moon's  notion  and  results  of  measurements  of  the  force  of  gravity  obtained  a  value 
for  the  compression  of  the  Earth,  approximately  equal  to  1:300. 

Ltii'lace  simultaneously  indicated  that  actual  mathematical  figure  of  the  Earth 
canno*  exactly  coincide  with  the  prolate  spheroid.  He  made  this  conclusion  on  the 
basis  of  material  of  triangulation,  at  which  deviations  of  the  plumb  lines  were  re¬ 
vealed,  far  exceeding  the  errors  of  measurements.  This  served  as  a  reason  for  ’he 
derivation  of  the  well  known  Lnnlace  equation,  glcing  difference  of  geodetic  and  us- 
tronomlcal  azimuths. 

In  first  half  of  the  19th  Century  several  attempts  were  made  tt>  or ’sit.  from  ’he 
,  •  ion  material  the  value  of  a  major  semiaxis  and  compression  of  terrestrial 

ellipsoid.  'Use  most  essential  contribution  in  this  vas  made  ty  the  greatest,  'ierman 
astronomer  and  geodesist  F.  V.  Pessel  (1784-ltWc).  In  1641  on  the  basis  of  n  tMu-o.ig 
treatment  of  t r languid lion  material  by  a  method  of  least  square::  hessel  obtained 
values  for  major  eemiaxis  of  a  =  ■•*77797,  ar.d  for  compression  >  -  1:2  iu.11;.  i .» r  t.is 


iprlv-i'  ior;  Bessel  used  U  p  European  degree  measurements  of  tne  general  extent  of 
it  out  C  where  the  greater  weight  in  his  treatment  was  given  the  part  of  the  <ri- 
•i:u'  il  i'  tot.,  carried  out  under  direction  of  the  great  Hussion  nst  rcnomer-reodenir.t 
7.  Yi.  f-nve  (1793-18*4). 

Die  to  great  scientific  authority  of  Bessel,  his  ellipsoid  was  used  in  geodetic 
work  almost  everywhere.  Even  now  Bessel  ellipsoid  is  used  as  a  reference. ellipsoid 
in  certain  European  countries.  Till  1941  Bessel  ellipsoid  was  also  used  as  a 
reference-ellipsoid  In  US3R.  Investigations  of  l.  II.  Krasovskiy  (187B-1G48)  showed 
that  Bessel  major  semlaxls  for  area  of  USSR  is  approximately  859  m  less.  However  the 
value  of  compression  of  his  ellipsoid  even  now  is  considered  one  of  hen' , 

Work  next  in  importance  in  this  area  is  that  of  a  well  known  English  geodesist 
A.  Clarke  (1828-1914),  author  of  work  "Geodesy",  translated  into  Russian  by  V.  V. 

Vltkovskly  in  1890,  Clarke  twice,  in  1866  and  1880,  developed  an  ellipsoid  from  Euro¬ 
pean  and  Indian  triangulation.  He  used  material  of  degree  measurements  of  Struve 
extending  25°20'  along  the  Indian  arc  21°5*  long  and  a  series  of  small  arcs  of  general 
extent  of  about  75°. 

Geographic  location  of  Struve  arc  and  Indian  arc  are  such  that  due  to  the  pres¬ 
ence  of  significant  latitudinal  waves  along  these  arcs,  compression  according  to 
Clarke  turned  out  to  be  exaggerated,  while  the  value  of  the  major  semiaxis  was  close 
enough  to  contemporary  values: 

a  =  6378206,  a  »  1:298  (1866) 

a  =  6378249,  a  -  1:293  (i860) 

In  the  beginning  of  20th  Century  several  major  Russian  Geodesists  proposed  adop¬ 
tion  as  a  reference-ellipsoid  for  Russia  a  semiaxis  according  to  Clarke  (6378249)  and 

compression  according  to  Bessel  (1:299.15). 

Clnrke  1866  ellipsoid  is  used  in  geodetic  work  in  the  United  States,  Canada  and 

Mexico,  and  1880  ellipsoid  is  used  In  France,  Union  of  South  Africa,  and  in  certain 

French  Possessions  in  Africa. 

After  Russian  geodesist  F.  F.  Shubert  (1859)  to  Clarke  also  belongs  one  of  the 
derivations  of  trlaxial  terrestrial  ellipsoid. 

In  tne  ninetieth  years  of  the  past  century  Russian  geodesists  professors  : .  A. 
dludskly  (1841-1897)  and  A.  M,  Zhdanov  (1858-1914),  completed  research  or.  derivation 
of  parameters  of  terrestrial  ellipsoid  from  Russian  trlanguiatlon  and  as  a  result 
obtained: 
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wludakiy  -  a  -  6377494,  J  -  i:297; 

Zhdanov  —  a  «=  6377717,  ®  *  1:299. 

In  the  20th  Century  research  an  derivation  of  terrestrial  ellipsoid  continued 
in  !urop*  and  in  America.  In  i ?07  n  well  known  German  geodesist  i- .  i..  Helmert  (1 
1 017 ) ,  author  of  a  two-volume  fundamental  work  on  higher  geodesy  ("Die  mathematischen 
und  physlknllsehen  Theorlen  der  hoheren  Geodasie"  Theil  I  und  il  1880),  divided  the 
problem  on  derivation  of  parameters  of  terrestrial  ellipsoid.  He  proposed  to  derive 
compression  from  measurements  of  gravity  and  adopting  it,  derived  a  major  semiaxiB 
from  triangulation.  By  this  method,  having  obtained  compression  of  1:298.3,  Heitvri 
determined  the  value  of  major  semiaxis  at  a  -  6378200  as  a  mean,  obtained  from  materia ! 
in  Europe  and  the  United  States  up  to  1906.  Helmert's  achievement  Is  in  that  he 
carried  out  the  idea  of  joint  use  of  material  of  geodetic  and  gravimetric  measure¬ 
ments. 

In  1910  American  geodesist  Hayford  treated  material  of  extensive  astronomic- 
geodetic  net  of  the  United  States  for  the  purpose  of  derivation  of  terrestrial  ellip¬ 
soid  from  American  arcs,  Hayford  in  his  investigation  used  a  theory  of  isoctatic 
compensation  of  Earth's  crust.  This  theory  assumes  that  the  insufficiency  of  density 
of  masses  in  upper  layers  of  the  Earth's  crust  is  compensated  by  surplus  of  density 
in  lower  layers  to  a  determined  depth,  called  the  depth  of  isostatic  compensation. 
According  to  this  theory,  for  every  section  of  Earth's  crust  it  is  possible  to  accept 
that  the  total  mass  in  an  individual  vertical  column,  from  physical  surface  to  a  cer¬ 
tain  internal  surface,  below  which  there  exists  a  static  equilibrium,  is  approximately 
constant. 

With  the  application  of  the  theory  of  isostacy  Hayford  obtained: 

a  =  6378388,  a  =  1:297. 

Value  of  compression  according  to  Hayford  coincided  with  the  value  of  compressioi  . 
obtained  from  data  of  measurements  of  gravity,  which  was  then  considered  the  mos*  re¬ 
liable.  therefore  in  l-)2y  the  Geodetic  Association  of  International  Geodetic  ar.J 
Geophysical  Union  (MGG3)  gave  preference  to  Htyford  derivation  and  adopted  1’  as  :u. 
Intern. it !  .T.al  ellipsoid.  In  geodetic  literature  the  Hayford  ellipsoid  is  called  in¬ 
ternational  ellipsoid  in  the  west.  Series  of  geodetic  tables  and  instructions  were 
composed  In  the  west  using  the  dimensions  ox’  this  ellipsoid. 

Investigations  of  r.  H.  Krasovskly  and  A.  A.  Izotov  showed  tha*  there  is  no  fo ,r— 
datlon  for  endorsing  Hayford  ellipsoid  for  general  international  value,  since  during 


t .  1  !•  derivation  he  used  trlangulat Ion  done  only  lr*  tt.e  United 
lr.  U.joii  has  greater  weight  than  in  the  United  States. 


aies.  Trl 1  a  >  Ion 


F.  ii.  Krasovskiy  studied  the  problem  of  derivation  of  parameters  of  terrestrial 
ellipsoi'j  curing  almost  all  of  nis  scientific  endeavor.  However  nis  first,  net  ter 
founded  derivation  pertains  to  a  period  of  1931-1-134.  His  work  or.  tuig  problem  In 
the  form  of  separate  articles  were  published  in  the  Journal  "Geodesist"  No.  ,  7,  l.\ 
Hi  and  12  in  1930.  In  his  investigations  F.  N,  Krasovakiy  used  material  of  ejeensive 
tri ‘insulation  in  USSR,  the  United  States,  Western  Europe  and  India.  Furthermore,  i.e 
used  materials  of  gravity  measurements. 

From  shown  material  and  taking  into  account  corrections  for  triaxis  he  obtained: 

a  »  6378200,  a  =  1:298.6. 

F.  N.  Krasovskiy  considered  that  It  is  doubtful  If  his  derivation  was  erroneous 
in  value  of  semiaxis  more  than  ±100  m,  and  In  the  value  of  compression  more  than  one 
unit  In  denominator. 

Research  on  the  problem  of  the  figure  of  the  Earth  in  USSR  continued  at.  TsMIlOAlK 
under  direction  of  Professor  A.  A.  Izotov  and  at  the  Institute  of  Theoretical  Astronomy 
of  the  Academy  of  Sciences  USSR  under  direction  of  Professor  I.  E.  Zhcngolovlch  and 
after  publication  of  the  work  of  F.  N.  Krasovskiy.  A.  A.  Izotov  in  his  investigations 
fully  utilized  the  method  of  F.  N.  Krasovskiy  with  addition  of  new  important  triangu- 
Xation  In  USSR  (he  included  all  the  valuable  materials,  obtained  up  to  1940).  Com¬ 
bined  treatment  carried  out  by  him  of  geodetic,  gravimetric  and  astronomical  materials 
In  Europe  and  the  United  States  with  introduction  of  isostatic  reductions  gave  the 
following  values  for  the  parameters  of  biaxial  terrestrial  ellipsoid 

a  =  6378295  ±  1c  mj  o  =  1:298.4  ±  0.4. 

On  the  basis  of  the  same  materials  parameters  of  triaxlnl  terrestrial  ellipsoid 
are  obtained: 

mean  radius  of  equator  a  =  6378245  m, 

mean  polar  compression  a  =  1:298.3, 

equatorial  compression  e  -  1:30,000, 

longitude  of  the  prime  meridian  Xq  -  +15°  from  Greenwich. 

These  conclusions,  taking  into  account  geographic  disposition  of  itlllze-l  arcs, 
method  of  treatment  and  analysis  of  materials  are  at  present  the  most  founded  and 
answer  the  requirements  of  strict  mathematical  treatment,  of  extensive  astronomic.-,] 
eode’ic  nets  for  derivation  of  parameters  of  terrestrial  ellipsoid,  Tut  sequ*-:.i 
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sc  lein.  i  f  io  investigations  in  do-jr  and  ['on;  ign  countries  definitely  indicate  thai  t.i  * 
error  In  major  semlaxls  of  Krasovscly  ellipsoid  Jc.es  not  exceed  mo-aO  m,  an!  In 
compression  il  uni  t  ir.  denominator. 

well  Miowri  Austrian  geodesist  K.  edershteger  (1990)  taking  Into  a  coo  in!  *i> 
corrections  in  reduction  of  leases  on  the  surface  of  the  reference  ellipsoid,  oltairei 
I'.'i.loi’  a*~r.l  axis  Individually  for  Europe  and  America  correspondingly  •  J7t if  r  and  > .\J- 
;:i:  comp ari;.f  these  results  with  the  major  aen.luxis  of  prolate  spheroid  oi'  Krarovskiy. 
vv  '.heir  coincl  lence.  diving  these  Jut  a  In  toe  latest  pufcl  lea  l  Ion  of  the  veil 
known  "Instructions  on  Higher  Geodesy",  by  Jordan,  its  chief  editor  and  co-author 
Pro r  Knea  .si  writes  in  introduction  "Very  good  confirmation  of  the  results 
by  he  l.-rs.nteger  are  presented  by  the  prolate  spheroid  of  Krasovskiy  (o  =  f'37bf!'ri  n:; 

■i  =  1:298.*0"- 

Hesults  of  observations  of  motions  of  Soviet  artificial  Earth  satellites  also 
confirm  this  derivation  with  indicated  degree  of  accuracy. 

in  1VO  Professor  I.  D.  dhongolovich  obtained  from  the  treatment,  of  results  of 
observations  of  rotation  of  three  -Soviet  satellites  for  compression  of  terrestrial 
jpi.eivid  the  value  of  1:293.?,  with  an  error  in  denominator  of  iO.l.1 

ii.  1  9oJ  American  scientist  Yu.  Kor.ai  using  material  lor  compress xw..  oi'  terres- 
trial  spheroid  fror*  American  satellites  obtained  1:298. 31. s 

i'huo,  from  4  October  1907,  when  USSR  launched  the  first  artificial  earth  on  tel- 
liw,  a  new  epoch  was  opened  in  the  study  of  the  figure  of  the  Earth,  a  new  powerful 
'hi  wi i a t  is  especially  important  an  resolutely  independent  method  of  resolution  of 
the  problem  was  obtained. 

luring  launching  of  artificial  satellites  and  space  rockets  very  exact  calcula¬ 
tions  for  ietermir.-atlor.  of  their  orbits  are  required.  In  these  ca Iculx* ions  various 
geopi.ysi -al,  astronomical  .am  geodetic  constants  are  applied,  in  a  number  or'  i  'i* 

...  ijor  semiaxls  and  compression  of  terrestrial  spheroid  Flay  a  very  large  rt  ]•■.  .'  ic 

'!n:ir-  •'  trots"  of  these  values  by  related  sciences  give  valuable  material  for  >va.- 
•jatio:.  of  the  degree  of  reliability  of  determination  of  these  values  b.y  G'-ode  :  •  r  •  ■ 


1  -•  rotvssor  1.  I',  lihongolovich.  Experience  In  determination  of  certain  paramo*  e>a: 
of  the  K’-rrh  gravitational  field  from  results  of  observation  of  satellite-  l->7  h.., 

1  )‘-b  -  j ,  i  ,r-8  h,,  bulletin  of  optical  observation  stations  of  artificial  .  -.r’  • 

jat.eir.  ej  19’ •  ,  uo.  ?(i2'. 

8V.  a  i .  Tli**  Gravitational  1  lei  j  of  the  Earth  I -rived  from  *:.»*  Moilo;.;:  i.f  ihra- 
..*  t’elli*  i  j  e  h:' ’  iv’iia..;  I  Jc-in.a  1  ’lo.  1.  r*  ,  1-e  lv- . 


Py  the  Resolution  of  the  Council  of  Ministers  U33R,  from  7  « til  i  '.io  th«  param¬ 
eters  of  ellipsoid  (major  semlaxis  a  »  6378245  m  and  compression  a  *  were 

■ilo|  ted  os  obligatory  for  geodetic  work  in  USSR  as  the  most  responding  to  Its  arena. 
The  ellipsoid  was  named  F.  N.  Krasovskiy  in  honor  of  his  great  services  to  the  Soviet 
geodesy.  The  Krasovskiy  ellipsoid  was  also  adopted  for  geodetic  work  of  Socialist 
.■’.i.at.es,  (Soviet  satellites] 

Results  of  research  on  derivation  of  Krasovskiy  ellipsoid  are  presented  in  the 
work  of  A,  A.  Izotov  "Size  and  Shape  of  the  Earth  by  Contemporary  Data"  (Geodezlzriat, . 

1053). 

Py  now  the  results  of  geodetic,  astronomical  and  gravimetric  measurements  gave 
correct  conclusion  about  the  figure  of  the  Earth  on  the  whole.  However  Investigation  s 
in  this  area  continue  with  great  Intensity  for  derivation  of  general  terrestrial  el¬ 
lipsoid  and  study  of  the  deviations  of  the  figure  of  the  Earth  from  correct  form  of 
rotation. 

New  developments  In  the  problems  of  the  study  of  the  figure  of  the  Earth  the 
last,  15-20  years  is  Introduced  by  the  work  of  M.  S.  Molodenskly  and  his  school. 

It  is  known,  that  the  traditional  scientific  problem  of  higher  geodesy  was  con¬ 
sidered  to  be  the  determination  of  the  figure  of  the  Listing  geoid.  Meanwhile,  rigid 
determination  of  the  figure  of  the  geoid  is  Impossible  without  additional  datB.  For 
obtaining  these  data  it  Is  necessary  to  resolve  physically  and  geometrically  a  complex 
problem:  to  reduce  on  the  surface  of  the  geoid  measured  gravity,  deviation  of  the 
plumb  line  and  results  of  geometric  levelling,  angles  of  triangulation  and  base  lines 
also  have  to  be  referred  to  the  geoid.  In  order  to  rigidly  satisfy  the  indicated  re¬ 
ductions,  it  is  necessary  to  know  the  density  of  masses  outside  the  geoid. 

However  for  the  treatment  of  geodetic  measurements  it  is  necessary  to  know  not 
the  geoid  but  a  figure  of  physical  Earth's  surface,  gravity  and  deviation  of  the  plumb 
line  on  it,  also  the  height  of  points  of  physical  earth's  surface  above  reference- 
ellipsoid.  With  such  formulation  of  the  problem  reduction  problem  immediately  drops 
off  and  there  appears  a  problem  of  the  study  actual  shape  of  the  Earth’s  surface. 

Thus,  the  scientific  merit  of  M,  3.  Molodenskly  consists  in  that  he  introduced 
clarity  into  the  problem  of  study  of  the  Earth  and  gave  a  new  method  of  resolution 
of  the  problem  how  on  the  basis  of  results  of  geodetic,  astronomical  and  gravimetric 
measurements  to  determine  the  shape  of  the  Earth's  surface. 


§  3.  ES3KHTIAL  INFORMATION  ON  MA  i’HKMATTCS 


1.  Series 

Majority  of  problems  of  spheroid'll  geodesy  are  resolved  by  means  of  fnctorTra- 
'  lot;  of  functions  In  power  series  according  to  Taylor,  MacLnurin  and  Newton's  flnonil ' 
theorem. 

The  most  essential  peculiarity  of  the  geodetic  series  Is  their  rapid  convergence 
a; id  sign  alternation.  In  most  cases  'he  application  of  series  in  geodes ty  their  con¬ 
vergence  is  so  evident  that  no  proof  Is  deducted.  The  convergence  of  alternating 
series  is  determined  on  the  basis  of  the  following  theorem. 

Alternating  series 

-«i  +  -±l».:F«Wl  (ltl) 

(u  are  positive  numbers}  it  converges  if  the  absolute  value  of  its  terms  decrease  and 
go  to  zero  during  Infinite  growth  of  n,  while  the  remainder  of  the  series  does  not, 
exceed  tne  absolute  value  by  absolute  dimension  of  the  first  of  dropped  terms  and  has 
the  same  sign. 

Let  series: 

where: 


ccnverg.es,  then  i'  is  possible  to  assume  that: 


with  tnls  t  is  a  proper  fraction. 
Consequently, 


Therefore: 
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•i  +  *b  +  ^+  +  »,<•,(!  + «  +  •*  +  «*  +  ...  +*3, 
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Since  +  Vj  +  . . .  +  v„  >  ui  +  u2  +  •••  +  un*  then  series  (1.1)  absolutely 

converge. 

The  given  theorem  is  applicable  to  all  sign-alternating  geodetic  series. 

Absolutely  converging  aeries  allow  any  distribution  of  terms  of  the  series,  that 
is  they  converge  unconditionally.  These  series  can  be  added  and  multiplied,  the  ob¬ 
tained  series  will  be  absolutely  convergent.  Rapidly  converging  series  are  very 
convenient  for  practical  application,  since  with  them  in  most  cases  it  is  possible  to 
be  limited  by  the  first  terms  of  the  serieB.  However,  it  is  very  important  in  every 
instance  to  determine  the  order  of  smallness  of  the  dropped  term.  The  sign  of  the 
dropped  term  does  not  have  value,  but  it  is  necessary  by  all  means  to  evaluate  and 
to  indicate  the  order  of  smallness.  In  spheroidal  geodesy  small  value  of  the  first 
order  is  usually  considered  the  ratio  of  length  of  arc  to  the  mean  radius  of  the 
Earth.  This  value  corresponds  also  to  the  difference  of  latitudes,  longitudes,  and 
azimuths.  In  subsequent  account  of  the  course  the  order  of  smallness  of  dropped  term 
will  be  designated  by  a  symbol  (i  *  1.2. —  order  of  smallness). 

The  Taylor  formula.  Let  us  assume  that  f(x)  is  any  function  of  x,  having  deriv¬ 
ative  to  n-order  inclusively.  '  We  will  designate,  a  as  an  approximate  or  measured 
value  of  x,  h  is  the  correction  or  error  of  measurement  of  x  if  x  -  a  +  h,  then: 

f  (*)-/<•+*)  -  /(a) + *r «  +  ~  r  « +  ~  r  w + . .  • + a.  w 


where  Rn(x)  is  the  remainder,  which  is  usually  given  form: 


I.*...*- Da 


here  S  is  correct  positive  fraction,  unknown  exactly. 

In  geodetic  series  is  a  rapidly  converging  series,  therefore  it  is  possible  to  ac¬ 
cept  for  it  approximately: 


(1.2) 


which  simultaneously  Indicates  the  power  oi*  smallness  of  the  dropped  .last  terr  of 
series. 


Convergence  of  the  series,  oi. t.«t ufii  by  Uie  Taylor  formula,  can  be  improved  by 
means  of  change  of  initial  value  of  the  argument,  in  particular,  during  Introduction 

•  j 

of  mean  argument  a  =  n  +  ^  we  nave: 

Bi  *L 

+  y]-/(«  +  -y)+-|-tf(.T-j.)+ 

+Tr(”T)^l'(rti)*-. 

'«-'[('  +  T)-T)-'(’+r)-Tt(-  +  T)+ 

+fr(‘+T)-fr(.+|)+.. 


Difference  between  these  two  series  gives 

f  w  -  /<« + *)-/(«)+*/  («+  ~) + ~  r  (o  +  -J-)  +  -  - . 
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V 


~r<«->+  (oj + ... 


(a. 


Krosi  (1.3)  it  follows  that  in  a  series  with  mean  argument  all  terms  with  even 
degrees  of  h  disappear,  and  terms  with  odd  degrees  of  h  enter  decreased  by  4.1b  etc. 
times.  This  principle,  introduced  into  geodesy  by  Gauss,  is  widely  used  in  rpsol'.ri. 
of  imr.y  problems  of  spheroidal  geodesy. 

If  we  were  to  take  differences  of  functions  f(a  +  b)  and  f (a  -  h),  we  will  ubt-it- 
rapidly  converging  series  in  the  form  of: 

/(■  +  A)-/(a -*)  -  2 hfla)  +  -j; **/“*(«)  +  . . .  ( 1 . -I ' 

In  expressions  (1.1)  and  (1.4)  remainder  car.  be  calculated  by  ’he  fonr.ul 

Taylor  formula  can  be  written  in  the  form: 

% 

/€*  +  *>-/»*>- »/  <*H  ■£/•■<*>+  +  -£$!  +  #. 


-Id  - 


Tlie  left  part  of  tMs  expression  is  increase  of  function  y  *  f(x).  therefore: 


4* -/*<«)* -fix)*:  **•-*'**’ -/"<*)** 

•md  in  general 

4t*  -  -  /"•<*)  A*. 

Consequently, 

Formula  (1.6)  has  great  value  in  problems  of  approximation  reckoning  and  calcu¬ 
lations. 

The  MacLoren  formula.  In  a  particular  case,  when  initial  vaiue  of  variable  x  is 
zero,  that  Is,  a  «*  0,  and  x  *  h,  Taylor  formula  assumes  the  form  of: 

ti*)-w+*rm+£nto+~lrm+...+*r  (1.7) 

This  formula  is  called  the  MacLoren  formula. 

The  statement  about  evaluation  of  the  remainder  and  convergence  of  series  is 
obtained  by  the  Taylor  formula,  is  also  applicable  for  series  obtained  by  the  MacLoren 
formula.  Although  MacLoren  formula  is  a  particular  case  of  Taylor  formula.  It  is 
used  Just  as  frequently,  as  the  Taylor  formula. 

Binomial  series.  Expression 

(I ±«f-l  **  +  5^^426=16=8^+...  il  8) 

has  meaning  and  absolutely  converges  at  any  n,  if  u  <  1.  Expression  of  type  (1.8)  is 
called  binomial  series.  In  distinction  from  remainders  of  series  of  Taylor  and 
MacLoren,  the  remainder  of  binomial  series  can  be  obtained  by  direct  summation,  but 
the  limit  of  Its  convergence  is  not  always  known. 

The  most  commonly  used  binomial  series  In  spheroidal  geodesy,  are: 
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.  *i  ?•  *-4  4  b  of  mod  j  i  13  of  common  logorl  films. 
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If  or.  angle  u  la  given  in  degrees,  then  In  radians  It  ia  equal  to: 

#*  ✓  *r , 

mm  f  m  f4  m  f' 
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Inverse  trigonometric  series 


«  ~iiau. 


a  ^arcilnx 
K-*relgi 


a -wc  tin  jr  “’ *+ Y +^» +iwJr’  + " 

„t.lta,+-!fiL  +  !^Sf  +  ‘2K!  +  .., 

«  ••  J-V*  +  jV*  -  y  V*  + 


(1.1*1 
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(1.14) 


i*«i«ii-v(i~y+£+ *)"%“'"K?+S+ *Sr+”) 

lgtitf-isg(t  +  y+W+“)"**,*+,‘(t+ »  +  «’+ •) 

Ikcos« - *(t+  «  +  £  +-  '  ) 


(1.15) 


u  —  positive  and  less  than  ■jr. 

In  Vega  and  Bauschinger  tables  of  logarithms  values  are  given: 

J-fc—T  or  %*!*■«■  S-t-kt«~ 
r.igiu  or  kti.-r  +  HK" 


(1.16) 


for  calculation  of  sines  and  tangents  of  acute  angles. 


■19- 


r-  “  is  a  base  of  natural  logarithms,  1  -  V-i. 

Molvre  Formula 

«oaaa  +  <«laiM-»(ewM  +4rim»jr-.«o»\  —  Jco«*‘,«-<sliia- 

CM  Ml  — »  (CO*W  ~l*fo  iif  mm  coil*  U  +•  'j  «***  ‘  M  •  — 


whence 

••»*■-(?  )«•*■'•  •  ;)«*-** ..  *te*«  4 


where 


(O-*  (S)-**?4*  (J)-*-s=atiS: 


For  expression  of  even  degrees  of  sines  and  cosines  by  coslr.eE  of  multiples  of 
arcs  we  have  formula: 


+  or  lT-tmmM  +  /sin m, 

«'*  — co*«— <«inir- f  or  cot  am  —  /tin  mm. 


whence 

I*  —  *:  #  +  f-»lea«ii;  p-i-X%inr. 
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f-  mher 


u + #r  - »■ + «* + ( 7  x *"*  ? + ** ■•)+ j -  far-  ■•  f »+ 


+(7  )*»*-*»*. 


Lf  r  Si  *  £*n,  that  is,  m  Is  an  evc-n  hut, ter,  then: 

v.00  (9'  -  j)  -  sin  u  and  cos  ?  (  /0  *  -a!  =  -cos  ?u  etc., 

•'•or  ojd  degrees  of  clr.es  and  cosines 
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Application  of  Taylor  series  to  trigonometric  functions; 


*Jn(n  +*)“  *ln«  +  h emu  —  —■  sinu  —  —  cosu  +  ~  sinu  -f  . 

*  i  IM 
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In  higher  geodesy  designation  tg  u  °  t  Is  frequently  used 

«wCM  +  *)-eo»«i[  I—  A/—  y  +  X,+  ii~’“  } 
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For  exponential  functions! 
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}.  Spherical  Trigonometry 
Resolution  of  right-angle  spherical  triangle 

Let  us  designate  vertexes  of  triangle  -  A,  E,  C,  angles  -  a,  3,  y ,  and  sides  - 
,  b,  c  (Fig.  i). 


-2J- 


Formulas 
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ecs«  ••  circlet: 

**-£;« 

•  ■•90*  co$p»-^ — |  CuS  1  ••  — ^  : 

««•  K« 

*p  u*<'  **T“  *•»- 

cose- 

tin  X  (lit  9 


Fig.  1. 


Fig.  2. 


night- angle  spherical  triangle  can  V-e  resolved  ny  two  rules,  If  the  arsis  are 
replaced  'ey  their  supplements  to  90°  and  elements  of  a  triangle  nre  disposed  circu¬ 
larly,  as  is  shown  In  Fig.  2: 

First  rule.  the  cosine  of  separate  piemen'.,  is  equal  to  the  product  of  sines  oj 
adjacent  elements.  lor  Instance: 


coca  m  sin  (SO*  —  b)  sic  {90*  —  ef  —  cost  ■  cosc. 


.Second  rule:  cosine  of  the  mean  element  i-  equal  to  the  product  of  coi  an, ?»i, 


of  •'f.i'er.e  elements,  for  ins' mice 


eas««dg|J.  c(C7. 


tit.  )  ul  Fornsv.h.s  for  -iesc  1:‘  1  on  o:  Spherical  i  ri angle 


!.  Fcrrv.il-is  of  cosines  if  the  sides: 
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?.  Formula  of  tangents! 
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spherical  excess  of  a  spherical  triangle 


tmm  —  ,p" 

r  '  * 

F  -  area  of  a  triangle, 

H  —  radios  of  .•»  sphere, 

P*  ~  number  of  seconds  In  radian, 


*  «  '  K  t*f*£ir,*'Lr,g£*-£- 
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spherical  excess  of  right-angle  spherical  triangle  when  a  =  9;-°: 

tg  —  -*£-L 

*  *  j 

*•  •  Differential  Geometry 
Plane  curves.  Equation  of  a  curve: 
in  implicit  form  F(x,  y)  =  0, 
in  evident,  form  >  =  f(x), 

in  parametric  form  x  *  x(u),  y  =  y(u),  u  Is  a  parameter. 

The  last  form  of  assignment  of  curve  is  more  frequently  used  <n  spheroidal 
geodesy. 

Depending  upon  the  form  of  assignment  of  curve  differential  or  1-s  arc  <:  • 

expressed: 


(1.58) 


l-  (ti-Vl  +/~ fa  or  r -/(*); 

1.  x’’  -j-  g'*  dt  r  x  m  x(w);  v  «•  *{«). 
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Curvature  of  a  plane  curve  T  in  a  giver,  point  P  is  called  the  licit  of  ratio  of 

the  angle  of  contiguity  *.a  {angle  between  positive  directions  of  tangents  at  points 

.  ^  ° 

P,  and  i  p  ~  Mg,  3)  and  length  of  arc  P^P,,,  when  P^g  0 


Radius  of  curvature  R  at  a  given  point  P  is  called  value,  inverse  to  curvature, 
that,  is: 


Curvature  K  —  is  positive,  if  the  curve  at  a  given  point  of  its  concavity  is 
turned  to  axis  x  (Fig,  4). 

In  grid  coordinates: 


K. 
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(1.59) 


Space  curves.  Equation  of  space  curve  in  parametric  form: 


0(,  *-*<«).  i-*W 

f-»«.  *-*{*), 

wl.ex'e  s  —  length  of  arc  of  curve. 

Differential  of  arc  of  a  space  curve 

4-YrM*  +  tfr+*‘*  du. 

At  each  point  P  of  the  space  curve  are  determined  three  straigi  r  lines  and  three 
planes,  mutually  intersecting  at  P  at  right  angles  (Fig,  5). 

.Straight  lines.  Tangent  is  a  limiting  position  of  a  secant  (Mr.  1  ' .  Principal  •< 
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normal  is  the  intersection  of  normal  and  oscular.  Inf.  planes,  hi  no  rtr.al  la  a  strnigh’ 
line,  perpendicular  to  osculating  plane. 


where: 

fi  is  the  length  of  arc  of  the  curve  between  points  and  Pp, 
h  —  radius  of  curvature  of  space  curve, 

!'  —  torsion. 

Tie  ci.rva'  are  of  space  curve  at  a  ■.* !  v  e  r  pi, in-  !s  milled  numerical  churac' eris' !*• 
of  dcl'Kotion  of  me  curve  from  straight  line  in  an  area  of  a  give:'!  poi of  lie 
curve,  i*  is  calculated  cy  <:.e  formula: 

AT-  V?* +?''  +  *"•. 

torsion  of  space  curve  at  :■  given  point  is  ••ailed  numerical  cl  arnc’ ‘Tls*  lc  of 
deflection  of  a  spice  curve  from  plane  curve  in  an  arf!i  of  a  given  point.  In  prob¬ 
lems  Of  spheroidal  geodesy  the  curvature  and  torsion  of  space  curve  are  ran  ly  :r'-i. 
In  formulas  (l.-O)  the  values  of  H,  and  ^  are  •  afcei.  w  ere  0  •  . 

Ourf.ac e.  Equation  of  surface  1.;  giver  in  fol  lowing  '  ™.<s: 


F(x,  y,  z)  *  0  is  nov^vl 'ff-nt. 

z  =*  f(x,  y)  Is  evident 

x  ■  x{i,  v);  y  ■  y(u,  v);  z  »  z(u,  v)  are  parametric. 

Differential  of  arc  or  first  quadratic  form  is: 

&mE4*  +  2F*ute+G&.  ( 1.41) 


where 


*-er+er+(sr 

<*-(£)’+(2)*+{S)- 


In  spheroidal  geodesy  orthogonal  system  of  curvilinear  parametric  coordinates 
is  used  which  form  on  the  surface  the  graticule 


_  *P-£du*+G<M. 

Designating  Vt  du  -  dt,  we  obtain: 

df-GW  +  itv*} 


(1.42) 

(1-45) 


Curvilinear  coordinates  (t,  v)  are  called  isometric .  The  isometric  system  o: 
coordinates  is  characterized  by  the  fact  that  they  form  on  the  surface  a  grid  of 
squares  with  sides  /g*  dt  and  /“ET  dv.  Where  dt  «  dv  regular  squares  are  obtained,  but 
they  are  not  equal  to  each  other,  since  G  is  a  function  of  coordinates  of  a  given 
point. 

Tii rough  each  point  of  surface  it  is  possible  to  pass  an  infinite  number  of 
planes,  passing  through  the  normal  to  surface  at  a  given  point.  These  planes  are 
called  normals.  Plane  curves,  obtained  as  traces  of  Intersection  of  these  planes  wit!, 
a  surface,  are  called  normal  sections.  From  normal  sections  two  main  mutually  perpen¬ 
dicular  sections  have  essential  values,  one  with  the  greatest  curvature  4  and  the 

k2 

other  with  the  least  4  ,  then  the  curvature  of  any  normal  section  car.  be  expressed 

K1 

through  curvature  of  main  sections  by  the  Eyler  formula 


( 

i 

i 


I 

?■' 


Where  A  «  azimuth  of  a  given  normal  section. 

Besides  the  curvature  of  a  normal  section,  in  spheroidal  geodesy  Gauss  curvatun 
Is  used: 


*•_  * 

*  *.*. 


(l.AM 


and  mean  curvature: 


(1. <('.-) 


In  certain  problems  the  following  formula  is  used: 


r*,*. 


where 


la  called  mean  radius  of  curvature. 

The  geodesic.  Through  each  point  of  the  surface  P(u,  v)  it  Is  possible  to  pass  *i 
line  in  a  given  direction  which  will  be  the  shortest  between  two  points.  Such,  line 
Is  called  a  geodesic.  The  material  point  will  move  on  the  surface  along  h  geodesic 
If  external  forces  are  absent  hampering  its  movement.  Elastic  thread,  stretched 
along  the  surface,  takes  form  of  a  geodesic. 

For  spheroidal  geodesy  the  following  determination  of  geodesic  is  more  essential. 

Geodesic  on  a  surface  is  a  type  of  a  curve,  whose  principal  normal  at  a  given 
point  coincides  with  the  normal  to  the  surface, 

Bet  us  take  the  initial  point  -of  the  geodesic  for  origin  of  coordinates  plane 
xoy  coinciding  with  tangent  plane  at  point  P,  then  coordinates  of  point  P^,  of  geodpsir 
will  be  equal: 


MmttOtA- 

f-itfaA- 


i 


IM 


•  M 


cojAi*  +  . 
sin  A&  + . . 


I 


whe  re 


s  -■ arc  of  geodesic  between  points  P^  and  P„, 
A  -  azimuth  of  geodesic  at.  initial  point. 


..J 
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Hj  -  meridian  radius  of  curvature, 

K...  —  radius  of  curvature  of  first  vertical, 

<r 

R  —  radius  of  curvature  of  normal  section  at  azimuth  A. 

Geodesics  on  the  surface-  play  a  role  to  a  certain  degree  of 
straight  lines  on  a  plane,  therefore  many  positions  of  different  M 
geometry  on  a  plane  can  be  generalized  for  surfaces  with  substitu¬ 
tion  of  straight  lines  by  geodesic.  One  of  such  generalizations 
is  the  understanding  of  geodesic  curvature  on  s  surface.  It)  solv  ■ 
Mg.  7.  tlon  of  certain  problems  of  spheroidal  geodesy  It  Is  very  expedSe;: 

to  start  from  consideration  of  geodesic  curvature. 

Geodesic  curvature  of  surface  curve  Is  called  ratio  of  angle  of  contiguity  aA 
the  element  of  arc  ds  (Fig.  7). 


K 


(l.«7) 


In  curving  of  the  surface  the  geodesic  curvature  is  not  changed.  If  all  three 
lines  PjT^,  2  and  OF  were  geodesics,  then  they  would  have  merged  and  the  geodesic 
curvature  would  be  equal  to  zero.  In  other  words,  geodetic  curvature  of  geodesics  Is 
always  equal  to  zero. 

If  normal  sections  and  geodesic  (Pig.  7)  are  projected  on  a  tangent  plane, 
through  point  P^,  then  geodesics  will  be  straight  lines  on  this  plane,  the  elements 
dA  and  ds  will  be  distorted  by  small  values  of  the  highest  order,  consequently  their 
ratio  will  remain  constant,  therefore  the  so-called  tangential  curvature  Is  equal  to 
the  geodesic. 

Projection  of  curve  PjPg  to  a  tangent  plane  will  have  curvature  of  a  plane  curve. 
Consequently,  If  we  designate  an  angle  between  tangent  plane  and  a  surface  at  paint 
Pj  and  osculating  plane  of  element  ds  through  $  is  designated,  then  the  geodesic  cur¬ 
vature  will  be  equal  to  the  usual  curvature,  multiplied  by  the  cosine  of  this  angle: 


JCg«  Kco»l. 


Normal  section  in  initial  point  has  geodesic  curvature,  equal  to  zero,  since  at. 
this  point  the  angle  1  =  90°;  in  remaining  points  of  normal  sec  Mon  i  >  90°;  with 


removal  from  initial  point  its  geodesic  curvature  Is  correspondingly  increased. 


CHAPTER  II 


TERRESTRIAL  SPHEROID 
§  A.  ELEMENTS  OF  MERIDIAN  ELLIPSE 

Geometric  solid,  obtained  by  rotation  of  ellipse  around  its  polar  axis,  is 
called  prolate  apherald.  Prolate  spheroids  with  small  polar  compression  are  also 
called  spheroids.  Basic  elements  of  a  spheroid,  determining,  its  geometric  figure, 
are  the  semiaxle:  major,  or  equatorial  and  minor,  or  polar  (Fig.  8).  Let  us  desig¬ 
nate: 

a  -  major  semiaxia  of  terrestrial  spheroid, 

b  —  minor  semiaxis  of  terrestrial  spheroid. 

For  terrestrial  spheroid  a  >  b.  In  solution  of  many  problems  of  geodesy  it  ir. 
necessary  to  use  different  values,  obtained  through  a  and  b,  such  as,  for  instance, 
three  compressions:1 


«+* 


(p.ii 


and  three  eccentricities,1  whose  squares  are  expressed  thus: 


«* 


«•  •  *•  «•+*•  • 


these  values  are  connected  by  relationships: 


'Terms  "third  compression11  and  "third  eccentricity"  while  not.  convert  local ,  are 
used  by  certain  authors  (see  A.  P.  Yushchenko  "Cartography",  19^1,  r.  9}  «•  o  call 

"third  compression"  and  "third  eccentricity"  ?n  and  2e"^  respectively. 
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\  -~n 
!+• 


4  — *|/|  — *■  afi  —  ~  < 


«  +  »>• 

»«-»» 


l  +  »* 


I  +  *'4 


ts‘A 


!<>•  _ t 

l~«*  (I  -  Ij*  (l-wlf*  I-** 

«  «B  _3l-  as  _Sl_  «■  1  —  |  —  t* 

I  +  •  I  +  *’  ' 

i -VTT^ 

t  +  l'i-f* 


(?.  n 


Values  e‘,  e 


are  expressed  by  a  following  symmetric  series  throvirh  t) 


+ 13a1- >&(•+-.. 
•**-  4«  +  fci*  +  12**  +  1W  + . . . 
2*  —  2«*  +  2**—  V  +  .. . 


Value  ~  -  e  Is  radius  of  curvature  at  spheroid  poles  or 
polar  radius  of  the  spheroid. 

p 

In  approximate  calculations  with  an  error  of  a  it  is  as- 

p  2 

suned  e  =>  2a,  or  in  a  numerical  expression  e  «»  1: 1W. 

In  the  USSR  geodetic  work  and  that  of  socialist  countries 
the  Krasovakly  ellipsoid  was  adopted,  in  the  west  the  greatest 
use  is  made  of  Eessel  and  Hayford  ellipsoids. 

The  parameters  of  Krosovskly  ellipsoid: 


a  —  6  378  245.C&CO  m 
*-6  356863,0 1877* 
e  —  6 369 698. tO  178 a 
a -0.003352329600 
a  -  0.001670979181 
•*  -  0,006693421623 
**-0.006738523415 

Parameters  oh  Bessel 

•  -6377397,15500a 
6— 6366078,96325a 
*-639678634939  a 

•  -  0.003342773182 
a  —  0.001674184801 

**-0.006674372231 
«*-  0.006719216798 


igs  -  6.804701 1973 
If*-  6.8032428531 
Iff- 6.8061595414 
Ig  *  —  7.5253467466_1# 
If  a  -  7.225O453066_|s 
7.825648I823_„ 
If**  —  7.6285648706_|1, 

ellipsol J: 

If*  -  6.8046434637 
If*-  6.8031892939 
Ige  —  6.8C60976435 
If  *  —  7.524IC69093_|# 
If  n  -  7.2238033949.,. 
If**  -  7,8244 104 237_I(j 
If/’’*  7.82731 87833_w 
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Parameters  of  llnyford  ellipse!  1: 

a  -  6378388000 m  l*a  -  6  8047109340 

8  «•  63569!  1 .946!  3*  1(8-6.8032461938 
f-  6339906.006)0 *  Igr  -  6  8061 756723 
a- 0.0033670033670  lg»  - 7.5272433507, 
a -0.00168634064!  !<n  -  7.2269453f6?_,.J 
«»- 0.006722670022  Ige*  -  7.82754l7947_|l, 
a**  —  0,006708170197  !$«•*-.  7.83047127t2_l(1 

§  5.  MERIDIAN  ELLIPSE  AMD  CONNECTED  W11V  IT  SYSTEM  Z¥  CcC-hLIfirtTLS 

Geometric  locus  of  points  on  the  surface  of  prolate  spheroid,  r.avhv  lier. f  los  3 
lonri  tudes,  is  called  meridian.  Plane,  passing  through  meridian  and  axis  of  rot'  . 
is  called  meridional  plane.  If  a  plane  of  any  meridian  is  taken  as  initial  for  co  :  .  - 
inn  longitudes,  then  such  meridian  is  called  prime.  For  counting  longitudes  from  »r,e 
initial  a  plane  of  meridian,  is  taken  which  passes  through  -Jreenvirh  astronomic':  1 
observatory  (near  London). 

Geodetic  longitude  of  a  point  Is  called  dihedral  angle  between  planes  of  prime 
meridian  and  a  meridian,  passing  through  a  given  point  (Fig.  8).  Longitudes  are 
counted  from  the  prime  meridian  to  the  east  and  west  and  correspondingly  are  called 
eastern  and  western:  they  are  distinguished  either  by  corresponding  letter  designa¬ 
tions,  for  instance  Lg  —  eastern  longitude,  —  western  longitude,  or  signs .  In 
USSR  minus  signs  are  added  to  eastern  longitudes. 

Position  of  a  point  on  meridian  with  a  Known  longitude  is  fully  determined,  if 
geodetic  latitude  B  is  given  as  an  acute  angle  between  the  equator  plane  and  normal 
to  surface  at  a  given  point  (Fig.  8).  Latitudes  can  be  northern  or  southern. 

Latitude  and  longitude  fully  determine  the  position  of  a  point  on  the  surface  or 
an  ellipsoid  and  are  called  geodetic  coordinates.  The  system  of  geodetic  coordinates 
or.  surface  of  a  spheroid  Is  the  more  natural  and  convenient  for  all  surface  of  he 
terrestrial  spheroid,  therefore  It  is  used  both  in  theoretical  Investigations,  and 
lutlon  of  practical  problems  of  higher  geodesy. 

•System  of  geodetic  coordinates  also  has  wide  application  in  cartoprip:  y .  Con¬ 
ventional  designation  of  geodetic  coordinates  is: 

F>  —  geodetic  latitude. 

L  —  geodetic  longitude. 

In  certain  cases,  when  meridian  plane  is  given  by  longitude,  it  is  eer.ve:. 
in  theoretical  problems  to  apply  grid  coordinates  (x,  y),  referred  tr  a  plane  tf 
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given  meridian  (i  lv.  '*). 


tquation  o!'  ellipse  with  origin  of  coordir.n'ec  In  «  renter 
is : 


J t 

t> 


t. 


r  i 
\  4  * 


This  equation  Is  satisfied  by  substitution 


X  »  f>  cosu  k 

y^btinu  «•  (2.0 


w/iere  u  —  is  called  reduced  latitude. 

The  reduced  latitude  is  obtained  by  means  cf  geometric  construction  in  the  fol¬ 
lowing  manner. 

Describing  from  center  of  an  ellipse  a  circumference  by  radius,  equal  to  major 
semlaxla  n,  extend  the  ordinate  of  a  given  point  y  to  intersection  with  circumference 
and  connect  by  a  straight  line  the  obtained  point  with  the  center  of  ellipse.  The 
angle  between  tills  line  and  the  plane  of  equator  will  be  the  reduced  latitude.  The 
reduced  latitude  Is  also  called  parametric  latitude.  Application  of  a  reduced  lati¬ 
tude  instead  of  geodetic  h-.-.s  distinct  advantages  in  certain  theoretical  problems. 

Poc.lt ion  oi  a  joint  on  meridional  ellipse  can  be  determined  also  by  an  angle, 
formed  by  radius-vector  Dr  with  equatorial  plane  (rig,  9).  This  angle  is  called 
geocentric  latitude.  Geocentric  latitude  is  used  more  frequently  in  astronomy  and 
car*  or.r  u  :..y,  and  in  U'.e  tenor;,  of  the  figure  of  u  p  Farth.  tieocent  ric  1st  Lt  ude  is 
deslgnat.-d  by  !. 

From  Fig.  9  l*.  follows 


M  —  rcoi4>  1 
f>'l  >nO  J 


te*  — 


o 


■  ig .  10. 


Position  of  point  on  the  surface  of  a  prolate  spheroid 
can  be  determined  by  right-angle  3pace  coordinates  with  a 
beginning  In  the  center  of  a  spheroid  (Fig.  10).  here  the 
axis  OZ  Is  disposed  along  the  axis  of  rotation  of  spheroid, 
and  axis  OX  and  OY  In  a  plane  of  Its  equator.  This  system 
of  coordinates  are  used  in  theoretical  invest lgations  ird 
resolution  of  geodetic  problems  with  application  of  '.hords 
of  the  ellipsoid.  Equation  of  ellipsoid  in  these  coordinates 
is  in  the  form: 


This  equation  is  satisfied  by  substitution: 


X —stotumL,  \ 

Y  -  « co»  u  «in  L  L  (2.6) 

X  — *ilnu.  ] 


since  a  cos  u  =  x  and  b  sin  u  =  y,  then: 


X  —  zctaL, 

Y-xtinL  (2.9) 

*-» 


Formulas  (2.9)  give  ties  between  coordinates  (X,  Y,  Z);  (u,  L)  and  (x,  y). 
§  6.  CONNECTION-  BETWEEN  GEODETIC,  GEOCENTRIC  AND  REDUCED  LATITUDE 

tl 

From  elementary  triangle  Pg  (Fig.  H)  we  have: 


*0. 


and  from  (2.6): 


4*  m  —  ailnurfi:, 
— tcos  udu. 


Consequently: 


»«•« 
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since: 


!*»/ 1  — «*  , 


then: 


n^-K*-**  !<« 


(2.10) 


Taking  Into  account  that 

iinu  -  ~~~  — ;  ensue  — —  1  —  -. 

I  t  +  tfi*  ii  i  1  M  u 

and  replacing  the  value  u  of  geodetic  latitude  from  (2.10),  we 
obtain: 


tins  »* 


cosu  =. 


->  i»wa 

yT~»»«in*a 

entfl 


(2.11) 


Having  performed  analogous  transformations  for  sine  and  cosine  of  geodetic  lati¬ 
tude,  we  obtain: 


lint  ~ 
cot  B  » 


tin  ■ 

V  ;  —  I*  tot*  a 

V  l-«*  emu 
Ki-«‘w|i 


(2.11'  ) 


From  expressions  (2.v)  ur.d  (?.ll)  it  follows: 


<  - - 

Vl-«>tln>0 

Vi -**«u*a 


We  in' reduce  designation: 


-<r_ 


4 


Y\ 

•  —  Y I  —  **  co*’« 


where 


Then 


$Jn«  — 
cont¬ 
ain  £  — 


tmB 

w 

Ha  a 


cosfl  -  V^T—**  eaa  a 


(2.M) 


amf 


«<l -«*)»<■£ 

'  r 


(2.1*5) 


W  -  is  called  first  basic  function  of  geodetic  latitude,  and 
w  is  a  function  of  reduced  latitude.  These  designations  are  conventional. 
From  comparison  of  formulas  (£.9)  and  (2.15)  it  follows: 


£-i 


•  catlSat 


7  -  ■(1-QtfaB 


(2.16) 


For  finding  connection  between  geodetic  a’-d  geocentric  latitude  let.  us  consider 
formulas  (2.7)  and  (2.15). 

We  have 


tf  <P  «(!—<•)  tg  B 


(2.17) 


-39- 


Closed  expressions  (2.10)  and  (2.17)  are  applied  In  rigid  reckoning.  In  certain 
cases  it  1*  necessary  to  know  the  approximate  values  of  differences  (P  -  u)  and  (P  - 
-  4). 

oet  us  assume  that: 

*•+««»  +  » 

We  designate:  a  -  £3  =  y,  then  a  +  £  =  2a  -  y  and 

sin  v  “  a  sir.  ( 2-t  -  y) . 

Using  Eyler  formulas  (1.20),  we  find 

i* 


whe  re  I»  K=T.  e  is  a  base  of  natural  functions. 

Multiply  right  and  left  part  of  this  expression  by  ei7  and  we  will  have: 


•"•{l +**’■**■)«  I  +*”* 


or 


tfT«ln(l  +  A**h)-!n  (I  4- At*’  *). 

For  the  right  side  of  this  formula  logarithmic  series  can  be  applied  (1.10): 

o\  i 

since  ke  <  1,  then: 


t  or 

* 


!-*-?“*■ 


•  —  J  — A  jin  2a  —  ^-sJnGj — ... 


,  __  .... 


Applying  this  general  formula  to  our  case,  we  obtain: 


tffl-tC*  J. 

•In  <1*  —  «) 

i_r»  -*• 

lga~«G<r 

*;•  w> 

i  i  (— »’ 

» **-«{* 

.  tJi»(0  — 

' UB+U* 

»(»(*  +  ♦> 

J-l" 

(E  -  u)  we 

have  k  =  n. 

and  for  i 

''2 

ingly  K  »  e  ,  therefore: 


8— w  — nsin2£  —  -^sinlB  +  ~  sir.  GB  — . . . 


(2.18) 


«-«>„  «"*  iln2fl- fj-sin4S  +  si>,6B -  '{2.1$) 


For  Krasovskiy  ellipsoid  these  differences  in  seconds  will  be: 


(A-**)"  -  3«",3I43  sjn  28- 0”,2907  sin *B  +  0",0003  sinfifl - . . . , 
<8— ♦)"  ji 692’ ‘,6367  sir»28— I",t629sin48  +  0"l0026  sin 68 - 


Differences  (B  -  u)  and  (B  -  <t>),  as  can  be  seen  from  (2.3.8)  and  (2.19),  attain 
maximum  when  B  *  45°,  where 

<*— «L«*5'A  (8— 

From  (2.18)  and  (2.19)  for  the  most  approximate  calculations  it  follows  that: 


(8-ar-^‘lnM--.. 


(2.20) 


Sometimes  it  is  expedient  to  express  geodetic  latitude  by  auxiliary  angle, 
according  to  the  following  formula: 
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«*in  B  “tin  ■>. 


With  Introduction  of  an  angle  recording  of  I'Lrst.  function  of  geodetic  latitude 
W,  la  simplified  thus,  for  example: 


f*a»4. 


<2. 21') 


Geometric  meaning  of  angle  £  is  shown  in  rig.  12,  where  and  Fp  are  focuses 
of  meridian  ellipse,  lTn  Is  a  normal  at  point  f,  and  E  Is  geodetic  latitude  of  point  ; 

§  7.  MAIN  RADII  OF  CURVATURE  AT  A  GIVEN 
POINT  OF  A  SPHEROID 

Through  normal  of  every  point  on  the  surface  of  a  spheroid 
It  is  possible  to  pass  a  great  number  of  normal  planes,  perpen¬ 
dicular  to  tangential  plane  at  a  given  point.  Trace  of  a  normal 
plane  on  a  surface  is  a  plane  curve,  called  normal  section.  Cur¬ 
vature  of  various  normal  sections  o-f  a  spheroid  at  a  given  point 
is  unequal,  they  have  their  own  extremum,  and  minimum  arid  maxl- 


I'le-  1?. 


mum  values.  Sections  with  ext  recruit  curvature  are  called  p ri nc ' pa'  normal  sections. 
Consequently,  one  of  the  main  sections  has  maximum  curvature  1  minimum  radius  of 
curvature,  and  another  —  minimum  curvature  and  maximum  radius. 

Curvature  of  any  normal  section  is  determined  by  a  well  known  Eyler  formula 


1  w*  A  ,  4«M 

where  A  —  azimuth  of  given  normal  section,  and  R^  and  =  radii  of  curvature  of  pri  .- 
clr.ul  normal  sections.  Where  A  =  2°  w*  have  5  .  =  i  and  when  A  -  u.'°  corresr  end  i  v.r  I  v 

■°  :'i 

1  1 

- —  «=  f—.  Thus,  on  terrestrial  spreroid  or.e  of  principal  normal  sections  coincide.; 

V.-o  R2 

with  -rial  section,  and  another  with;  section  of  the  first  vertical,  in  ;.i>;  »-ro! - 

dal  geodesy  following  designations  are  taken  for  radii  of  curvature  of  principal 
normal  sections:  M  Is  radius  of  curvature  of  -or*.  :i  .-.a:  section;  ii  Is  radius  of 
curvuture  of  a  section  of  first  vertical:  M  and  M  are  applied  ir.  many  t.-.eore- ical 
and  practical  calculations  as  functions  of  latitude  F  of  a  riven  polr*  .  ir.  Mr. 
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n  mfyva* *-mfc*«-** 


t 


PjPg  «  da  Is  an  elementary  arc  of  meridian;  K  is  center  of  curvature 

of  meridian  section;  M  Is  radius  of  curvature  of  s**rldi  -ral  section 

1 

at  current  point  from  elementary  triangle  P^Pp 


v  «  +  (r)*  ■  '*  ~  — 


or 


djf^MMe (*B 


(2.22) 


From  (2.15) 


* 

4B 


but 


<y  r  <*w  s  »ina 

a  r 


Therefore 


&  m.  — I^CWS 

a "  r 


Consequently, 

M  ._«(i-t*)'_  «(i-Q 

r*  (2.23) 

Plane  of  parallel,  perpendicular  to  meridional  plane,  is  slanted  to  a  plane  of 
the  first  vertical,  where  angle  of  Inclination  Is  equal  to  geodetic  latitude  of  a 
given  point  (Fig.  14).  Parallel  and  section  of  first  vertical  at  a  giver,  point  have 
common  tangent.  By  well  known  theorem  of  Menler  the  radius  of  curvature  of  slanted 
section  is  equal  to  the  product  of  radius  of  main  section  (in  this  case  first. 
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i 


0 


vertical)  by  cosine  of  the  angle  of  Inclination,  that  Is: 


rig.  la, 


tmtmtf)  cot  B. 


Or,  taking  into  account  ( 1?.  15 > , 


hi - ~  *- -  .« 

«•»*  wlV  V  |/|  —  »*»ln*  b 


Let  is  consider  M  and  K  ns  extreme  values  of  F, 
1,  Where  P  =  0 


M  -«(!-«*), 

N~a. 

Consequently,  K  and  H  are  minimum  at  points  on  equator. 
?.  Where  P  -  qo°: 


M 

N 


VTT* 

* 

Vl-0 


«= 


f,  i.B*» 


That  Is:  X  and  "i  are  maximum  at  sphere!  s  soles. 

Formulas  (2. P'5  and  ( ?, 2** '  assume  mere  symmetric  fort.  If  in  them  is  exi  res:>  i 

i  ■ 

by  e  in  the  forrr.ul  -: 


«*- 


r* 

M«v 


-.en: 


S' 


V  I - - — *ln*0  . 

• 

I 


l+t*' 


V\+  t*  vm  »a 

Krr? 


but: 


(■ 


-• /!+*'*  . 


Let  us  designate: 


Vm^\  +  «'*«*•*;  tfict&Bmf. 


Consequently^ 


(2.26) 


Replacing  Vi  by  V  by  the  formula  (2.85)  for  radii  of  principal  normal  sections,  we 
obtain: 


*-?) 

H  mmJL. 

"  V 


{2.26) 


From  (2.26)  it  follows  that: 

iL-w-i  +V*-1  +  f  eo^B 

Right  .Id.  of  this  equality  Is  .  value  essentially  positive  «*  1««"  than  « 
unit,  therefore  st  sny  point  of  spheroid  »  >  ».  The  greeter  value  of  V=  Is  on  the 
equator  and  Is  equal  to  1.0067*  {KrasovsKly  ellipsoid).  Hence  It  Is  essy  to  conclude 
thst  meridional  section  at  a  given  point  of  .  spheroid  ha.  msxlnu.  curvature  and  min¬ 
im..  radius,  while  .  section  of  the  first  vertical  ha.  «i»i.o»  curvature  and  maxim- 
radius.  The  relation  J  at  each  point  renders  a  presentation  of  deflection  of  the 


curvature  of  a  spheroid  from  the  curvature  of  a  sphere.  ^  > 

In  geodetic  calculation.  «  and  N  are  u.sd  lr.  the  form  of  expression,  or 

f,  £,  where  the  last  ones  are  applied  more  frequently  end  for  the.  special  deals- 

nations  are  taKen: 


£-* 
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wh'  r»  [  ~  £>/’»?•  la  a  r.uir.i  »-r  or  seconds  In  a  radian,  values  (5)  and  (?'  ecus'  ;  fu» c 
angles,  under  which  arcs  cf  meridian  and  first  vertical  1  s  In  lentil,  are  dpp:i  ]' pot, 
the  centers  of  curvu'ure  .f  u.*-s»*  curves.  Geometrically  tt.est-  values  express  c.-rre- 
spci;  i  lngly  curvature  of  meridian  an  1  firs"  vertical  In  seconds  per  unit  of  length. 

Tr.e  values  of  M  and  i!  are  expressed  In  meters.  repressions  (1)  a: id  {?)  are  called 
first  ir.J  second  cc-oJetic  values.  These  values  are  used  with.  Indices,  for  example, 
(1>4,  '!),•,»  (11  ,  o Unifying  "hu1-  th'-y  are  referred  to  first,  second  nnd  average  la’- 
i  « 

ir.  "Talles  For  Calculation  of  Geodetic  Coordinates’1  (Geodezlr.dat,  3T-1)1  loga¬ 
rithms  for  values  (l)  and  (P)  are  given  with  eight  decimal  places  for  every  minute 
latitude  from  C:°  to  J0°. 

ir.  "Tables  For  Logarithmic  Calculation  of  Gauss-Kruger  Coordinates  for  Latitude 
from  30°  to  80°"  (Geodezizdat,  19*t8),  F.  N.  Krasovskiy  and  A.  A.  Izotov2  give  lg  —  „ 

t 

n 

with  seven  uni  1  p  with  eight  decimal  places  for  each  minute  of  latitude. 
f 

Value  (1)  or  M  are  used  for  calculation  of  differences  cf  latitudes  of  geod< ■ 1 e 
points  and  lengths  of  arcs  of  meridians;  (2)  or  N,  for  calculation  of  lengths  cf  an-r 
cf  parallels  and  differences  cf  longitudes  and  azimuths  of  geodetic  points. 

"  c 

With,  very  approximate  calculations,  assuming  M  =  N  =  6-10  m  and  f  »  ?•  lo- ,  we 

take: 

0)  =  (2)- 

Ill 

p,  tj  or  In  rvfienl  c’lnnvjre  ol  cor  responding  norrr.tl  sections  at  rive*,  i  oir.* 

"A 

of  a  spheroid.  However  frequently  a  net-d  arises  to  know  the  curvature  of  a  surface 
at  a  given  point.  For  that  in  higher  geodesy  and  ir,  higher  r.atf.eraatics,  an  idea  ir. 
ini  rod  :erd  a;  out  f;ll  or  iauss  curvature,  equal  <o; 

*  "  mjv  *  m' 

Ft  —  avert..*’  radius  of  curvature,  1’  is  defined  as  ar.  average  geometric  form  from.  ::.n  i  • . 
radii  of  curvature  a*,  a  given  point,  that  is; 


1  Juisequent  ly  these  a:  lee.  will  :e  called  -  "  ;e odetlc  rail  **3". 
adu>  sequent  ly  will  be  called:  "Krasovskiy  and  i.V’ov  Ta  les". 


mV  I  -/* 


R~Y  M*  -  --~r 

AT- 


I 

MM 


** 


(p.pr ) 


Average  radius  of  curvature  is  used  In  the  Image  of  parts  of  a  surface  of  a 
spheroid  on  a  sphere  or  on  a  plane,  during  calculations  of  areas  and  spherical  ex¬ 
cesses  of  figures  on  the  surface  of  a  spheroid.  In  Geodetic  tables  for  the  indicated 
purpose  are  given: 


Radius  of  curvature  of  any  normal  section  can  be  obtained  from  the  Eyler  formula: 


MM 


MmfA+MitK'A  linMil'wM  l+V«"*A' 


(?.29) 


With  error  in  values  of  the  order  of  q  from  formula  (2.29): 

Ka  b  N (I  —  V  evs*  A  + . .  -1 

In  resolution  of  certain  problems  it  is  sometimes  necessary  to  consider  the  Enrt.-: 
as  a  sphere.  If  this  is  done  for  very  approximate  calculations,  the  radius  of  a 
sphere  R^  is  taken  as  equal  to  6370  km.  Such  a  sphere  is  usually  taken  in  cartography, 
its  surface  is  equal  to  the  surface  of  an  ellipsoid.  For  Krasovskly  ellipsoid  the 
radius  of  such  a  sphere  is  R  =  6371.116  km.  In  other  cases  It  Is  expedient  to  take 
Rc  =  3  *  ^  “  6370784,3  m  (Krasovskly  ellipsoid). 

Radius  of  a  parallel.  Locus  of  points  on  the  surface  of  a  prolate  spheroid, 
having  the  same  latitude,  are  called  a  parallel.  Terrestrial  parallels  are  circum¬ 
ferences  whose  radii  are  equal  to  the  length  of  a  section  of  a  perpendicular,  dropped 
from  a  given  point  on  the  axis  of  a  rotation  of  an  ellipsoid.  By  this  determination 
the  radius  of  a  parallel  is  equal  to  abscissa  in  system  of  grid  coordinates  lr.  a  plane 
of  a  given  meridian.  Usually  the  radius  of  a  parallel  Is  designated  by  r,  consequent¬ 
ly: 


r»i- 


til 


tf  co»  B  > 


(Ml 


(f . 3^) 


1 


In  geodot le  calculations  r  Is  rarely  used  Instead  an  expression  — ^  cos  !!, 

f’  P 

Is  used  equal  to  the  length  of  an  arc  of  parallel,  corresponding  to  the  difference 


'  f 

+  * 


or  longitudes  for  one  second.  Value  —jr  is  designated  by  b^  shown  in  "Tables  for 


Not.  >•>>•:« r!  Mimic  Calculation  of  Gauns-Kruger  Coordinates"  (t»eodp?,izda  t  ,  I.950).1 

Distance  from  the  center  of  an  ellipsoid  to  a  given  point  is  designated  by  p 
(Pig.  lr>)  arid  will  be  culled  radlus-vec  tor. 

From  Fig.  ihi 


P-  V*'-\rf 


tain: 


Mg.  ll3. 
but: 


P  "  yKC08’ B  +  <I—*V  *in*  B  ~-£-^I-e»(?-cVsin*fl 


(1) 


V\  — c«(2— c*|  sln*a  -  I  3L  .. 


Multiplying  formula  (1)  on  (IT)  and  retaining  terms  to  e  ,  we  find: 


(ID 


,«„{|_je.»ln*a  +  i  »ln*B  —  ie»»ln*aH- 


(2.38) 


Radius-vector  ie  rarely  used  in  spheroitlc  geodesy. -  This  value  is  used  irp  reso’- 
lution  of  certain  problems  of  theory  of  the  figure  of  ,the  Earth. 

We  will  clarify  the  geometric  meaning  of  functions  of  geodetic  latitude  W  and  V. 
Through  a  point  p  of  meridional  ellipse  draw  tangent  PT  and  extend  it  to  the 
crossing  with  an  axis  x  (Fig.  1 6).  From  the  center  of' an  ellipsqld  drop  to  tangent 
PT  a  perpendicular  and  designate  the  ler.gt;.  of  perpendicular  OT'  «  Obviously,  .the 


Subsequently  these  tables  will  *>e  .'ailed:  "D.  A.  Larin  Tables". 


•  111  h  P,  r  3  ‘  jj.vl1'  ’  *  ■  ■  ■■ 


. . *h~ 


-g.  v  ... 


-AS- 


I 


Spheroltie  geodesy.  For  calculation  of  W  and  V  and  connected  with  them  values  it  is 

O  Ip 

expedient  to  present  their  series  by  Increasing  powers  of  c  and  e  . 

We  have: 


»•  =  I  —  <*  »in*B, 
V*-  1  +  F*  Cos*  b. 


or 


— c»sm'B), 
Ig  V*  =  ji  In  (I  -f-  e*  cos*  O). 


Applying  to  these  expressions  the  logarithmic  aeries  (1.10)  and  (1.11): 


.  _  ,  —  n*  ..  «•  »*  _ 

ln(l  ,  u)  =  +u  — —  -r  -- — -  + 


we  obtain: 


»in*'fl  +  ~*in‘B  +  »in*fl  +  ysln'fl-4-...  j. 
|gV» .„[✓»  cos'fl  —  y  cos4  B  -»•  cos*  B  ~  ~  ci*,*  fid-...  J . 


For  calculations  it  is  convenient  to  use  even  series  of  sines  and  cosines  and 
to  substitute  by  cosines  of  even  arcs  by  the  formulas  in  (l,25)  and  (i .26),  then: 


*ln*B«*-i - i-coslfl 

i  9 


*  X 

ilii*B u  -i  —  coi  SB  +  JCOS4B 

7*  ~  ^  co!  28  e  fos  At)—±c<*M 


(2.5'i) 


PIfV.? K  ■.-•ii;.'  *•  ..  •;  IV-ju 

V\v  • 


c%#  •*  -5-  -f  —  COS  20 
2  2 

Tc°*4fl  ■  - 

C°J*  B  -  ~  ~  cos  ?B  +  ~  cw4fl  +  —C  ii6 B 


(2.?'*') 


With  substitution  of  Bin1  and  cos  B  (i  *  2,  4,  6  ...)  by  cosines  of  multiples 

of  arcs  we  obtain: 
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IW>W.W^  w'fo1  nlit'Niil  jjijil  1--" 

.  y:  V*  ■  ‘  ‘  1  *  •  * 


.  m 

.  •  • 


-(  £*•+•••  )ca,4fl+ 

+  (  ’  k'4  +  ^'*+  - 

-(  g5<*  +  ...  )  «o»8B.  j 

+  (ye'* — +  cof2B- 

-(  )“*«+ 

-(  ^+-)“*M- ) 


For  Krasovskij-  ellipsoid: 


lgV  =  0.0007297642112  + 

+  0,000729 1 7 1 3934  cos  26  — 
—0.0000006121318  cos  46  + 
+  0,0000000006852  cos  6 B  — 
—  0,0000000000009  cos  86. 


But  since  IP  -  V|/ 1  —  c*.  then  Iff  T  -  Ip  F  +  Igl'l  — c*  ~  F  +  9.9985416558.  Logarithms  of 
values  V  are  given  in  Geodetic  tables  by  argument  of  latitude  for  every  minute  with 
ten  decimal  places.  With  the  help  of  tables  of  values  lg  V  it  is  possible  to  compose 

any  tables  for  calculation  of  radii  of  curvature  and  other  functions  of  latitude. 

l  » 

Values  of  ^  are  given  in  93rd  issue  of  the  Works  of  TsNIIGAiK  for  10  of  latitude 

with  eight  decimal  places. 

§  9.  LENGTHS  OF  ARCS  OF  MERIDIAN  AND  PARALLEL 
Elementary  arc  of  meridian  ds  (Fig.  17)  is  equal  to: 


■51 


i 


These  integrals  in  elementary  functions  are  not  taken  in  a  closed  form,  therefore 

mx 

it  is  necessary  to  transform  W  ^  and  V  ^  to  binomial  series  and  then  tc  Integrate 
term  by  term  with  a  given  degree  of  accuracy. 

We  have: 


(I  - c’sln*  A)' 1  ■  =  I  +  -1  ,*sin  *B  I-  _li  0« sill  •  A  •+ 

l'j>  1 28 


V-1  =-(1  +  c*to s’  - 

■  I  _  ±  f^cos*  B+  ~  c'*  cod  A——  e*cos*  ti+  ~ —  (■  cosVI  — . . . 
*  t  16  in 


Substituting  in  these  expressions  of  sin^  B  and  cos^  B  for  cos  B  (i  =  2,  4,  f>, 
S  by  formulas  (1.25)  aha  (l. 26) ,  we  obtain 


w' ’«=  A—  Bcoe5B4  Cc<*4£— Pcor.Cfi-f  £<  k8B  — 
K"*  **  A*  — B*  cot  Tfi  !■ C*  cos  48  -  0*  cos  G/J  +  fco4  8B- 


(2.38) 


*5 

f«  ... 

175 

11035 

64 

155 

r  T 

Tc3M 

15 

r*  -f 

jas_ 

«■•  + 

_»>5_ 

16 

"sis 

9H4M  ' 

15 

M 

r1* 

IK 

556 

**  + 

»i5 

♦« 

IS 

*•+ 

3lS 

51} 

S»|K 

315 

16384 

<•  +  ... 


For  Krasovskiy  ellipsoid: 


*  -  1,0050517733, 
B-OBOS062377f.i 
C- <10000100245 1. 
D  —  0,0000000208 1 , 
£  <m  0,00000000004. 


_ Lf'»+_«  .H _ ITS  f-  ,  lira 

*  «  +m  w  +75R*  — 

«  M  f  II*  SMI  +  ” ' 

c*m  JLf* _ 

M  *6  ^  I0S5 

D»m  JLt« _ SL,^. 

Ml  SMI 


M  166  *  '  4013  * 


*  -  *1*  . 
an* 


-nriiS1  -e  r*-. 

j/  v  irr  _i  r  •  '''  i' -  r~ 1 1  ~ 11  “*.*■  • 


For  Krasovskiy  ellipsoid: 


A*  -  1,00168250882, 

8*  -  0,00168180230. 

C»  -  0.00000070593, 

&•  -  0,00000000059, 

£*  -  0.00000000000. 

Taking  values  of  W~5  and  V"3  from  (2.38)  In  (2.3?)  and  taking  in;o  account  that 

fcoiiBdB  a  ~-sln20,  ( cos 4B dB -j- *(n 48  etc,  we  obtain: 

— ~  *ln2B+  ~sin4B— ~-!ln68+-j-singB— ...J,  (2.39) 


•  -  cf^£- -£-sln  2S+  --  tin  48-  sin  60+  -£-*m88— . . {.2Ji0 ) 

1  #  *  4  •  ■  I 

Taking  B  =  ~t  from  these  formulas,  we  obtain  length  of  a  quarter  of  meridian 
Q  =  a(l  — e2)A-|.  For  Krasovskiy  ellipsoid: 

Q  m  10002137,498  m. 

*  * 

After  substitution  of  values  of  constants  A,  B,  . . . ,  A  ,  B  ,  . , .  in  (2.39)  and 
(2.40)  we  obtain 

«  -  6367558.495874600  — 

f 

—  1 6036,4802690885  tin  28 

+ 16,8280667831  On  48  (2.41) 

— 0.0219752790  *ln  68 
+  0,000031 12433  tin  SB 

This  expression  is  used  in  composition  of  tables  of  arcs  of  meridian.  Lengths 
of  arcs  of  meridian  for  every  minute  of  latitude  from  30°  to  80°  with  accuracy  of  one 
millimeter  are  given  in:  "Tables  for  Logarithmic  Calculation  of  Gauss-Kruger  Coordi¬ 
nates"  (1946)  F.  N.  Krasovskiy  and  A.  A.  Izotov  and  "Tables  of  D.  A.  Ltrln". 

In  these  tables  are  given  values  of  the  arc  of  meridian  from  equator  to  a  paral¬ 
lel  with  a  given  latitude,  which  are  designated  for  X,  In  Table  1  values  of  X  are 
given  for  latitudes  5£°-52°l0'  from  D.  A.  Larin  Tables. 
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Table  1 


Utltud* 

M 

A 

*r 

CorriC’  ion« 

ifar 

&763U4.76I 

>•90,(12 

0 

1 

765299,  2S1 

621 

( 

l 

767151,7a, 

21 

l 

769006,250 

630 

36 

4 

770162,756 

644 

SO 

■ 

6772717,267 

>•90.656 

60 

• 

774571,761 

Wo 

r 

776426, »IS 

(71 

■ 

776280.  M2 

WO 

9 

7*035.30.5 

691 

S2*in* 

5781080. >0 

Note:  Here  A  is  a  change  of  X  by  100"  for 
a  given  latitude  where  A  is  interpo¬ 
lated  for  an  average  from  the  given 
and  tabular  latitudes,  and  the  cor¬ 
rections  to  A  are  taken  from  right 
column  of  table  for  AB". 


Kxample.  Latitude  B_-  52°05 ' 8?% . 6257,  are  given  to  find  X.  _  . 

Tabular  latitude  BQ  =  52°05 ' ,  then  XQ  =  5772717.267 

Tabular  increase  for  is  equal  to  AQ  =  3090.85 6 

II  If 

Correction  for  AB  =  24  is  equal  to  +2 

Corrected  increase  equal  to  A^  ■=  3090.858 

" 

Correction  for  AX  =  A^Afi  •io“,;  is  equal  to  AX  =  730.237 

Required  value  X  =  5773447.504 

If  It  Is  necessary  to  determine  the  arc  of  meridian  s  between  parallels  with 
latitude  and  B0,  then,  after  finding  X^  arid  Xg  by  and  Bg,  their  difference  is 
taken,  that  is:  s  *  Xg  —  X^. 

Fxpiesslon  for  the  length  of  arc  of  meridian  for  short  distances,  on  the  order 
of  length  of  3ide  or  link  of  1st  order  triangulation,  can  be  obtained  by  means  of 
application  of  Taylor  formula  with  introduction  of  average  argument. 

Let  us  take  points  P a  and  Pg  with  latitude  and  Bg. 

We  designate  them: 


A  B  m  Bf  —  B„ 


whence 
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-*(”■-  T-)  ‘  *<S->~TL  (f).  +  -T1^). 
x.~xm-x(t.+ Tt)-*(*.)+TL(-a!).+ 

,  AB*  /<££\  .  A»  /<*X\  , 

+ nr  **>/«'; 

Designating  difference  of  these  arcs  for  s,  we  obtain 


i  ■  i- 


"*-*T(aL»+(sx-s- 


(P.4?) 


Here  dX  =  ds,  therefore 


\  W  /*»  \  45  /»  • 

l^L  ■  »i  l"/,  i  i.  ’ 


where  t  =  tg  Bm>  Sign  m  indicates  that  the  functions  are  calculated  for  average 
latitude.  Consequently, 


« -/» + * +W..O  ^ 


,“15wr]+*-iS‘5- 


(2.44) 


where : 


~r-v-tl+Ti,++&ll 


k  is  a  small  value,  which  can  be  taken  from  Table  2. 
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Table  2. 


*. 

A.  MM 

A.  MM 

*•- 

A.aa 

0* 

as.i 

45 

0.2 

53 

—  7.6 

10* 

*6.  < 

m 

-0.7 

Si 

—  »,6 

*p 

at. 7 

47 

-1,7 

55 

-  9.5 

as 

K.a 

4S 

*-a,7 

«0 

—14,0 

»> 

14.* 

49 

-3.7 

65 

— 18,2 

J5 

*.» 

SU 

-4,7 

7V 

-ai,7 

<0* 

S.l 

St 

-5.7 

<0 

— 26.S 

tf 

o.t 

52 

-6.6 

90 

—28,0 

Formula  (2.44)  can  be  applied  with  sufficient  accuracy  for  difference  of  latl- 
* udes  not.  more  tnan  .  in  correction  member  AF  Is  expressed  lri  degrees, 

example.  Given:  Ba  -  55°27 '4ti".  245,  fig  =  59°57  W.  245.  Find  s  by  the  formal 
(2.44) 


Afi°-4*30\ 

. . -  . . - .  A  IT  - 16200",  . 

I«  Afl" -  1,20951501. 

%(«£,  -8.50951687.7 
IS^  —  5,69999813,3 
<•-501185,078 
-1,087 

<—501183,991  m 

<  —  501183.083  m  (D,  A.  Lerin  Tables). 

From  Table  c  it  follows  that,  for  distances  of  the  order  of  a.  side  of  l.rlangula- 

tloti  (ttint  Is,  25-^0  km  or  lr-'  arc)  the  maximum  value  of  correction  kAB^  will  be  at; 
latitude  90°,  where 

k  A  fi*1  —  a  0,5  mm. 

w 


Fot'  distances  less  than  45  k:n  It.  J.s  possible  t.o  use  correction  member  from 
formula  (2.44),  that  is  to  take: 


JM 

OU 


(2.'tn) 


or 


I0“*. 


(P.«*5') 


A  is  taken  from  L.  A.  Larin  ibbles  for  average  latitude, 
m 

Example,  Find  a  by  formula  (2.45') 
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j  nj  — wfe i)  - 1  **'*•**•  flM-  *  ^  ^  '• 


B,  c=  55"27'->8".2*i.  O,  **  35N2'30",257. 
Bm  «■  55°35'I9",251, 

(fl,—  Bj)  *>  A fl*  »•  902* ,012 
4.  *=3002,671 

, «.  - 27896.264  m. 

iuu 


In  certain  cases  It  Is  required  on  a  given  length  of  arc  of  meridian  and  lati¬ 
tude  of  one  of  its  terminal  points  to  find  a  difference  of  latitudes: 


AB--^-IOO. 

4* 


By  this  formula  the  calculation  is  made  by  a  method  of  approximations,  since 
A  is  :i  function  of  mean  latitude.  In  first  approximation  A  is  taken  at  a  known  lati¬ 
tude  on  one  of  terminal  points  of  arc,  after  obtaining  the  approximate  average  lati¬ 
tude,  calculate  succeedingly  the  following  approximations  to  coincidence  of  results 
of  calculations  of  the  last  two  approximations  within  limits  of  given  accuracy.  As 

I! 

a  rule,  second  approximation  gives  the  desired  value  with  an  accuracy  of  up  to  0  .001. 

n 

For  obtaining  accuracy  up  to  0  .0001  it  is  necessary  to  carry  out  three  approximations. 

Let  us  solve  inverse  problem  according  to  data  of  the  preceding  example. 

1  11 

Given:  s  »  27896.264  m,  B1  =  55° 27  48  .245.  Find  Bg 
I  approximation: 

S  -  27S9G.2W  M 

A,  -3092.603 
A  B\  -902,031 

B, **  55*27'48",245 

JA..7<3r,CI6 

0;-55*35'l9",26l 


II  approximation: 

A; -3092". 671 
A  B  —  902",01 2  (I5'02",01 2) 
Bt  —  65*27'48",245 
AB-16W.CI2 
B|  —  85*4290”, 257. 


Arc  of  parallel .  Terrestriai'parallelfl,  as 
circumference  of  radii  H  cos  B  *  r.  Central  angle  is  the  difference  of  longitudes  of 

\  i 

terminal  points  of  arc,  Designating  the  length  of  arc  of  parallel  by  s  ,  and  the  dif¬ 
ference  of  longitudes  l,  we  obtain 


j  'Umar 

■  r 


(2.47) 


But.  ty  previous: 


Until 

»• 


therefore: 


“  fcu 


Formula  (2.48)  Is  used  for  calculation  of  area  of  parallels  with  the  aid  of 
D.  A.  Larin  tables,  where  la  given  for  every  minute  of  latitude. 

Example.  Given:  B  =  r^>°27 '48 ".  24r> 

_  l  -  .»57 . . - . - . -  •  ■  ■ 

I "  »  u44b.4b? 

b.  =  U.75709.79.J  (from  tables,  p.  fab  ) 
s'  »  9568b,998 

Inverse  problem,  that  la,  finding  differences  of  longitudes,  is  resolved  fay  the 
formula: 


Examples  of  calculations  of  arcs  of  meridian  and  parallel  and  differences  of 
latitude  and  longitudes  are  given  on  p.  252-257  "Praeticum  on  Higher  Geodesy"  by 
B,  N,  Rabinovich,  second  edition,  196I.1 

§  10,  CALCULATION  OK  AREAS  ON  THE  SURFACE  OF  A  TERRESTRIAL  SPHEROID 

Knowledge  of  an  area  of  all  the  surface  of  terrestrial  spheroid  can  be  necessary 
in  examining  of  certain  theoretical  problems.  In  practice  a  typical  case  is  the  cal¬ 
culation  of  an  area  of  parts  of  a  surface  of  the  ellipsoid,  limited  by  meridians  and 
parallels  and  presenting  an  area  of  surveying  trapezoids  or  map  Bheets  of  one  o> 
"rtnotfier “ iritis . ' '  Mathematically  the  calculation  of  surface  areas  of  terrestrial  ellip¬ 
soid  is  based  on  calculation  of  Integral  described  below: 

Let  us  take  on  the  ellipsoid  (Fig,  17)  an  elementary  trapezoid  dT  wit;,  sides  AH 
and  BC  or  AD. 

AB  an  elementary  arc  of  meridian  is  equal  to  MdBj  BC  or  AD  are  elementary  arcs 

Subsequently,'  the  shown  work  of  B,  N.  Rabinovich  will  be  named  simply  "Practi- 
cum  on  Higher  Geodesy". 


of  parallel,  equal  to: 


tdl  —  NccuBdl. 

Consequently, 

or  -  MiBtil  -  MN  cos  BdBdt. 

Taking  Integral  from  this  expression  on  longitude,  which  changes  from  0  to  Pw, 
we  will  find  an  area  of  spheroidal  zone  and,  designating  it  by  z,  we  obtain: 


t—SvlMNccuBdlS 


or: 


wMt 
*",2S  fc  0  —  Htlfl'S)* 


But  from  (2.21) 


«tinB»slni>. 

«  coi  BiB  —  cm  t/d 

Consequently: 

r_£i.. 
*  J  w»*  i’ 

where  b  -  minor  semiaxis  of  a  apheroid. 

Last  integral  is  tabular  and  is  equal  to: 


—  f  -~L-  m  -L  iiii  +  J_  in  iiiiLi 

•#  J  ea**^  t  1  U  t  — Mn{> 


r  ,  considering  that  e  sin  B  ■  sin  y,  we  obtains 


•  _ u f  jl"0  .  I  I.  !  •*•  «iln S  : 

*  *  *  jT1— ^  B  +  -J- 1"  -p— B  J, 


(2.49) 


' 


."Xrii'mrtTM 


From  (2.49)  it  Follows,  that,  an  area  of  spheroidal  trapezoid  Is  expressed  It;  u 
closed  form  In  elementary  functions,  whereas  the  length  of  elliptic  arc  does  not. 
possess  this  property.  However  formula  (2.49)  Is  less  convenient  for  calculations 

c*  2  *2 

ttian  the  one  otitalned  by  means  of  transformation  (1  -  e  sin  B)  Into  binomial  series. 
We  have: 


(I  —  i»»in 'Br*  -  I  +  2r* sin‘ B  +  3o* sin* B  +  1e* sin* B  + 


Therefore: 


+2**siti,8  +  4«<»ln4B  +  4«*sln,B+ 


Applying  general  formula  of  Integration 

fsln'BcMft/fl-  — ! —  sin**1  B, 
■  +  l 


we  obtain: 


*  -  2s**|£sln  fl  +  -?-«« sin*  B  +  i  «*  sln»  B+  -i«*  sln»  B  + . . . ). 


(2.50) 


Placing  in  (2.50)  =0,  we  obtain  half  of  all  the  surface  of  the 

spheroid.  Consequently,  the  area  of  all  surface  of  the  spheroid  will  be  equal  to: 

n-4*»*ji  +  -H-t*+-|-«‘+-i»*  +  -J-«*+...}.  (2,51) 


For  Krasovekly  spheroid 

n  *  510083035.4  M*. 

From  (2.51)  it  follows  that  the  radius  of  a  sphere,  is  equivalent  to  the  terres¬ 
trial  spheroid, 

+  T  +55f+!Sf  +•••)  (2.58) 


.60, 


For  Krasovski, y  ellipsoid  R  =  '’>37111'>  meters, 

* 

Radius  of  a  sphere,  equal  by  volume  to  an  ellipsoid,  is  derived  equal  to  R^  « 

=  yiFF  (for  Krasovskiy  ellipsoid  R^*  --  6371110  m). 

However  actual  area  of  a  physical  surface  of  the  Earth  Is  noi  calculated  by 
these  formulas,  but  by  means  of  direct  measurements  of  ureas  on  topographic  maps. 

Calculation  of  considerable  parts  of  the  surface  of  the  Earth  or  territories  of 
countries  constitutes  one  of  the  principal  scientific  pronlems  of  cartomet.ry. 

For  convenience  of  computing  areas  of  surveying  trapezoids  of  sheets  of  topo¬ 
graphic  maps  it  is  expedient  to  use  formula  (2.50),  to  transform  substituting  sines 
of  odd  powers  by  sines  of  odd  arcs. 

In  accordance  with  formulas  (1.25)  we  have: 


iln*  £  m  sin  B  —  -i-sln  3 B. 
i-slnB- -~iln3B+-L»in5B, 

»ln  a  -  sin  3B+  sin  5 B - L^n  7 B. 

w4  64  64 


Substituting  these  expressions  In  (2.50)  and  replacing  the  differences  of  sines 
by  products  of  sines  of  semidifference  by  cosine  of  half  sum  by  the  formula: 


■lnB,-klnfl,  -  2kin-&rJLcok 

2  2 


we  obtain: 


eosfl*  —  —  (B,—  fil)cos30a4>C’*in  —X 

X(Bg—  0|)cos5aa  -D'dn — S»)  co$78„  +  £‘»ln  -i-(B,— 
-ajeokW.j, 


(2.53) 


where 


4*-l+-L«*+.I..*  +  -!-*•  +  JL  1,0033636057, 

-*-**  +  . ..-0^0011240272, 
C'm  +  «•+... -0,0000016989, 

Cm  Jy  i*  +  -£j-  #•+... -0,0000000027, 

Cm  >  +  ...-0,0000000000. 
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Maps  of  a  scale  of  1:1,000,000  served  as  a  basis  of  listing  of  topographic  rrv-.ps 
the  'tl.v.enc Ions  of  trapezoid  frames  on  a  scale  of  1:1,000,000  are  equal  to  P0  -  = 

B  4°,  Lp  -  Lj  «=  6°,  Area  of  such  trapezoid  Is  calculated  by  the  formula: 

Pt : i mama  ■  (A*  tin 8>c«B--B'Jn6*co*3B.+ 

(:v;4) 

+  C'tln  10*  c« 5 B„  +  D1  tin  H*co»7Bi). 


For  map  of  scale  of  1:100000,  where: 


8,-B, -20\  1,-1, -SO1 

••  ioa  am  *  (B 'ti«  10*  eos  Bi  —  B'  sin  30'  cot  d8l,  C  tin  50'  x  ( ? .  bb ) 

xcos5fi„), 

a  la  ^  =  124061094. 3  Km2,  lg  tb2  =  8.09363561  (KrasovsKly  ellipsoid) 

In  addition  to  an  area  of  trapezoid.  In  practice 
It.  Is  necessary  to  also  calculate  linear  dimensions  of 
its  frame  on  a  map  scale.  Frames  of  trapezoid  are  sec¬ 
tions  of  meridians  of  arc  and  parallels,  therefore,  In 
accordance  with  designations  In  Fig.  18: 

Mg.  18, 

<«.),„  — ■  low "  -  ~~U,r. 

{tirM  -  m=J.r .  too  - 

where  m  -  denominator  of  a  scale,  b^  is  taken  from  the  tables  of  D.  A.  Larin  for  cor¬ 
responding  latitude  and  —  by  mean  average  latitude. 

Allignment  of  sag  of  a  frame  of  topographic  trapezoid  is  calculated  by  the 
formula: 


In  "Tables  of  Gauss-Kruger  Coordinates,"  composed  under  direction  of  A,  M, 
VirovtB,  for  different  scales  of  topographic  maps  are  given  aj,  a2,  c,  cl,  and  P, 
whence  and  values  of  these  magnitudes  are  taken. 


—  .i__ 


"X'i'T  •'!  •  :  *< 
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..CHAPTER  III 

INVESTIGATION  OF  CURVES  ON  TERRESTRIAL  SPHEROID 


I.  Normal  Sections 


$  11.  MUTUAL  NORMAL  SECTIONS  AND  AN  ANGLE  BETWEEN  THEM 


Let  us  present  the  following  geometric  construction  or.  the  surface  of  a  terres¬ 
trial  spheroid.  Assume  that  the  geodetic  theodolite  is  set  at  a  point  (Fig.  19) 
so  that  its  vertical  axis  coincides  with  the  normal  at  this  point  and  the  telescope 
of  the  theodolite  is  directed  at  point  Pg.  Plane,  passing  through  normal  and 

point  Pg,  will  be  a  normal  plane  at  point  P^,  and  its  trace  on  the  surface,  a  curve 
a(P1P?),  called  the  normal  section: 


Moving  with  the  theodolite  to  point  P£  and  satisfying  the 
same  construction  as  at  point  P^,  we  obtain  normal  section  l>. 
Curves  a  and  b  are  called  mutual  normal  sections,  where  curve  a 
Is  called  straight  normal  section  at  point  P^  and  b  an  Inverse, 
and  at  point  Pg  by  straight  section  will  be  b  and  Inverse  will 
be  a. 


Pig.  19.  We  will  prove  that  mutual  normal  sections  on  an  ellipsoid 

in  general  cases  do  not  coincide. 

From  triangle  FjP;[h1  (Fig.  20)  we  have; 


«iP\  -  8„ 

Os,—  —  MnB,— —  fi,. 
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i 

I  rmi  *  r  tangle 


Oil,  -  ntP"t  -  g. 


ntPt  — 

A',  slnB,  — A',{1  —  «*)  slr>  /?,  *=  c’A'jfln  8,. 


T.i  t  ‘;o  'ipp-imp  ;h*lt  P,_  >  ,  theni 

On,  >  On,. 


>;onsf->Tif  rit  ly .  normals  .'it  points,  not  lying  on  one  parallel,  cross  axis  of  rotation 
of  a  spheroid  at  various  points.  In  general  plan1'  nipiP2»  normal  at.  point  ?^,  does 
r.or.  rol ncide  wit:,  plane  ngPgP^ ,  normal  at  point.  P0.  Thi.?  means  that  between  two 
points  on  a  spheroid  two  normal  sections  pass.  If  point  lies  south  of  point  P0, 
then  mutual  normal  sections  {eurves  a  and  b)  are  disposed  as  is  shown  in  Tig.  20, 
that  is,  curve  north  of  curve  a. 

At.  each  friangulatlon  point  angles  are  measured  between  straight  normal  sections. 
Therefore,  if  on  site  there  is  a  triangle,  whose  vertexes  of  angles  were  measured 
then,  due  to  duality  of  normal  sections,  the  figure  obtained  from  measurements  will 
have  six  sides,  as  shown  in  Fig.  21,  where  point  Pg  is  located  further  north  of  points 
1’1  and  .  ,,,  and  point  ?3  is  further  north  than  point  1^.  Measured  angles  of  each  point, 
are  outlined  by  an  arc. 


We  will  define  the  angle  between  mutual  normal  sections.  Let  us 
assume  tiiat  on  a  spheroid  two  points  P^  and  Pg  (Fig.  22)  are  given. 

Ne  will  pass  the  normal  planes  through  these  points  as  described 
above  and  designate  segment  by  d,  then: 

d~0n,-0n,  -r*(.v,sin  H,  —  N,  fin  8,)  -  f*Af,^sin  II 3  -  sin  8,) 


# 


We  find  small  angles  e1  and  e2,  under  which  segment  <«.  is 
seen  from  points  P2  and  P1<  From  n?  we  will  drop  a  perpendic¬ 
ular  on  continuation  of  a  normal  of  point  From  triangle 

t 

n2nlni! 

n,*, -rfiinfl,,  n'nj  •«  dcos H(. 
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I, 

From  right- angl  e  triangle 


4  ton  bt _ 

A',  •:  d  viai  A, 


li 

From  right-angle  triangle  n^n^  n? 


n'lnl  —  dsinfij,  n3n\  —  dco\Hr 

H 

From  right-angle  triangle  Ppt^n^ 


•«*. 


d  CM  fl| 

A'l  —  ^  'inftj 


Values  of  d^,  and  for  sides  of  1st  order  trlangulation  are 

the  second  order,  therefore  within  them  it  is  possible  to  substitute  ’ 

N  a  radius  of  curvature  of  first  vertical  for  mean  latitude  F-  ,  also 
m  m 

•Infl,  -ifnfli— ^-cosB. 

•In  A*  «■  tin  «■  »ln  Bm  +  co»  Bm  + . .  „ 

cwfl, - — ^-)-c  S  Bm+  -±*»in 

cos  «,  -  cos  fa.  +  -Ap)  »  cos  am  —  —  sin  Bm  +  . . . 

Dropping  from  formulas  for  d,  e^,  and  e2  small  values  of  order  eJ 

dm.  Nm<*±Hccr  If m. 


*"  -  -  «;  - 1‘ -  s.  cos  Bm  -  e*  A  li  cos*  Bm. 


small  values  of 
^  and  H  by 


,  we  obtain: 

(3.1) 


(3.2) 


Difference  of  latitudes  of  points  of  1st  order  triangulation  does  not  exceed 
20  -30  .  In  radian  measure  this  will  be  approximately  therefore  where  Bm  =  F,o°: 


Thus,  due  to  smallness  of  d  it  is  possible  to  consider 


►  i  t-  lengths  of  normal  sections  t  and  a  coinciding  and  to 
rake  them  for  the  length,  of  arc  of  circumference  of  radius 
r.’„.  I.en  .is  designate  the  central  angle  at.  y  t.v  •>  -  , 

-i, 

then  the  angle  between  chord  Py’0  and  normal  yP^  will  be 
equal  90°  -  t*.  The  angle  between  mutual  normal  sections 
h  and  a  will  he  designated  by  L  anti  Its  expression  will  he 
found  by  means  of  the  following  construction  (Fig.  . 

From  piint.  Pj,  as  a  center,  we  will  describe  an  aux¬ 
iliary  sphere  of  arbitrary  radius.  Or.  this  sphere  ho 


directions,  emantil. lug  from  l-y  determined  points  will  correspond.  Let  us  assume  that 

1  1 

i.o  directions  yy,  P^y ,  yF p,  yy,  and  yT  (Fig.  22)  correspond  points  n2,  y, 

i  i  ■ 

Pp,  T  and  T.  on  an  auxiliary  sphere.  Connecting  these  points  by  arcs  of  great 

i  ■  i 

circies,  we  note  that  tr.e  great  circie  n^yp  depicts  meridian  of  point  y. 

Azimuth  of  u  straight  normal  section  o  is  represented  by  a  spherical  angle 

i'2yP  ,  arc  iyy  it  corresponds  to  angle  90  -  rj,  arc  yn,>  to  angle  e  and, 

i  i 

finally  angle  f  at  vertex  i'g  is  an  arigle  between  mutual  normal  planes.  Tangent,  f’^T 
lies  In  a  plane  of  straight  normal  section  y*V'g  and  is  perpendicular  to  normal 

■  iii 

yy,  there  fort*  the  angle  at  T  In  a  spherical  triangle  lyT  y  is  a  straight,  line. 


a  re  T  ri 


'v!°,  arid  P„T  --  ■§.  Tangent  yy  lies  in  a  plane  of  inverse  normal  s 


ec  t,  ion 


and 


forms  a  right-angle  with  normal  P^y,  therefore  arc  yy  -■  90°.  Thus,  the  angle 


i  i  ii 

between  tangents  tyr  and  lyy  or  arc  T  y  is  the  unknown  angle  A  between  mutual 
normal  sections  a  and  b. 

i  i  i 

From  right-angle  spherical  triangle  P^T  y  we  have: 


cos  ^90* — L  -  clg  I  ctE  {'JO*— A) 


or 


IgA  ■, sin 


e_ 

7 


tat- 


i  i  i 

From  spherical  triangle  n2P2nl  by  theorem  of  sines: 
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As  was  Already  established, 


£  are  small  values  of  the  second  order,  and  are 


or  first.  order.  Therefore  sines  and  tangents  of  these  small  values  snhr.tlt.m.ed  oy 
'UirIrc  in  radians  and  with  errors  higher  than  the  second  order  are  shown  thus: 


.  •*  . 
2  ' 

/-«*  injl  +  ... 


3  V 


-j-«ilnp+  ... 


( V.  VT 


Accttracy  of  formulas  (5.3)  and  (3.3’)  will  not  be  lowered,  If  11  Is  substituted  iy 
a,  since  the  difference  (a  -  p)  is  small  value  of  third  order.  Substituting  lrt  (3.3) 
and  (3.31)  the  value  e  from  (3.?),  we  obtain 

I  —  e*A  Bcos'il.Mn  *, 
ia—lMICtK'BisIlU. 

Hince««-~,  48 -  i~?(wlth  accuracy  up  to  small  values  of  third  order),  then: 


/"  —  f"t*  »eos*  Bm  cos  *  sin  *  —  Bm  sin  2*. 


(3.4) 


4" “ r"vw  toi*  fl«eo**,,n-  ’■  ca,,a«lip2*- 


4  2 

lit  last  expression  with  accuracy  of  e  o  It.  is  possii  l.e  to  accept  Mm  »  N  . 


Consequently, 


A"  - 1"  -£i-eos*fi;sln  2i  +  .. 

4Nm 


(3.5) 


From  formulas  (3.4)  and  (3.5)  It  follows  that  the  values  f  and  A  revert  to  zero 
twice:  when  a  »  o  and  when  a  »  90°.  In  other  words,  mutual  normal  section.-  coincide, 
if  the  points  lie  on  one  meridian  or  on  one  parallel.  This  conclusion  is  justifiable 
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'.v:; 


'  W  ...  ~  :  .  .  :>  •  .  ■  ■  • 
Jfit '  ‘  ■  v  •••  -,>t  A  rvl 


>4  .-.hi.: 


;  i*--  -V  -  ••  X )  -  >V-V. 


wl'.h  the  degree  or  aeeuracy ,  1 1 1->« i  are  derived  from  formula  (i.4)  and  (}.'i),  l.r., 


with  accuracy  up  i.o  small  values 

1<  ;;1  l>“:i  -in  angle  bet  ween  the  no  rm.-j  1  sections,  we  will  consider  their  linear 

•  1 1  rgerioe ,  whlcli,  obvloualy ,  will  be  maximum  for  median  point:,:  of  arc.!  u  and  e,  1’or 

lo'  f  (Mi  1  I,  1 1  i  on  nl  Mi!:!  V  J 1 1  'It*  Vli-  Will  pxrrili’  the  following  rotir.  *  PtC  I  1  t'l: . 

l-rom  '  h*>  middle  of  the  rhor-i  (*,,  wo  will  restore  a  pei’pendleu] nr  ami  in.ni  I nue 

If  to  In'  i’i':'.i'i'i.  lott  wl  Mi  a  surface  of  the  spheroid,  Prom  jui  Inf  ( !••  I  ,* .  pit),  J( 

rcnfcr,  wo  will  describe  tui  nr o  of  o l  rcunitVrence  jf  Ijp,,  radius  N 

1  .  in 

au'l  tin  ermine  curve  pointer  of  sag  ti.  It  la  known  Hint: 


Mr.  :wi, 


km-Lig± 

lining  limited  by  smallness  o  in  the  first  term  of  fac tor Iza- 

tlon  tg  Tj-  In  aeries  ami  taking  Into  account  that-  .»  ..  it  in 

m 

possible  It'  state: 

k  »* 

"  (/.'■) 
Now  from  point  0  let  us  restorr  perpendiculars  to  normal  sections  n  and  h.  The 
Iingie  between  pt.< rp.Mid  1  cu  1  a rs  l »  equal  to  the  angle  between  mutual  normal  planes  f 

(Kg.  I'll ) <  Py  length  the  perpendiculars  are  very  close  among  themselves  and 
with,  high  deg, fee  or  accuracy  a  tie  equal  to  pointer  sag  curve  !i.  Piemen'  ary  are 
'li  l.C',,  linear  divergence  of  mutual  normal  srotlona,  can  he  detcrial ned  mb  an 
arc  of  circumference  of  radius  h  with  cehtrnl  migle  t,  l.e,, 

f 

Hubs  tl  tut  mg  value  f  and  h  *'rom  (1,4)  and  (j.fi),  we  obtain 


(?.7) 
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of  the  order  of  a 


I'virmiilas  (.J.b)  and  (3.7)  » ri>  useful  by  accuracy  for  lengths 
side  of  1st  order  triangulation.  Table  3  presents  numerical  values  of  magnitudes  A 

■rr'd  i|, 


Tahl  a  3 


-.Cxtrweu  Azimuth 

|  Lat Hud« 

•  .  >« 

1* 

1.  MM 

45* 

89* 

i 

10 

t 

1  0,00) 

o.l 

*6 

89 

loo 

S  O.nsi 

3.8 

48 

B9 

:  iso 

!  0,08? 

13.0 

Values  A  arid  q  show  that  Tor  typical  lengths  of  the  sides  of  n  triangle  of  In'- 
order  t.ri angulation  in  USSR,  whose  flimenslons  are  Km,  with  duality  of  normal 

unctions  should  not  be  considered.  For  distances  of  ?0-25  km  they  can  he  considered 
merging.  However  for  distances  more  than  30  kin  in  transmission  of  azimuths  It.  is 
necessary  to  introduce  corresponding  corrections. 

In  order  to  avoid  the  duality  of  normal  sections  iri  general,  the  geometric  fig¬ 
ures  on  the  surface  of  a  spheroid  can  be  formed  either  by  chords  of  normal  sections, 
or  geodetic  lines.  But  for  consideration  of  these  questions  it  la  first  recess ary 
to  Investigate  the  most  intrinsic  properties  of  geodetic  lines  normal  sections  and 
their  chords  on  the  surface  of  a  spheroid. 

Various  attempts  in  the  na3t  and  now  have  been  made  to  develop  a  theory  of  spher¬ 
oidal  good nny  on  the  basis  of  application  of  normal  sections  have  not  succeeded, 

The  matter  Is  that  with  identical  degrees  of  accuracy  the  formulas  obtained  with  ap¬ 
plication  of  the  geodetic  line  are  simpler  than  the  analogous  formulas  constructed 
by  means  of  normal  sections. 

Recently  certain  scientists  proposed  to  leave  out  the  geodetic  line  from  sphe¬ 
roidal  geodesy  and  to  replace  it  by  chords  of  an  ellipsoid.  Although  this  leads  in 
certain  cases  to  closed  expressions  instead  of  infinite  series,  nonetheless  the  chord 
does  not  possess  the  generalization  of  geodetic  line  for  solution  of  all  problems  of 
spheroidal  geodesy.  Application  of  geodetic  line  in  the  tightest  form  ties  spheroidal 
geodesy  with  higher  mathematics,  on  whose  achievements  its  development  is  based  to  a 
significant  degree,  However  in  particular  problems  it  may  become  expedient  to  use 
normal  sections  or  chords  of  an  ellipsoid  as  auxiliary  values,  Therefore  basic  prob¬ 
lems,  necessary  for  the  use  of  normal  sections  and  chords  of  a  ellipsoid  are  expounded 
below. 
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fc 

v 


§  1?.  A"!  WITH  AMI)  CHORD  OK  A  NO  KM  At,  .IKCTTr-M 

Two  points  are  given  on  a  spheroid:  1’^  and  P0  (Fig.  ?6).  Let,  us  assume  'Puli 
plane  XY  coincides  with  the  meridian  plane  of  point  P^.  l.e.,  Y^  =  0.  Consequently , 
for  spu-e  miordlnat.es  of  points  P^  and  i  v,  we  huve  co rresponding  expressions: 


A|  *  Nf  coi  /t | «  q 
K.-O 

7,  -  AT,  — -  sin  8,  -  rt  tg  8, 

(**  r 


i  X,  —  X,e0sfi,cosl 
.  Y,  “  At,  cos  8,  sin/ 


r,ecn/[ 

r,sirW| 


l  —  difference  of  geodetic  longitudes  of  points  P^  and  P^. 

Vie  Introduce  a  new  system  of  grid  coordinates  (£,,  i(,  f.)  with  origin  at  point. 

Pj.  Tangent  plane  at  point  P^  Is  taken  for  plane  ^tj ;  axis  £  directed  along  the  tan¬ 
gent  to  rterldlnn  of  point  P^,  axis  tj  —  perpendicular  to  axis  4  and  in  parallel  to  axl 
Y|  axis  Z  coincides  with  the  normal  of  point  P^.  From  Fig.  ?6  it  follows  that  the 
angle  of  rotation  of  systems  of  coordinates  will  be  latitude  of  the  point  P^. 


For  obtaining  connection  between  systems  of  coordinates  (X,  Y,  7.)  arid  (£,  tj,  r) 
we  will  design  Fig.  26  on  a  meridian  plane  of  point  Pj»  then  we  will  obtain  Fig.  S?7, 
from  which: 


I  ■  (X,  — —  X|)»tn  8|  *—  (2|— 2|)coi  Bj 

'"r«  •  (3.8) 

-(X,~X,)CMfll-(7l-7,hin81 


Let  us  make  a  normal  eectlon  from  P^  to  Pg;  the  plane  of  this  section  will  inter 
sect  plane  by  a  straight  line 
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I 


n-ite*. 

wnere  <«  is  an  azimuth  of  straight.  normal  section  from  Pj  t.o  P,,, 
Prom  (3.6)  It  follows  that.: 


4»  - 


(X»—  Xg)  iln  bt  —  11i-?iJcoi  S, 


or 


Ht  w  f>  i  <ln  I 


(Ht  fl|to»  I—  iln  A,  —  —  (Alt  tin  B,  -  JV,»ln  A,)  cm  5, 


Let:  us  Introduce  here  a  radius  of  parallel  r  =  K  cos  P,  then  we  obtain: 


*».- 


•In  J 


(•*l--^)un«i-(l-»*)(tgfl,-  “j-  ««*  jtmt, 


(.3.9) 


For  inverse  normal  section  by  mean3  of  transposition  of  indices,  contained  in  the 
formula  of  values,  we  obtain: 


tfS“- 


tint 


“J-j  »ln4,  —  (t  «-«•)!  tg  A  — ft 


(3.9-) 


Let  us  designate  the  chord  of  reciprocal  normal  sections  by  s,  then  wo  obtain: 


?-(*,- A,? 


or  with  replacement  of  grid  coordinates  by  geodetic  coordinates: 


?  m  (Y,cot  B,co*l— tfttw  Bp-rtf]  co>*  fi,  tin'/  +  —  (A',*in  B,  — 
—tftiinBp, 


or: 


(3,10) 
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v  '■./TTvT TT 


JdL 


If  s,  I*,  and  cl  are  given  then  these  three  equations  fully  and  simply  determine 
unknowns  B?,  l  and  i.  Excluding  from  these  equations  and  l,  we  obtain  expression 
for  F,  For  that,  the  first  of  formulas  (3.11)  is  multiplied  by  cos  i^>  the  third  by 
sin  !\j ,  and  then  conversely.  If  we  subtract  the  third  from  the  first,  and  add  them, 
we  obtain  correspondingly: 

I.  iiSA.  «l!!i  —  — L —  (cot » cos x, cos 0,  +  »in*»ln  fl,). 

ft  ft 

i.  — •  m  •(-  "(cot* cost,  tin  fl,— sinftcos B,). 

w,  wt  a 

dec Jtad  terms  of  right  side  of  formulas  (3.1?)  have  definite  geometric  value. 

Let  us  iiiiroduce  a  horizontal  system  of  coordinates,  l.e.,  the  zenithal  distance  z 
and  azimuth  a  of  chord  ¥.  We  designate  directional  cosines  ¥  in  a  system  (X,  l ,  Z)  by 
=  cos  a,  =  cos  P,  =  co3  y.  On  a  sphere  of  unit  radius,  which  subsequently 

we  will  call  Eolodenakiy  sphere,  since  it,  was  first  introduced  by  him,  point.  F,  des¬ 
ignates  geodetic  zenith  of  point  P^  (Fig.  29) i  points  X,  V,  and  Z  correspond  to  direc 
tions  of  the  axes  c f  coordinates,  and  s  to  direction  of  chord  from  point  t,o  r^. 

On  a  sphere  of  arc  sx,  sy,  and  sz  are  equal 
correspondingly  to  the  cosines  of  directional  chord 

¥, 

From  spherical  triangle  P^s  (Fig.  29) 

n,  —  coifl,  cos  i,  —  tin  fi,  sin  i,  cos  a,. 

Fig.  29.  From  triangles  PjZS 

«i  ■»  tin  0,  cot  rt  +  cot  fi,  sin  t»  cot  a,. 


Consequently,  angle  4  *  90°  -  z0  (let  us  call  6  geodetic  height  in  horizontal 
system  of  coordinates). 

Hevertlng  to  equations  (3.11)  and  (3.12)  we  accomplish  the  following  actions  on 


them:  raise  t.o  a  square  the  second  from  (3.1?)  and  add  to  the  square  of  second  t-qua- 

•■ion  from  ('.11',  ti.e  obtained  sum  Is  nv 1 1  '  ’.plied  (/'  -  e“”)  arid  is  added  to  the  square 
of  tiie  first  from  (3.12),  multiplied  by  ('  -  er  )'  .  ‘.hen: 


tin  I  (I  -  <t) !»' 
*»1 


—  .  f'l 

»- 1*  # 


*in*»  ^t(l  +  ~  (I  +  «“"!> 


It. stead  of  Kj  introduce  radius  of  curvature  of  straight  normal  section  from  F-’j 


to  Ly  the  formula: 


*i  »(•  +%*«»*  «i) 


tlnfr-  i  1  -  «  I,  .  **«■■»-  «*'»<  re>,«  V 

I  l  +  V«u**  •»  I  fy  l  I  -i-  %•«*••,  | 

**  —  cos*  0,  cos*  j,  sin*  ft  (sin*  fl,  —  cos’  B,  cos*  »,)  + 

+  2sin  ft  cos  ft  sin  0,  cos  B,  cos 


Let,  us  designate: 


Therefore: 


f*[  sin*  ft,  —  ««»«,  w*«,  \  __ 

l  !  +  **«».,  )  1 

f*tlnin ,  COJ*, 

--  - - ■*  at  u.! 

M  p*’ 


sinft>  Jl  +  r,  sin  ft  +  sin*  ft — ^  (»,*in*ft+ ...J . 


(5.1?) 


Formula  (2.13)  has  a  high  degree  of  accuracy,  since  it  retains  the  values 


s*2,5 


»J.  Without  decreasing  this  accuracy  and  taking  in  firBt  approximation  sin  &  = 


«  -g— ,  we  obtain: 


i  f.  ■:  '' 


It  follows  from  this  that  for  obtaining  the  length  of  arc  of  normal  section  by 
given  geodetic  coordinates  of  its  terminals  It  is  necessary  to  calculate  by  the  for¬ 
mulae  (3.9)  and  (3.10)  first,  of  all  the  azimuth  and  the  chord  of  this  section. 
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Korn'il*  (3.1;  )  has  high  degree  of  accuracy  and  nan  be  used  for  considerable  distances 
between  the  points.  In  practical  calculations  it  is  expedient  to  have  small  tables 
!\v  select  lot:  of  .  and  n,  by  arguments  i-j  and  ,  Calculations  r,y  tne  formula  [J-.V  ) 
in  •■•onvenleiit  for  use  with  computers. 

If  one  were  to  allow  that  all  our  preceding  reasonings  pertain  to  point  i;0,  l.e,, 
■•■o •. i i  from  point  f ,  to  point  T^,  then  the  length  of  arc  of  inverse  section  will 
te  expressed: 


•'  - 1‘ +  i(v)' + + mr(i)‘+ 


(d.l--') 


d  L'  2  1 

.Since  -  b^)^g  is  •*  small  value  of  the  order  e  k,  trien  the  difference  s  -  :: 

L 

will  be  on  t.ie  onlrr  of  e  K '  .  i  ,e. ,  a  value,  practically  imperceptible  during  the 

most,  exact  calculations.  In  other  words,  this  difference  can  be  discounted,  i  be  more 

1 

so,  because  with  the  presence  of  coordinates  of  two  points  instead  of  —  for  terminals 
it  Is  possible  to  tuk<  l.e.,  to  refer  this  value  to  point  with  a  mean  latitude, 

For  short  distances .  on  the  order  of  ICO  km,  the  expression  (3.l6)  is  essential.!;, 
simplified,  if  It  is  required,  that  s  be  determined  with  accuracy  of  up  to  1  cm: 

The  biggest  term  ?/40  is  dropped  where  1  -  TOO  km  is  less  than  J>  mm.  If 

however  3  on  the  order  of  the  length  of  a  side  of  1st  order  trlargulatlon,  then  it  is 
boss  i  bio  to  substitute  in  the  formula  (3.17)  j;  by  -i,  then: 

,.r|1+i(.l)*+4  n.ib) 


Error  from  replacement  of  value  p  by  a  in  (3.18)  will  be  less  than  1  mm. 

In  Joint  application  of  formulas  (3.9),  (3.9')»  (3.10),  and  (3.16)  it:  Is  possi¬ 
ble  to  resolve  the  so-called  inverse  geodetic  problem,  l.e.,  according  to  given  geo¬ 
detic  coordinates  of  two  polntB  to  find  distance  between  them,  and  also  the  forward 
and  back  azimuths.  Only  in  this  case  azimuths,  calculated  by  the  formulas  (3.9)  and 
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(■?.  <•)»  will  pertain  to  the  a  chord  of  the  ellipsoid  between  giver,  points  (rip.  in). 
It  i.n  necessary  to  keep  in  mind  that  if  the  lengths  of  ares  of  normal  sections  a  and 
i  cm  r.e  considered  practically  equn  1 ,  then  it.  in  necessary  to  consider  the  differ-'-:: 
in  their  azimuths. 


'Thus,  spherical  triangle  P^PP.,  in  which  sides  P^P  and 
PPg  are  arcs  of  meridian,  different  lengths  and  angles  are 
obtained  depending  upon  which  of  the  azimuths  of  two  normal 
sections  is  taken  as  basic:  besides  only  the  ancle  m  • • on!- 
( l  —  difference  of  longitudes)  remains  cor.stani..  If  how.-yer 
none  of  the  sides  of  a  triangle  coincide  with  meridian,  »  hen 
two  of  its  angles  and  all  sides  obtain  different  values  de¬ 
pending  upon  the  azimuth  of  the  normal  section,  taken  ns  initial.  In  Ine  last,  case 
the  Inconveniences  connected  with  the  application  of  normal  sections  as  basic  lines, 
are  more  fully  revealed,  connecting  geodetic  points  on  the  surface  of  spheroid. 

Plane  of  meridians  of  points  and  ?2  with  normal  plane  P^n^P^  or  "g'V  1  form 
n  trihedral  angle  with  vertexes  at  n^  and  n2.  Let  us  visualize  a  sphere  with  arbi¬ 
trary  radius,  described  from  point  n^.  On  the  surface  of  this  sphere  trihedron  with 
ribs  and  n^P  (Fig.  31)  will  correspond  to  triangle  P^p'p^,  in  whic)l  the 

initial  is  the  azimuth  of  straight  normal  section  at  the  vertex  P^.  for  resolution 
of  this  triangle  let  us  find  connection  between  Bg  and  B^. 


Prom  Fig.  31  we  have: 


(3.19) 
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sin  u,  ..therefore  formula  (3.1Q1  can  wrl  t  ten  truis: 


Put. 


«Cfl, 


(I  —  t’llfifli  (I  +  r'» 

s 


Mn«i' 


/  / 
V 


1 


if  geodetic  ii  10  rd  Inn  i  pi;  of  points  and  art-  give-  then  t  s  =«  triangle 

J.  C. 

M,  (Mg.  3'i  can  i.i-  milvi-d  i>y  ute  re  1  Lowing  formulas: 


Sill  6  sill  i,  »  cosflj  sin  / 

sin  0  cos*.  «=-  —  cuslJ,in  ftj —  sin  ft,  cos  /fj  cos/ 

sin  4  »in  ;  »■  cos  ft,  sin  /  {  ' .  M  ! 

sill 0r«' \in  c«- ft'. —Cos fl,  sill  fij €<•>/ 

CusO  —  sin  ft,  3* ill  If,  -j  CUS  ft,  cos  ft,  cos/ 


i-i.ijLdes  It  snouid  be  underlined 
frs'ii.  tulnt  i  ...  to  point  ! ,  si  nee  In  s 

l  X 


that  angle  v  is  not;  the  .zJmut.h  of'  norms'll  rice !  ! s  . . 
ubstl  tut  Jon  of  by  P,,  in  (3. PI)  we,  obvlo  t l.v , 

will,  not  obtain  inr.'e.nd  of  . , 

Let  ns  assume  that  line  I’  rn  •  :t  (Mr:,  •'■;[) 
is  extended  till  it  will  not  be  Intersected  !  ,. 
any  meridians  at.  right-angle.  Designate  tic 
latitude  of  this  point  by  P.x,  where  it.  will  !■' 
tpi.v .In,:  is;  I  hr  •'Ui’iiou'.  the  extent  of  line  niid 

Its  continuation.  On  auxiliary  spnen;  we  ob¬ 
tain  h  right. -angle  triangle  (set-  i  I , ■ . 

33)  i  from  whiun  11.  follows  Uinti 


Lfe. 


Mg. 


cos  ft,  sin  «,  m  cos  ft,.  ^  ^  ^ 

slnfl,slnt, -cos  ft,  cos  s,  j  ., 

4in  ft.  cost),  —  sin  ft,  )' 


Arcs  0  and  0^  are  plane  curves  and  lie  in  a  plane  of  straight  normal  section. 
If  as  a  basic  angle  of  triangle  F^p'p^  360°  -  a,5  is  taken  (Fig.  ?3),  then  by  per¬ 
forming  the  same  const  ructions,  we  obtnin  other  values  in  substitution  for  d  anti  i)^ . 
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r»  xnvk  ■»»  tinnim^i 


1 1 ,  Geodesic 


S  3 'I.  UFTKhMl NATION  OF  GFOUKGIO  AMI)  FT;'.  LOOATIOK  FLAT! VI¬ 
TO  MUTUAL  NORMAL  GKCTICWG 

I'l .(-■  shortest  lines  on  any  mnUiemnt.  leal  surface  are  called  geodes les .  Gt.r.,  jght 
on  a  plane,  great’,  circles  on  a  sphere,  helixes  on  cylinder  etc.  are  geodesics  since 
Uti.y  are  t.he  short. er.t.  distances  on  these  surfaces. 

Two  points  on  an  arbitrary  surface  can  be  connected  by  a  multitude  of  curves, 
possessing  different  geometric  and  analytic  piopertles.  If,  at  any  of  the  given 
point. s  on  a  surface  tangent,  plane  is  established  and  on  it.  all  curves  pussl’V  t'.natg,:. 
these  points,  are  constructed  then  only  t.he  geodesic  will  he  a  straight,  lire,  and  all 
the  others  will  he  depicted  by  curves.  Geodesic  Is  a  surface  curve,  having  at  each 
point  a  double  curvature.  Therefore  It.  does  not.  lie  In  one  plane.  For  t.he  study  .if 
plane  properties  of  such  curves  an  idea  Is  introduced  on  an  osculating  plane,  appear¬ 
ing  as  a  limiting  position  of  u  plane,  passing  in  three  infinitely  close  points  of  a 
curve. 


Principal  normal  of  geodesic  nt.  each  of  its  points  coincides  with,  normal  at  fir- 

face  at  a  given  point  and  lies  in  the  osculating  plane.  This  property  of  geodesic 

allows  its  construction  analytically. 

Let.  us  assume  that  the  aligned  geodetic  theodolite  is  set.  on  a  point  l’j  so  that 
Its  vertical  axis  coincides  with  normal  at  the  surface  of  spheroid  at  this  point. 

JWe  select  on  spheroid  a  point  Pg,  close  to  point 
P^,  and  direct  the  telescope  of  the  theodolite  to 
4  a  point  Pg.  The  trace  of  a  sighting  plane  on  the 

I  it surface  Is  curve  a-  (Fig.  54),  as  It.  la  known,  will 

**  be  straight  normal  section.  We  move  the  theodolite 

ap1 — sr 

to  point  P~  and  after  setting  it  In  u  horizontal 
Fig.  54.  ® 

position,  with  locked  plate  wo  sight  the  telescope 

at  point  P^j  we  obtain  Inverse  normal  section,  and  curve  b;  then,  detaching  alidade, 

will  turn  the  telescope  l80°  and  sight  It  on  nearby  point  Py  The  sighting  plane 

will  describe  a  curve  of  straight  normal  Bect.lon  from  point  Pg  to  point  Py  i.e., 

line  Sr,.  Moving  the  theodolite  consecutively  from  point  Pg  to  point  Py  and  from 

point  P.j  to  point  etc.,  and  carrying  out  at  each  point  analogous  actions,  we  obtain 

construction,  schematically  depicted  in  Fig.  34. 

Let  us  o.aaume  that  points  (1  ■  1,  2,  n)  are  located  at  very  minute 


,81 


««  <*•«««  ™  . . .  . . a  * . 


.•irul 


--  •'»**•*  »•  «•  ni,  iic 
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ocnfl.ricn.,,,  every  vlo,,,  three  polr,»-a  or  »•  Ur  In  on, ■  fl.i,  ,  wM..,t 

,  1  f  tont-filfir.  n  i  io  f 'in  *  i ) 

•*c  '♦I:*-?  BM*Vf*HCf'  f,  t.  pin  r|  I***-'  noir.f  Tr  am  , 
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points ,  In  f\  r.eoijralc, 

Adti  U  Ufl  HOf.£>  f’rtyi  n.M  nl  ,  ,,  f  . 

vcA.t.acUo,,  o1  ft  gtodnic  on  *Ue  between  «Jvcn  points 
*  l!‘  "'•'•eiun.ry  to  Know  d  I  rod  !  or,  of  lt« 

8.  ciutu.nl  or  tm  angle  between  (Urulght 

. ™  '"U'«  ■■“>1  U.«  tUn  or 

u; . . .  "•“«* » «•»»*  «>- 1» *™», 

Or..  ,  .*■),  *«.  ,in«  i:om.,„u,aion  or  w.  „r  . . . 

‘  0"'  10  «»•>»*«  *  „o„»,  „,Uo„  „lon„ 

'■  ‘  *'  '"*■  '■«  »°  «r  i>0”.  tl»  IocoUoh  or 
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§  15,  FUNDAMENTAL  EQUATION  OF’  A  tUvhDEa.IC 

"*  <'*rt”  ru"l"""*'u“  •*•«»««  or  «  IWM..1.  rro»  u„  roe.  u„„,  a  „ 

*,1;  between  poiriU  on  a  ipheroid. 

Lol  up  tuKe  gpoJosic  AN,  Wit  take  aloiia  thin  it,,.  „„  , 

wine  atotig  entu  line  or,  eJementury  are  tlH  (Kig,  J7) 
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' i : i ■  1  com:  tr  him  il  0:1  a  iih-  ri-i  1  ::i.  ruri  p-.  i"t  1  1  n  I  ;  w  i»l*i  *:  i »;  r.r-.  :  i-  :  ::  of 

intfi'  i -i  inti  AC  -  Mrir  ami  parallel  i<d  -  r.il.  i-nnii  i  ranr-nta  iy  rici-iin'lo 
t  rl  f  AC!)  we  have: 
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.".liu’r  /  IUI 7.  expresses  the  length  of  hto  of  a  geodesic,  then  It,  shod  d  hnve  i  tie 
I ••mi-.I.  value,  This  1 8  possible  at  determined  dependency  betwern  r  and  l,  her  un 
•  uimuiiii'  l.li.’il,  this  dependency  is  given  by  analytic  function  It  -  Consequently, 

•ii  iiuy  other’  dependency  to  the  crime  l  P  +  b,  will  correspond  where  b  is  a  function 
of  l,,  which  becomes  zero  for  terminal  points  of  nrcr  A  and  R. 

Thu:!,  wo  have: 


whom 


According  to  Taylor: 


t-iva, 

tr  +  M  +  *-). 


W  mV +*—  +.JLOL  J. 
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•Al’-t-'Y .  Y 1V<V;? r* » ivef  .-v*^ *  -  --  ifT'  ■■■>■ . 


I-  —  arbltrarl  ly  small  value.  farms  of  otgiifSt  order  In  Taylor  llRf  an'  omit  ted . 
since  t.hf-y  .'ire  vanishingly  minute  -in  compared  to.  first.  terms,  and  In.  further  ■••ilon- 
1  -i »  lor.r.  cannot  play  a  part  . 

We  i.uvo: 


,  nl.v.’i  (n  -  ;0  In  a  vl'-'e  om’.rnt.!  n  lly  pnf.i  tl  ve  :it.  any  l>,  in  nrlcr  1 1  ,-t !  n 
can  he  i  geodesic ,  !i  In  neeer.mry  ;m.|  sufficient  i.o; 


f  —bltt+  dir*  0. 
}  ■>«  J  VH 
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Let  us  prointegrnte  the  second  term  of  equation  by  parts,  taking: 


dJ  **  db  tni  -  «=  a, 


I <y  condition  b  equals  kero  fo"  points  A  and  B,  therefore  the  last,  tent:  la  Identi¬ 
cally  a  zero.  We  have: 
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In  n  apace  between  points  A  and  P  b  /  0,  consequently i 
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'.I.  ■ ::  |  i  t.  i  f  to  consider  ►toI  ri;' 1  t  ri.u.?  it  !  .  nc  spherical  ”!i'l  we  w  i  !  I  o!  t  ■» ! : 

!,!■  im*  !  tn»  i  .e  value  of  t  by  (.).«•  formula: 


tf*r  (SO  pO-B,)>lni 

ig  —  - - - - - - 
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further 
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A  Mi  +  A> — jr<A“  A>  ’ 
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In  determination  of  the  limit  of  application  of  the  approximate  metiiod  of  calcu¬ 
lation  of  geodetic  azimuths,  It  is  taken  into  consideration  that  the  difference  of 
spheroidal  and  spherical  excesses  of  triangles  with  equal  sides,  as  it  will  be  proven 
In  tiie  following  chapter,  is  the  small  value  of  third  order.  Therefore  the  shown 
method  can  be  applied  where  it  is  required  to  know  t.he  azimuths  within  an  accuracy 

II 

of  up  to  1-3  , 

Other  application  of  formula  (3.26)  consists  in  that  during  t.he  resolution  of 
direct  and  Inverse  geodetic  problems  it  Is  possible  to  control  the  calculation  of 
unknown  values: 

r,*ln  »•  —  r,»ln  A 


where  A?  is  a  back  azimuth  of  a  geodesic,  equal  180  +  Ag. 


Ar.  :  X-r:ijl<  i-!'  file  :.L.i !  io:.  of  Approximate  Ceodetic 
Azimuths  t’.j-  nr.*?  i-ormulns  Is  Given 
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r !)•<•« '..ion  r  alii  A  -  c  in  obtained  «s  si  product  of  two  values,  by  whose  rt.-l »  rary 
change  the  product  should  remain  constant  along;  u  given  geodesic,  lor  meridian,  where 
A  •>  we  obtain  c  -  0,  Consequently,  terrestrial  meridians  are  geodesies.  On  equa¬ 
tor  r  =  a,  A  *  90°,  i.e.,  at  any  point  on  equator  c  =  n;  consequently,  terrestrial 
equator  io  also  u  geodesic. 


Terrestrial  parallels  are  not,  geodesics.  This  is  obvious,  since  even  nn  a  sphere 
the  arc  of  a  parallel  between  two  points  Is  not  the  shortest  distance, 

bet  us  consider  a  general  case,  when  n  geodesic  takes  l Is  beginning  from  a  point 
with  latitude  b  with  azimuth  between  o°  and  90°  (Mg.  til).  Let,  us  trace  the  process 

of  a  change  of  equation  r  sin  A  =  c. 

by  the  measure  of  receding  from  initial  point  along 
the  geodesic  latitudes  and  azimuths  at  all  points  are  in¬ 
creased  until  the  azimuth  will  not  attain  90°,  latitude 
its  maximum  (F^),  and  r  its  minimum  r0  »  c.  At  this  point 


t,he  geodesic  will  be  tangent  to  parallel  with  latitude  B(J 
und  will  turn  toward  south;  at  its  subsequent  points  the 
latitude  will  decrease,  and  the  azimuth  will  increase. 
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’  f  *.'■  '<  ..  ... 


f-v.-i  r--:. '■ 
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.•e.:  wising  more  than  90°.  .jucli  change  will  occur  prior  to  Intersection  or  feodesic  w!  f  • 
equator,  where  r  will  attain  a  maximum  (major  cemlaxlt:  a).  and  A  will  oi*.>i:.  r-'i 
vi  l  .e  i  f  A  .  in  southern  hemisphere  —  the  passage  of  a  geodesic  will  t  e  |«v<v:c. 
Attaining  -i  point  with  maximum  negative  latitude  (_,1q)  and  touching  its  tar.  Lie  i,  it 
Kill  turn  to  equator  and  will  Intersect  it  at  a  point,  which  does  not  coincide 
opposite  point  of  Initial  intersection  of  the  equator  by  the  geodetic. 

Consequently,  geodesic  on  a  surface  of  a  spheroid  will  describe  .an  infitiin  num¬ 
ber  of  turns  during  its  continuous  extension,  starting  at.  .any  point  alnr.g  ‘  i .  e  .-..■'u  ■ 
from  0°  to  90°.  The  picture  of  a  run  of  a  geodesic  on  a  spheroid  will  no'  ie  c".r„-"! , 
If  Its  first  element  will  be  required  for  azimuth  greater  than  -V-0, 

Application  of  the  fundamental  equation  of  geodesic  to  solution  of  ;  rtc a  1  ■ 

theoretical  problems  will  become  more  general,  if  ft...  equation  (d,?c)  is  trancrormci 
while  bearing  in  mind  that: 

t  «  NcOi  B  m  a  cos  u, 

or: 
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s'-dr  of  '.his  triangle  ■uni  Ha 
«ide  by  ,  and  the  luigl--  . 
w i  L 1  nave  :  in 

:  or  e  rialna  1 1  ;-i:  of  •,  l  i 


upi-uciir  u, .  |,et.  -;s  di-c  i i’:ri  !_e  .:.is 

hen  the  mown  polar  spherl'-a  1  l  r lmr.l 0 

*■  i '.r.  of  tills  t  ri  tnglr  fi-1  lowiiy 


formulas  of  spherical  t. r i gonome ». r,v  will  serve 


1.  sin  «  sin  At  <m  cos  u ,  >ln  » 

2.  Jin  a  cos  «■  cos  u,  sin  u,  —  sin  u,  eosu,  cos  u 

3.  lin  <  sin  A't  ••  cos  u,  sin  » 

4.  jin  a  cos  A\  «.  —sin  u,  eosu,  -f  cos  «,  sin  u,  cos" 

5.  cose  ■»  sin «, sinn, -f  cos u, cosh, cos «j 
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1  ,  r* , 


corresponding  Lo  geomet  rlc  figure,  can  be  represented  in 


A’j  cos  /},  sin  At  A'jCOsWjSin/i’ 


cos/}, 


»ln  A| 

I’. 


'  cos B, 


ifn  A, 


( 1 .  37 ) 


iieKlgtvit.Ing: 


sin  A, 
V , 


><*i  Jlr^j 

; —  “  »in  A, ; - !  —  sin  A' 

|.  SUMS  , 


WP  Ol  f 'till! 


cos  8,  sin  <4 J  »  cos  8,  sin 


or 

m  sin (90  —  mi 

**A\  *  (3.38') 

Spherical  triangle  P^P  Pg  (Fig.  43)  corresponds  to  equation  (?,?8'), 

Thus,  we  see  that  depending  upon  the  form  of  recording  of  fundamental  equation 
of  geodesic  it  can  be  interpreted  by  different  spherical  triangles. 
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.■.^lection  of  these  triangles  should  he  In  accordance  with-  f.ne  prob¬ 
lem,  flint  is  f.o  be  resolved.  However  all  these  "eoolutlor.s  car.  dlft’-r 
ty  form,  hut.  essentially  they  ire  invariants  of  nr.e  and  'hr 
solution,  which  can  be  obtained  with  the  lie  1  p  of  'in  equation  {*',*-*0 

i  t  i 

and  a  corresponding  to  spherical  triangle  r^P  r„(  (see  Kip,  4f). 

For  determination  of  geometric  value  of  Constant  of  o  let  ns 

v 

assume  that  arc  P^P0  (Fig.  44)  continues  to  north  and  to  couth  to 
equator.  We  designate  azimuth  of  geodesic  at  point,  or.  the  ea  r, lor 
l.y  i\n  tlie  latitude  of  point.  P^,  -ir.d  where  the  geodesic  In*  ■< 

meridian  at  a  right  angle,  by  BA. 

We  nave: 


but: 


eoiBi 


-  —  eosu_ 


(2.59) 


therefore: 


or: 


(In  A,  —  tos  u% 


A. -90- 


Thus,  the  constant  c  is  equal  to  cosine  of  a  given  latitude  of  that  point.,  where 
continuation  of  spherical  arc  o  intersects  u  meridian  at  a  right-angle  on  an  auxiliary 
sphere.  Obviously,  such  intersection  is  possible  only  once,  otherwise  the  equations 
(3.26)  and  (3.34)  cannot  have  single  value  solution. 

Let  us  deduce  the  differential  equations  of  a  geodesic: 

From  elementary  right-angle  triangle  1-2-3  (Fig.  45) 


t 

Fig.  45. 


MdB-dttto\A, 

UL-HUnA, 
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Obtained  equations  of  geodesic  constitute  di .  iTe  r  *  ’ : ;  i  I  a  I  equal  lour  of  a 

firm  order. 

l-lrat.  two  or  them  an;  suitable  lor  any  line  on  a  surface,  the  third,  obtained 
I’rom  fundamental  equation  of  I'tiodrsle,  1c  only  for  tfoodealcc.  Indicated  equal  loan 
art1  derivative  latitudes,  Ion,'.  1 1  tides ,  and  azimuths  for  distance  :i,  (.‘onnequen'.  ly , 
iiitii-rat.lur,  these  equations,  we  can  obtain  the  difference  of  latitudes,  lour, 1 1 udeu , 
and  azimuths  of  two  points,  located  on  the  surface  of  a  spheroid. 

Passing  from  differentials  to  finite  increments  and  designating  them  by  Ah, 

AL  and  AA  with  accuracy  up  to  small  values  of  third  order,  we  have: 

Aa„_i!2i±+/t_  J£LdE  +  4 

At-! +  + 

tAm  J-HlA-’il?  +  t,m  *ii2_4il5i!  q.  it 
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formulae  (3.»IOc )  arc  frequently  applied  In  approxim..-,  t  >■ 
■  1 1  i ■  i •  j 1 1 . i ■  (.t  i  iijiI.:  i:  ■■  V.  Km,  A  ~  V/  and 


■!\  I « *  *  1 1  .-it  |  nrif! , 


If*  t  I  I  r. 


(0*  (2)^-“.  *'•»* 


«  g"  —  ynuot/  s  — 

*«•* 

A  L*  -  mc  B  *  700"  «c  B 

*i.» 

A -  £L'^iI— 3- tc  a  -  700"  tg  B 


Thus  wt?  obtain  upproxlina t.e  numerical  values  of  differences  of  Int  1  ,  1  oi .,r.I— 

tildes  anil  .•u'.linui'liii  for  adjacent,  points  of  lot  order  trlangula tlon. 

§  l'i,  (il'.ODE'lIC  POLAK  C00HDI NATKtJ 

One  of  the  applications  of  the  geodesies  In  spheroidal  geodesy  consists  In  u.ai 
by  H»  means  It  la  possible  to  create  u  system  nf  coordinates  on  a  surface  of  a  spher¬ 
oid  by  which  a  position  ol’  points  is  determined  by  the  length  of  gpodcaic  and  an  angle, 

measured  from  a  given  Initial  direction.  In  the  particular  case,  if  this  direction 
coincides  with  a  meridian,  then  the  second  coordinate  an  angle,  will  be  tl.e  azimuth 
of  the  geodesic,  duel:  system  of  coordinates  on  a  spheroid  13  analogous  l.o  polar 
system  of  coordinates  on  a  plane,  and  is  called  geodesic  polar  coordinates. 

On  the  basis  of  theory  of  geodesic  polar  coordinates  lies  a  theorem. 

If.  on  a  surface  from  atxUin  initial  point  a  bundle  of  geodesics  of  equal  length 
Is  drawn,  then  the  ourve,  connecting  their  terminals,  it  orthogonal  to  each  of  them. 

Let  us  assume  that  from  point,  0  two  geodesics  are  drawn  to  length  s,  distant  one 
from  another  by  an  angle  dA,  Wo  will  prove  that  arc  P^P^,  is  perpendicular  at.  points 
Pjl'g  to  geodesies  OP^  and  0P?  {Fig.  46) .  We  will  prove  thin  theorem  from  the  oppo¬ 
site.  Let  us  assume  that  angles  at  pointe  and  l»g  differ  from  polar  a  by  amc.11 
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,'W 


'  A 


•  i |  -.V ,y.tA'; '  ;V"' 


to 


rii  i,  wiii'ic  ini  '.y  *  !:«■  law  i>l'  ■  -i  >i  i  l  1  nil  ‘  .  dm  Hi*  tii-iii  l:s  i'  r'i"i  i  it  .'11111  the  olmr  1 
t  * ,  'hi  >!.i'  polar.  i."t  11:1  MascEif  Mi.'it.  ;il.  pi  it  I,,  Ihe  angle  will  he  l)'i  +  t,  and  1'^ 

,  1 

-  'id'  .  r.  '.•!<■  t  -ild'  i-.'i  ;  i  :•  ''in-  '  ,j  I'dlld  1  Hi  I  |t  Will  1  .  .  ,V  a  lllit’i  < '  *  'lit— 

wl  Mi  rigid -angle  (Mu.  *!'').  U'vn  i'i'oiii  ;  i*m#'i  1 1  ary  r lgl’d -angl a  I  r  1  •(  t  i!T  I  «• 


:  ^  i  ,J  ,  w  l.'iVi' : 


!•' .  ii  'nf: 


P',1‘,  •=  COM, 

or,  h  /';/*,  or,  t-  r,i\co,,  ~  or,-  /»;/»,  ■  />;/•,  com  -  or,-p,n',( i  ■ 

— cos  1)  a*  or, — ?/*;  /*,  >in*  •  | 


diner  value  uln'  ^  J n  eiiitenUilly  ponlilve,  then ■  <!ona*tpionl.),v, 

QPt  >  0P\  +  P\PV 

1  t 

II, 111  I'.'uindl  i>i*,  el  nut*  hy  c  oil'll  I  Inn  Ol’j,  -  i’I'j  I 
ijKP. 

In  ayalam  of  polar  geodesic  coordinates  of  linn  0  •>  count  are  culled  hhoiIubIc 
tilrcnmt'erenoPB.  Ktement  of  geodenie  cl  mum  formica  \r.  1,0  iikIA  (KIk.  47).  Value 

m  Ui  ii.illml  a  reduced  length  of  geoduulc  line,  Lineal  eiemenl  of  Mm  BuMior  Iri 
polar  coordinate®,  n»  follow*  Cron  Klg,  47,  liun  the  form  ol'j 


*«•»  tf +*V.V, 


<  y  ) 


In  order  to  clarify  the  geometric  meaning  of  Die  reduced  length  of  f'etxhtnlo, 
let  os  ccnoider  a  epeolfic  e*ne,  Lei.  us  take  the  origin  of  coord  Inn leu  m i.  point  of 
ferres' rial  pole,  then,  marking  off  along  the  meridians  ecjunl  0  and  connect Ing  Mu'lr 
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.  ..  ..  4*»,  •'  •  'M«:  .•??. ' 

‘  .  *  * . •:  ■  »  :  V  ~  ■'  *  v  *  1  ■■■■ — ■ 


i.i'  nii  1 1 1  '•  I  :.i  •  obtain  ge  iideslc  o  1  ronmferenee,  which  will  coincide  wl  t  h  I  p  rre:'  *  i*  1  ••  1  i  ar- 
■t  |  1**1  .  reduced  length  or  geodesic  In  thla  cnee  will  be  the  radius  Of  a  p-i  I  I  e|  . 

■,v  i  i : .  ■ !  t  v.iluci;  a  between  Initial  and  finite  points,  m  -  the  length  of  a  pciv'id  !c- 

.  j  1  ■  r 1 ,  d  i'i  *|  >|  • ,  ■•  1  i'ivim  the  Initial  paint,  on  to  a  normal,  and  panned  into  a  C  If ,  1  <  '■  pi  if:’. 
I'hur ,  in  -  the  i  mi'  i  I  i'ii  of  polar  geodetic  coordlr,  il.i:;:  tin-  arc  of  piaides  i a  an  I  1  i  .• 

<  1  III:  I  I.i:  M,  between  two  points  on  ."I  surface,  ref. a  rdleSfi  of  which  of  them  is  taken  a;: 

I  ho  lull  I  -a  1  point ,  in  .always  has  one  value,  I.e.,  to  each  geodesic  <  her*’  «•<  i-- • 


a  Opel.'  i  f  1.0  in  (  K 1  g ,  48). 

riic  reiiuceil  length  of  geodesic  in  connected  wlM;  Gauss  curvature  by  41  n'erentl 1 
lapiatlon,  whose  n  1  nip  I  1 1  led  derivation  lc  ahown  below. 

hot  u a  take  I  wo  polntn  In  ;ind  !'.,  on  a  spheroid  at  cueli  .a  dim  .ai'oe  s,  ti.a:  Ii 

1  i 

Would  be  possible  to  ill m regard  the  difference  of  (inisis  curvature  — j^r  *•-  K  in  then., 
We  will  draw  In  the  are, a  of  those  points  a  apherlc.a!  surface  with  radius  II  arid  take 
on  I  i  an  arc  of  the  great  circle,  equal  to  a.  We  will  drr.tgnat  e  h.v  o  (Wig,  >!•>),  >!'.'• 
cert  i  p-a  I  angle,  correspond  I  ng  to  are  u. 

Wf  have! 


m  m  A  line, 
it  —  Rdu, 
d*  m  I 

dt  T' 

dm  -  Aeoi etfe, 


l''lg.  <l'>, 


■  cote, 


jt 

ir 


art 


(3. 4?) 


„  Kxprenslon  (3.1*2)  it  nn  ordinary  second  oi'der  differential  aquation,  whose  Inte¬ 
gration  will  give  nn  m,  if  K  1«  known,  or  it  will  give  K,  if  m  Is  given.  In  deri¬ 
vation  of  t’ormul*  (J.JJ2)  etrict  analytic  proof  who  not  everywhere  nppUed  but  the 
equation  (3.41?; ,  if  o  la  coniidered  «  geodelie,  and  K  a  Gauss  curvnture  nt  n  given 
point,  lo  suitable  for  any  surfaeo. 
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Integration  of  equation  will  be  executed ,  while  Keeping  in  mind  that,  for 


Infinite;;! nml  value  of  a  value,  tn  -  r.  and,  consequently,  for  ;•  t>  arid  m  - 
-  1.  We  will  show  m  ns  the  Muelnurln  line  of  ascending  power  r.  of  then; 


m  (*)•■«„  +  tm'a  -h  ■  ~  +  “  » <0 


+  7*>'<+  •  - 


whf  re  * 


m 


t 

o 


1,2.3,...) 


From  (J>.4?) 


m  m  -atif( 

m"' 

mwm-m'K~  U'K'  -  «iK"  • 
m^m—rn  'K  —  3m' K  ~~ 3m  K  — >”K 


W|,e  fa 


hi.  i  ; 


i  h.e  re  fore  s 


wj’»»  ( 

•n?  «-2/c; 
mi - "»rA‘,-3A"- 


ff.^iK^iK^  iB  M  4  y,  iV  iB 
*  *  ib  '  it  “  t*  iB  it  ' 

SL _ ill?.  ".-JleosA. 

a  v  ’  it  t 

■  fC  m  —  ItSilKiSli 


(VUi) 


t  " 

From  (3.45)  It  fcllowa,  that  K  is  u  small  value  of  first  order,  and  Unit  K  la 

t  •• 

smaller  by  absolute  value  than  K  ,  therefore  in  further  calculations  we  will  take  K 
■  0,  which  will  lead  to  an  error  In  final  formula  for  m  by  small  value  carried  to 

I  11  tit  TW 

seventh  place.  Substituting  the  values  of  derivatives  ro0,  m0  i>>0  ,  uij  In  ( <• ,  4  5 )  ami 
considering  that  nu  *  0,  we  find: 


.  «*  i  *  <»«««««»*  4.  _ii_  4. 1, 

m“l — ,«*v  +  120  ft* 

j,.  (•;..!,/  )  K,  F  and  A  pertain  to  a  point,  which  Is  taxer.  for  <  »-  ini-ial. 
Applying  (3.4o)  to  spherical  surface,  where  t)  -  0,  we  obtain 


iU-  ) 


m*“*~  IF"  +  iiuft*  " 


One  uf  the  important,  applications  of  the  w4.-d  length  ,.f  nn-.f],.. 

of  spheroidal  geodesy  consists  in  the  proof  of  a  theorem  that.  *>*  sphere  i  dal  'rlarvl-T 
wit.],  sides,  not  exceeding  KW-P50  km,  with  an  error  of  third  order  in  small  values 
can  he  solved  as  spherical. 

l,et  uii  assume  that  two  points  and  pg  with  their  polar  coordinate:  («.  A)  and 

(s,  A  +  AA)  are  given  on  »  spheroid.  Join  them  by  an  arc  of  geodesic  tt  1 rcumf e fence 

mAA  (Fig.  50).  On  a  sphere  of  rail ,c  R  tat- 

point  o',  from  which  with  azimuth::  and  A  + 

+  AA  from  line  0  M  we  draw  arcs  of  great  clr- 

1 

cles,  equul  t.o  b.  Join  obtained  points  T  j  and 


Fig.  50. 


50.  Fig.  53.  Consequently,  the  difference  ol'  arcs  !‘a  F, 

and  P,j  will  be  AA  (in  -  in, ) . 

Relative  error  of  lengths  considering  the  value  m  and  mc  by  the  formulas 


and  (3.47)  will  be: 


» _ ft-SL.  -il5ULg  cu4 

m  “  WV 


Or,  dropping  terms  with  rj  , 

» .  *.<«».» B*a  M iL (4.)' tin 2* CDS A 

,4*  •  V  *  I 

Value  »  attains  maximum  where  B  -  45°  and  A  ■  o'5,  i.e.s 


(7)  ' 
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n  1st  order  t  rlanoul a !  1 on  we 


lli  calculation  of  lengths  of  sides  of  tr!  --*i  if/  l  e  s  i 
retai:.  eight:.  decimal  i.l'-o:. 

Consequently ,  li.  it;  necessary  tha*  : 


•  r : 


ft...  l-lo"- 


l  O 

!<i •  1  v  i  s>fr.  •  :  1 1:  I  nequa  I  1 1  v  where  e 


K  -  i'4oo  km,  wf  find  t.hat. : 


I  <  133  KM. 


From  t  lib;  it  follows  that  part  of  the  spheroidal  surface,  bounded  by  geodes  1  e 
t* l re'imforenee  of  1*0-140  km  radius,  can  be  subs  1.1  luted  by  spherical  radius  H,  Wit.! 
tills  K  —  mean  radltir.  of  curvature  of  origin  cf  t.he  coordinates.  Within  the  limits  of 
I  area  '.tie  spheroidal  triangles,  the  greater  of  which  will  bit  Uie  Inscribed  equl- 
la'eral  t  rlanf.lt-*  with  sides  P10-?!K)  km,  ear,  be  resolved  as  spherical  w  1  ■ 1  •  shown 
degree  of  accuracy.  Tills  very  important,  derivation  is  used  in  the  resolution  of  small 
spheroidal  t  dangles . 

The  square  of  lineal  element,  of  surface  In  polar  coordinates  has  i  lie  form,  shown 
in  formula  (;'/.4l). 

This  equation  Is  satisfied  by  substitution  (Fig.  FP) 


dim  rfaeosB 
mdA  —  i/«»lnO 


( *.4B1 


let.  us  consider  ds  urid  dA  arbitrary  Increases,  t  he  re  fore  they 
can  be  fcuken  as  constants.  Differentiating  formula  (.MB), 
we  obtain: 


dmdAmdtmtdt 


i  : 


4m  m  4t 


-  jin  6. 


(i.^0 


!,*•!.  uj  :icsum«  that,  in  n  particular  case  ■'  “  *)0  ,  a  is  a  gradezlc,  doci^r-’1*  *•  i1 
•y  t.h'-'i  from  (?.4n)  we  obtuln: 

—  1  *■ 

**  «  4l  '  !  '  .  ; 


hie. 


I'i;  L s  important,  equation  is  frequently  used  in  resolution  of  variosi::  prut  !  •  , 

§  17.  RIGHT-ANGLE  SPHEROIDAL  C^RilNATES 

Lei,  us  take  point,  0  on  a  spheroid  us  initial  and  pass  a  geodesic  Ci'  U.ivnr:,  It. 

1 

Kroi'i  point  !'  construct  a  geodesic  perpendicular  to  lint  01’  at  point  L  .  SV-s Ipna 

i  i  . 

section  OP  by  p,  and  section  fT  by  q  (Fig.  t?). 

If  the  direction  of  the  line  OP  on  the  s  trface  of  a  api.en.iid  It; 

!  I 

given,  then  sections  01'  =  p  and  P  P  =•  c  fully  determine  the  position 

of  point  P  on  the  surface.  In  a  particular  case  for  simplifying  prob¬ 
lems  to  be  resolved  line  GPn  Is  taken  for  any  meridian,  culled  "xlal . 
p  and  q  are  called  right-angle  spheroidal  coordinates.  They  resemble 
cartesian  coordinates  in  a  plane.  As  on  plane,  p  —  abscissa ,  r.nd 
q  —  ordinate  in  a  system  (p,  q). 

Introduction  of  spheroidal  coordinates  is  based  on  a  theorem:  1 f 
on  a  given  surface  there  are  any  geodetic  lines  from  whose  separate  points  emerge  at. 
right -angles  on  the  same  side  an  infinite  number  of  geodetic  lines  of  equal  length, 
then  t.he  curve,  connecting  their  other  ends,  intersects  each  of  them  at  a  right -angle. 

The  proof  of  this  theorem  is  similar  to  that  of  a  theorem  for  geodesic  circum¬ 
ference.  iihown  in  the  theorem  orthogonal  trajectory  q  =  const  is  called  geodetic 
parallel.  Geodetic  parallel  cannot  be  a  geodesic. 

Let  us  assume  that  on  surfaces  two  close  points  (Fig.  5*0  with  coordinates  (p,  q) 
and  (p  +  dp,  q)  are  given. 

Let.  us  pass  a  geodetic  parallel  through  points  P^  and  Pg  and  designate  1  to  sec- 

» 

tion  PjPp  “  ndp,  where  n  —  function  of  coordinates  p  and  q.  Connect,  points  1’^  and  I’,, 
by  geodesic  a.  Inasmuch  as  points  and  Pg  are  close  together,  the  elementary  arc 
o1'  geodetic  parallel  ndp  can  be  considered  an  elementary  arc  of  geodetic  circumference 
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of  radius  a,  l.e.: 


ndp  «■-  nut  0. 


(  V'.l) 


Comparing  equations  (7.^0}  and  (7. ’’I)  we  1'1‘  iln: 


ft  ■ 


rfni 

it  ' 


(3.V.’) 


■liitU.n  ('.  la  ol- !-.-i  i :  it;«i  for  orthogonal  geodetic.  in  our  ease  such  line  l:s 


(«.\M 


have! 


Sff  A* 


(n 


(i.n 


Irot.  uit  dirtVrpnt.ifit.f*  utpjut.lon  (3^?),  by  prol J.mtnary  r.ubnt; tint. Ion  of  l-y  q, 


t  !i<*MS 


+  ■£■■*-  o. 


Or,  i.*iK l;ig  Ir.lo  account.  expressions  (1)  and  (IX),  we  find: 

+  nK  -  0.  (U'.'ll 

■9* 

Comparing  equations  (J, 42)  and  (.5. 5*0*  we  arrive  at  a  conclusion  Uml.  they  are 
completely  symmetric  with  respect  tc  Gauss  curvature.  Only  equation  (7. *12)  l  ti  :>uli  - 
able  for  any  geodesic  while  (3. ’>4)  is  applicable  only  for  ordinates  in  a  system  of 
right-angle  spheroidal  coordinates. 

Geometric  meaning  of  the  value  n  is  clearest  wlien  we  study  right-angle  coordi¬ 
nates  p  and  q  for  spherical  surface. 

Substituting  o  by  q  in  (3.47)  where  qc  is  an  ordinate  In  a  system  of  spherical 
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.  wA  •  • 


cuur'Il.’i'ji.es,  we  obtain: 


fnt  —  H  tin  Ji¬ 
ll 


!ii  ft'orcritl  at.l  n.f.  this  formula  hy  q  ,  we  obtain: 


a,-co,A-. 


in  Fig.  nr,  a  system  of  coordinates  (p,  q)  on  a  sphere  1  r.  depleted.  hi  no  I^C  i  ' 
'•<  peo.lnt.l  r.  pnrillf'.l  anil  0  l.s  ••  pole  of  axial  meridian.  I  .eng  to  of  f<_,  ,»,|ei  [•••  ri  I  I  >•  1 

decreases  proportionally  n  ~  cos  Consoquon -1  y  ,  u  , .  ear. 

/  generally  be  called  the  coefficient  of  convergence  of  ordl- 

/ J SlX-1  **  nates.  All  ordinates,  perpendicular  lo  axial  meridian  a 

*4  sphere,  cross  at  one  point  .are  called  their  pole,  hid  on  a 

*  spheroid  the  ordinates  do  not  crest:  at  one  point,  '  i  .if"  l\,  re 

I*  they  do  not  have  n  common  pole. 

I,,|  In  .accordance  with  formula  (  5 , 4 1  • )  and  with,  substitution 

of  s  by  q,  we  obtain  after  differentiations 


K i g .  'Vi. 


»r  +  — wv —  +  ! w  +  l- 


Here  R,  t]  and  V  pertain  t.o  point  P^,  and  A  to  azimuth  of  the  line  I’jl’j  (Fig.  *»5) , 
We  designate: 


”TF",1TvSlf^i“c'  lkrmh- 


M.i+jp  +  tf  +  V  +  'e 


7) 


Coefficients  f,  g  and  h  are  functions  of  latitude  and  azimuth  at.  point  1’^  or 
.•ibsciasae  of  point  P^. 

For  various  applications  and  practical  calculations  U  is  expedient,  to  convert, 
expression  for  n  in  euch  a  manner  that,  coefficlent.a  f,  g  and  h  become  functions  of 
latitude  and  azimuth  of  a  geodesic  e  at  the  origin  of  coordinates.  Considering  that, 
they  are  certain  functions  of  p  -  abscissa,  we  will  apply  Maclaurin  line  and  present 
them  by  series i 


I .  •.  .‘>,4  fj® 


=  i  -.»■  M3-Vii^'-v:e  *iw  J^UwjbUl 

•v.  *  :  1  •’ 


*  |1*3  rlH  f? 


/-  p+pv  +P»r+  pT'  + . 
g-g'  +  PS,  +  p'e"  4  pV"  4 . 

pA'  -)  p*A"  +  ^h"  ■+■  . 


( ", .  I'.rt ) 


Jii  aeries  (.^.'-S) 


C-J.1,  «». -Lit.**.  (, 

<i  *  <i  ^  <i  »p>  1 


-  1.2.3....) 


.‘.,1.  r.M  l.ii.hif..  ( 3.  r.P)  l’or  ('.r>7)  ami  retaining  values  of  fourth  order  with  reaper 
•o  |  nr.'l  1 .  we  obtain: 


»-i  +  r«’+/,^’+.. 

+«,f*+«,P9*+-- 

4 


(’;.  r-o) 


I’rom  ( A ‘ >SJ )  where  q  -  o  It  follows  t.lmt: 


«*“l. 


( '•.■•o’) 


V  >  I  M  (1  I  Q 

i'i'eff  lr  I  ritt.ii  f  ,  f  ,f  ,  k  ,  p,  .  h  are  the  essence  of  the  function  of  orlr.ln  of 
sphere 1  Ua.l  coo nl  1  na  tea . 

for  tiaunu  citrvtifnre  we  obtain  from 


K  —  — 


I  in' 

■  V’ 


Or,  fnKliiK  Into  account  (5.r)7)» 


K  -  -  -  -21/  4  3M  4  (CA  -/*),•-  ...|, 

ri  I  w  0  t  0 

We  aubetitute  f,  g  mid  h  by  f  ,  f  ,  f  g  ,  a  ,  h  etc.  ncco  riling  to  (Vet),  thou! 


K  m  -j/»- a/>-e*v- a/*y- --es(w-(i2A*^  2D«*. 


Let  ue  consider  n  case,  where  K  io  ti  linear  function  of  p  ntul  q,  l.e,: 


*--V»-2/>-0*.», 


( .5 . '  '1 ) 


.102. 


...  if: 


;m*v 


■-"V 1 


.  «...  ..WkU*is  *u* .  *.«»„r ,  iMnmu,i.iiri. 


’ht\^ 


Consequently ,  lrs  this  case  it.  is  necessary  U>  set.: 
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Geodetic  degree  of  curvature  on  ft  surface,  us  follows  from  (1.48),  Is  equal  tot 

k'l.i'l'i'  —  In  the  Usual  degree  of  curvature  :irid  i1  i  :■  .-|M  .angle  bet  wet'll  norm-'U  to  surface 
'i !)•  t  li!  norm'll  of  n  curve. 

In  our  i.'.'isr: 


■  O 


•Id¬ 


ly: 


'll 


■  in  f  or  f  1 ::  a  small  value  of  the  second  order,  therefore  In  reference  to  l n ■  l-'!,'*  1 

111 
el  i or.  we  '“iti  1'iKe  tj  ae  equal  t"  ^  ~ 


I 'fen: 


JL  «.  Jilt.  m  JL 

#,  N  N  '  l 


In  a  geiiernt  can e  the  geodesic  ip  disponed  ns  In  shown  In  KLg.  ‘if  with  rer.jieet 
to  mulii.'il  normal  s eiM.lt mu. 


l  .et  ur  const.  met  on  a  t  anr.ent.  plane  of  points  i'j  of  lines,  passing.  ii.roiif'.  n  !• 
polnl-  (l-lg,  '.a),  In  this  projection  i.i-.e  gender,  lo  will  lie  depleted  ne  nl  ra  1  r.l.t  line 


H«.  r'". 


and  normal  sections  a  and  h  an  curves  ( hi / * . 

*>7 )  • 

Let  us  i.tiKe  1'^  ns  origin  of  grid  eonr.Jl- 
iinteo)  direct  axis  x  along  n,  In  this 

care  x  »  n,  and  axis  y  Is  perpendicular  to  s , 
then  h  wl.Ll  he  an  .angle  between  geodesic  and 
normal  one  Hon, 

Oeodotlc  curvature  at  any  point,  of  a 
normal  sect. Ion  Is  equal  toi 


JL. _ sc _ .jl. iiiaiJisi.  i\") 

*,  (I  +  »•*»*'•  »  H* 
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:  ■.  ■  -'Afstfs  ;•  ■’■■  ■■•’  -  »•  \  ?«  ri .  -»• 

i  -’i- Is. Ar  V  f.  -/£•  = 


••  - 


l  or  single  trunamlaalojiB  i.hlu  correction  cum  l>e  ignored,  Hut  In  eunnecut  1  ve  ivi  |oe  |  •, 

Don  nf  ...  imuthn  of  the  side.-}  In  tr*.  mediation  alos.fi  tl.o  links,  .1 U r».y,n r.l  i.r  i,.i« 

eur-cet  Ion  ctm  hail  1.0  a  systematic  error  In  azimuth  or  the  side  of  la»s,  triangle  of 

n 


a  1 )  nil  on  an  or<l>-r  of’  o.  -1  . 

Arii*.  Ion  anil  t  mn(  hr  of  i'.«  I  ••  for.  af’ti  r  a.l.lisr  t;:;i,iit  ol’  1 s 


■  i  rile  r 


r  I  align  I  a  I  loti 


ti 

•••!  li-ii  ]  at  mi  to  o.imI,  'itio  1‘i't'nri’  on  r  rot- tl  os;  ti  r.l  oil  1.)  lie  conn  Mo  rial  In  mnl  nom-ii  lea 
trr.it  ment  ot  result;-.  of  unglo  iin-ainiroiiionti;  in  stale  Jut  orilcl'  1  r  I  nng.u  I  a  I.  Ion,  In  ;'inl 
trlaiipu lat ion  tills  correction  lr.  <1 1  o regur-lpd . 

I.ot  no  rind  l  In-  difference  tn  lengths  of  .-iron  of  gcodt'Hli’u  Mhcl  no  Mini  1  Off  Lion. 
Wo  will  express  i|io  o|r>moiit  of  an  arc  of  normal  in»ni  Ion  In  polar  geode t  1  r  coori!’  ■aio 


(  '■  i 

Here  ilo  In  an  element  of  arc  of  normal  net’ll  tin,  cltt  ~  an  element,  of  tpe  an  of 
I'.oodor.  1  c ,  and  A  n;  angle  I'otwoon  ilcuio  arou,  l,e,,  A  •  n, 

I'l’oin  expremiton  (A, 70)1 


0»’J 


Hut  from  (A,  1  <>) 


rfijl  f 


"l 


womuiqiinnlly, 


(Vi'S ) 


But,  In  noeordnne#  Kith  formula  (3,*i'i) 


w  •  l~>  «Jpj>  , , , 


WIU.  in  iii'rni1  nl'  :i  mupti i  i »»f1f  hl|  •  r  i.h'iii  rlpMi  orilrr  In  rxpn'.'tnlon  ('.71'  li 

1 1'  pnitf.  10  I  r  1(1  tMKe  in  »  n  ,  Ifirrit 

I  III  1  of  I  I  ( I  II  <1 1  ITl'IVII*  I  (i  I  l*i|U.li  1. 1 1>  1 1  will  In* ! 

>■1.^^,  ,,  .... 

**>*{  '  ‘ 

V>  I'll'  Jono  kill,  I*  ’  ‘I  '|||(|  A  '  l|‘.u  WI’  l i.*i V ■  • : 

•  ~  I »  0,07, A  MM 

Tl.nn,  ii  ■•my  ill  nl  hikm'I'.  <>n  n  i  n  ir.nt  i  rl  n  I  n  |  »i  «•»••■  1  ■  l ,  p.Mtr.  I  *  I  ••  In  |i|,:ici  |  m  I :  ■  . . . 

■■li'  W"rk,  Ii  In  poin'IMr  ih'I  io  I'i'iiiiUli'r  i.hn  >11  ffrrrnrt"  of  Irur'lii  of  fir.’ii  ,o‘  #•  #m I 
i m l  noiwil  iif"' Mon, 


1'i,  IIi'HliWTIi'N  l,,('K  A  III  I  (HIT  ol-  All  («l*.*.l-  Md  •  •  rulin' 

I -i’ I  Mil  'tnmiinr  I.Iim  l  pnlnltt  ft  .‘uni  !■  .*•  n  ■  projt.pl,  loud  ol'  polni:'.  A  'ni'l  I1  i"-  1 1  .«•  j;  1 1  *• . 
I'ni'i  of  M to  iiplif'ivlil  (KIk,  *iM),  iij  mtil  n.,  nrn  polntfi  of  iM.rrite,"  Ion  of  iiorin'iln  "1 
points  A  mid  I*  wl  l  it  nxlA  of  roi.ni.loii  iiiri  ii  i.hr  i.olp.nt  of  poliii 
K  n  IS  nimnioii  nintnurnil  from  A  to  l‘  linn  In  n  plmin  wi  ll' 

X  w<*  l*nv#  '•'>  o'tutln  nr,  rtngln  bti».w«t»n  <lj.r«'i't.|omt  nl’()  nitil  nl-,  Hon. 
- J  crquriitly,  Mif  mfmnnrrd  dJm'Uon  mum  hr  ooprwi ml  ny  vlnt 


I-' I K ,  ‘i». 


In  l.rimitflo  nbb  i.nc.l mu  nl.  vnrtrxm  !■  mid  h*  rttn  nr  l.fiKon 
no  »qti«l  l.o  *>  (A„  Is  n  buck  n/limiUt),  mid  Itw.Mm  fib 


find  nit  nrr  squill  1.0  it ,  t.hsn  wr  obt.nlnt 


T  i  * 


In  vlnw  of  ths  amullnsia  of  bb  w#  cun  oonaidar  Mini.  Mils  is  an  nrn  of  nlrcnitn. 


I’wrnnor  of  rmlluu  11}  oonawquantly j 


M' •><//, 


.  0  cos  A, 

|b 1 1  r  from  •xpreaaion  (3.8)  with  rsplsesmsnt,  AP  »  ^  ■  in  nq  ml  i,oi 

4 


»>r: 


>f//  >ili  /I  |  cm  ,1( 

At. 


iJIni'r  )  ly  ;i  mnal)  mnp.ii  1 1  -.ido  or  me  nmioriil  order,  li  L  jj  pour.  I  Hr  I  o  lake; 


•In  ^|!%  —  itnd„ 


•  IV! ore! 


»*>  VW»lnMi 
1  -P  . . 


or,  i  •  i  K  t  m’  jr  (D1  • 


li  nltouM  r-m|>liu8l;,,«>i|  ilmi.  y  In  H.r  main  mrint’er  tlorn  not  d«'pcnd  on  a, 


Wt  rn  I*  rt1  •  K*i°.  (1)  r.  ^ 


wo  IlllVt'l 

If 

I'or  li  IvklO  III  we  have  <',0'., 

II 

II  -  !’0lt  |,i  wn  I1MV0  Y"  -  0,01, 

li 

Wr  I’ltipilre  1 1 mi.  y  i  o.ooi.  |,ni  no  •■«?: munr*  lint  |i  and  A1  have  U if.lt  siainr  v'Hmt, 

IdlUllI 


H  ■  *  0,03  km  %  30 ,w. 

Thuo.  cofi'IC  l- 1  oil  )•  nliuitld  In*  vonolderiid  where’  II  n  $0  m,  Meat  den  U.  uliuuld  l.r 
cons  Idot’i’d  tlml.  II  ill  Urn  Imlght  ol'  slum  in./  tun;, ft  nliovv  thr  rnl'nrriutn  fill (•fini cl , 
Numerical  wxnmpleu  of  es  l  (.’’.tint,  ions  of  cor  reel,  lens  I'or  lu'ljrjii.  ol’  ohnerved  point 
uml  transition  from  nsrtinuUu  or  normnl  sections  to  azimuths  of  i'Mod»>n!'!i,  nrn  i’Ivhi 
in  "Pr«i> timim  on  HIkIihi'  Orodnsy"  on  p,  t'lO-j.'yo . 
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;V  "  :V 


IIPW 


0  II  A  i'  T  !■:  K  IV 


KK.'lQMITl ON  01'  f.l'IIKRIC  AL  AND  .‘.Pill  1(01.  hAL  Tnl  AliiH.F:'. 

§  PO.  (?;•:; Ii'tjim ON  OK  OMALL  hhllklUCAi,  I'KrAlvH, 

BY  LKGKNDKR  TIIKC  i<KM 

in  |i  l  .'inning  »  scheme  for  lar.  order  t.rlangulntlon  Li.  la  ir  r.v  1  t«  •  I  with 

•  i*l  nr,  I  of  ooinpara  1,1  vely  aim  I  I  d l mens Iona .  History  or  'rlponon-i.t  r  lo  work  lint", 
only  iiovo i'a |  t  r 1  *fO ,  having  nidus  tm>r<>  than  loo-l'.o  kin  In  I t.li ,  Tim-  loni'i  j* ! •!« ■ 

or  n  geodetic  quadrangle,  measured  by  French  geodesisto  for  (’nnmvUoii  between  >  rlmi- 
gulut.loim  of  Opfiln  and  Algeria  in  1879,  wnri  hourly  P70  km  long,  Triangles  of  namely 
Milt*,  quadrangle  serve  an  an  example  of  resolution  rf  large  triangles  on  Karin's 
ii.trl'.'ioe, 

Presently  rndnrgeodet.Jc  means  make  it.  possible  to  measure  distances  on  tie  order 
of  i|(V— *>00  km;  however  for  layout  of  high-precision  geodetic  nets  with  Indicated  ti.'.dea 
these  means  have  not  been  used  as  yet.  Nevertheless ,  considering  the  prospects  of 
increase  in  the  accuracy  of  rndargeodetic  measurements,  this  chapter  will  consider 
methods  and  obtained  exact  formulas,  both  for  resolution  of  small  dimension  triangles 
(Pri-io  km),  laid  out  according  to  contemporary  scheme  «f  triangulation,  and  for  trian¬ 
gles  of  large  dimensions,  up  to  400-500  km, 

Proceeding  from  theorem  in  §  17.  spheroidal  triangles  with  sides  of  pm-f4t»  km, 
with  errors  of  third  order  values  can  be  substituted  by  spherical  triangles  with  sim¬ 
ilar  olden,  laid  out  on  a  sphere  of  radius,  equal  to  mean  rndius  of  nurv.turr  of  the 
center  of  gravity  of  Bpherical  triangle.  Consequently,  all  triangles  of  contemporary 
1st  order  triangulation  can  be  resolved  as  spherical,  i.e,,  without  conalderlng  their 
upiieroldness . 
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The  outgoing.  b  i  -  IfU  of  l riangulatlon  are  measured  directly  or  arc  obi. a  i  m  il  throng! 
basic  nets  in  meters.  Therefore  3ldes  of  triangular. Ion  should  also  be  obtained  In 
these  units.  In  selection  of  metnoris  of  resolution  of  triangles  this  condition  Is 
Initial.  There  are  several  such  methods.  Theorem  of  Legendre,  As  the  most  frequent¬ 


ly  used.  It  is  so  formulated  that  n  small  spherical  triangle  can  he  solved  as  a  plane 

one , _ I  f  every  angle  la  decreased  by  one  third  of  Its  anhprlc.nl  excess. 

Let  us  take  a  given  cpm.-rical  triangle  APC  and  a  correspoiidltie  plane  trlniiglr 

AjFyij  ( Kip;.  hM). 


We  have: 


tin 


(■*~A  )m tin -C0.A_ CM -- tin  A, 

\  a  /  i  a  a  a 


hut.: 


•In 


A  _  ,  /«!*<< ro»  A  »  i  / 
a  X  dnt.lnr  I  \ 


dajttjnQ.  - q> 
•In  ft  tint 


II  d.  \\  4.  (> 

Where!  ^  «  p, 

doiiui'fiuent.  ly : 


tin  ArA  .  , /  _ 

'a  I'  Mint  lint 


./  tin  p»ln  (p  —  •)(».- ft)|p-f) 
X  ftnlnftilnr 


f>upplem<*ntlii|.’  aubradlonl.  exp  renal  (.mi;  to  full  urea  of  a  plane  triangle 
l.*'..  A  -  ^p(p  *  b'H'p  -  nV(p'  -  o’) and  carrying  It  as  «  common  factor,  wo  obtain 


■in 


A  —  At 


,  /  tint  tint 

T  ~ — L 

-.1/ mmsiLzn . 

V  to-*) 


\V  <»~ft)le-r) 


under  rooto  n  following  expression  is  obtained! 

/¥ -('-T+-&  +  -y-'~W+-&+- 


Retaining  small  values  to  fourth  order  inclusively  and  taking,  additional  desig¬ 
nations  t 


+  —  >,  2gt*»«  +  *-e. 
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HtfgwansMi 


Wf  i'll;  I'll  II 


Pul 


tln- 


3  he  \ 


A  |<p’  -  P?>  4  <pf— >?>  »,*  P*  ~  C*  A 

13  1  144 


U*  -»}>  ^~>*|)  \ 

1440 


10  +  4-') 


I)  !»’  —  P\  p'  —  pl  -(/>-P,)(P+  P,)  +  (P|  — PjHPi  +/>»)' 
«*(a  +  <)  +  »(c-o)-86c, 

2)  PP|)(P,P,-PP,)  - 

-  -J- 1«»  -  4*  -  «*!  I<»  t  c)*  -  <*  -  e)’|  -  (a*  -  6*  -  f •). 

3)  <P*-P}>  +  <Pf  —  Pj)  -  iP'~P\HP'  +  P{>  +  <P?-Pj>  <P?  I  Pi>  - 
-k(3o*  f  *•+«*). 


Consequently , 


(In 


*  *  l  44  Nil  l\  '  13  /■ 


or 


iln 


A-At 


~N'  + 


*•  +  «•  .  •*  —  4*  —  r* 

U* f'|_ 

?i  1  a 

34v  r 

.  »*  i  JM  i-  1t'\ 

!3ii  /• 

( '* .  -n 


Prom  (4.1)  It  follows  that,  oin  (A  -  A^)  la  the  small  vulue  of  the  second  order, 
l.o. ,  the  difference  In  angle.’  of  spherical  and  plane  triangles  for  corresponding 
aides  is  n  small  value  of  the  second  order,  therefore  with  accuracy  up  to  small,  values 
of  sixth  orders 

A  _  A  A  A 

+  /*• 


(In  *.r*\ 


A-A, 


Kxpreaolng  (A  -  A^)  In  necondB,  aides  of  triungle  in  parts  of  radius  of  a 
sphere  H  and  considering  that  for  (B  -  Bj)  and  (C  -  Cj)  we  have  to  obtain  symmetric 
(4.1)  exprenslona  by  meant  of  corresponding  transposition  of  letters  a,  b,  a,  we  find! 


or*. 


From  (4.3 


A  +  »  +  C~(4,  +  B,  +  C.)  - -  JL.  f<>  j|  +  g±gt .«*)  + 


-11,1. 


(4.P) 


(4.3) 


aw.. . 


*  lH  |j  ■  *  ■  •*  E?**?*' ■■ 


A  ... /,  ■*  +  **  +  **  \  ,  , 

TFP  (‘ - tST~r^ 

dubs t.i i.iit. liw:'  (4.4i  for  (4.0)  and  adopting  dea  1  .grin t  loti: 


(4.4) 


we  finally  obtain 


3 

1#* 

»- 

3 

ton' 

«” 

J 

e 

('i.'O 


f'l,'  n 


if  In  (4,'-)  the  terms  of  fourth  order  are  dropped,  t'  n  the  obtained  expreurilniir 
will  t.nKi"  i  tie  full  owl  up.  form: 


**  ^  ~ 
fl.-fl-y 


title  will  he  proof  of  the  above  merit. toned  l  . .  ire  theorem.  Dropped  terms  nr*  called 

correct  ion  spherical  t.rrmn  of  bogeudre  theore 
UpherlOfil  excess  will  he  equal  to: 


a«>  r 

it i  i H' i  A  If!  an  area  of  n  pinin'  t.r latif  1  <’ ,  then: 

V'  -  *"  -gjitaC,  -  f"  U, -  [.”  tin/,. 


(4.  i<) 


(4,'J) 

From  (4,'i)  and  ( 4 . * > )  it  follows  that  in  equilateral  triangles  spherical  terms 
become  zero,  but  In  ld03cel.es  triangles  they  become  maximum, 

bet  uu  aauume  b  -  o,  and  investigate  the  obtained  expression  of  opherlcal  cor¬ 
rection, 

From  isosceles  pl«ne  triangle i 


(4,10) 
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Thereforct 


!!i:ii:f* : 


or 


Ig--..*?’.  L/Jg£t - L_)  -o 

*C,  I44H#*  IWC,  tm'Ctl 

(J&. _ 

\«M*C,  roiV:,/  cot>C| 


l'il  t 


*  *  i  |*i 1  C;1  ■-  1,  i’ou:n'i|Ufiit.  ly ,  Lg‘  0^  -  1 


WlltUIOi 


C,  ■  1,  i  C|  *  fl|  ■  45*,  »  {KP 

ISm*  "  ‘ito/f  f  ' 

Let  ub  uaGumc  that,  an  required  In  lnt.  order  •  rium'.ulntlou  i* 


*  1  . 


/JLV-— a— <  JfiL 

\n)  m*  ■  s  •  io»  to* 


ill*! 


*  ^  4,»  .  _  O#  4.* 

■v-rsr-  “  ~  ~rzr  “■ — r 


.  anno 


*2G4  km, 


*  1«*  '  "  JO*  100 

Prom  (4.10)  it  follows  tl  I.  where  »  45°, 

0-cw!S5  KM. 

Thun,  the  reduced  calculation  ahown  tlinl  If  the  largest  aide  of  a  s'I'IutUvi  1  I  cl- 
angle  docs  not  exceed  200-200  Km,  then  such  triangle  can  be  resolved  by  the  |.»wndi  e 
theorem  without  correction  terms.  Angles  Aj,  1^  and  are  called  reduced  plane 
angina ■ 

If  the  sides  of  a  triangle  exceed  the  shown  limits,  spherical  corrections  of 
Legendre  theorem  should  be  used,  but  then  ouch  triangles,  rumoured  on  KarUi’n  surface, 
can  not  be  considered  spherlealj  they  should  be  solved  as  spheroidal  (§  P'S). 

;>|i|it*rlonl  excesses  of  triangles  arc  calculated  In  the  triangles  of  lot  order 

a 

trlangulntion  with  accuracy  of  up  to  0,001,  therefore  the  error  In  determination  of 
t/  must  not  exceed  4-5  units  of  fourth  decimal  place.  Proceeding  from  this  require¬ 
ment,  we  establish,  at  whet  values  of  t  it  is  necessary  to  calculate  them  by  the 
formula  (4,6'), 

Second  *.erm  of  right  side  (4,l>')  has  the  formi 


Let  us  assume  thntt 


t"  <  0", 000)4 
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(4.11) 

(4.11') 


( ir.  w!  11  have  maximum  value  in  equllutenil  trinngJf' } ,  a  »  b  -  <*  u  m  ==  loo  Km,  thin 
from  liifi"  ia  1 1  •  v  { Ji .  11* )  It  r«i  1 1  own : 

Thun.  i.r  c"  *  1 H" ,  then  Cor  calculation  of  e  formula  (Jl.'  '1.  anil  whan-  <■  a  1H" 

ft't’lii'l  1  a 

hi  ••  a  I  r-i  1  a  1 1  mi:  of  r",  na  *i  rule,  <*xnft  valuer.  nC  itiIti"!  :i  i  =r  1 « ■ :;  -ire  unknuwi. , 

'.I.r  i  i- Chi  i-  t.  1.;  1 1 «■•  • « ■  r. ; i  r ■.  I..  •  a.il  :i  I  !  I  .it  i  iiciii  i >y  n («l .»■  rl  •*;«  I  ,  I'M  a  r.iil  ii  t  1 1  M  i  I  nn  i ■  •  i ■ . 

1  <  •  n  mi;  »•  r r*'r  : 

*•**.. 

Where : 

dA  ■  ■*» , 

i  t.i* i*i-  for* ■  [ 

dt"  »  «'•'  SllA' 

' M .i J •  •  coirll  i  U  i.,  ill."  o',1. '.ui|  aii'l  A,  •  t'l'1' 

i"  <  ir. 

In  ii”iit  wuf'lit,  |  >  i 1 1 1 -  1 1»*  t*  5  v  1 1  I  on  alio'ii  i  hi'  ai'i'n  I'.'n'.v  of  i';i  I  i'u  I  a  I  Ion  of  i"  war 
•  ‘"tilt  riM'il ,  wiion>  t  It  itintu  1 1|  I'c  i'a  UMilat  ia|  .Mt'onrdl  nr.  to  w  1 1 1  iril-n  t  1 1  -i- 

t  Urn  of  t’laliU'ial  plane  .w.l'il  A.| ,  1^  mi'l  iy  oomtnpoml  liw-'.  uplierh.'ii  I  imp.  Ini,  if 

however  i  >  .lb",  then  c  la  obtained:  l>,v  MiKlng  Uir  aum  of  t.ho  uit'iituirMi  .*i u(f. I of  a 
t.l'Ian,’ In  Iran  Ihii1',  ijuM.i'ni’ I  a  Mil  Ml  |>afl  of  ll.lil  -III  l’«*  I'flii*  ••  I'tMIli  Mnrl»‘  A  of  h,  nl*  ■’ 
•uul  I  y  1 1  c;» lo t.ilu t o  i  by  the  formula  ( *• . * ? • ) . 

:.»•!  ijm  tiitir  Mint  prior  io  oil  loniat  Ion  of  i  i\v  lit''  formulaa  ( il .  <  •  •  ^  or  (l(,  >')  lie. 
v  a  1 1 1 » •  with  an  error  of  lo'.'OS  la  Knowti  from  pro!  1  ml  nary  calculatlonii  for  il  n  1. 1*  rm  1  r.a  1. 1  ,■>, 
of  ill  no  ropam'y  of  i  i.r  laiv  1 !• . 

Kor  trimigleo  of  ini.  order  t.rlungulatlon  c"  o an  h live  a  maximum  vnltie  of  w‘.  tn 
'ut  Km  alitrai  with  no  Km  nlUoii,  n"  and  with  1  t'-ll  •  >  i-.ni  iiltiru,  f'ii"»f'7*1  • 

if  triangles  In  triangulution  arc  formed  by  ellipsoid  chorda*  Uien,  nu  wuu  shown 
by  M,  i».  Moladenekiy,  their  miolut.ion  cart  be  eatlafU'd  by  the  fo rn.nl. mb,  uuulotfoui'i  to 
formulas  of  Legendre  theorem. 

Pcolgnut  Lrig  chorda  by  a,  TT  mid  o’  arid  nuaumlng  l.lmi.  u  and  nphcrloiil  mii'lro  A,  f 
und  C  for  F  and  cT,  are  known  wr  obtain: 
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•  J-  ‘ 


I MVOTBMH  a«U  IUW  VIA  MK 


IfF-lfo 


tin 


tdd 


l««  -  igo  ■ 


lip 


(*-H 


•>!!  »*K  «'MAr*l.  ::i'HK!<ICAl.  T!*:!  !»Y  Till  fctvii  i'AN!K!M‘  ?-•*  I  ‘  ;■» 

iv»*.  I  i  rl?nn'li'  A!m*  ( i*  1  #*; .  1  wln'.aw*  ;  •  1  <]•>;;  mp-  t  ^  i  r  •  i  • 

wi  ! . -’ » V i *  l;F  IpiulVIii  tit'  i *  1 1  i Li 


i-  If 


#  R  kill  <4 

!  I « '  r  <  •  a  —  known  aide,  i>  t  u  l.o  i « •  t  •  •  f»i  i » i>*.  I . 

i  vir  1m  orMi'j'  i  rl .'inr.'i  I  ••I  1  mi  p  "  v  I1',  i -) n- i*i- r» •  r»-  r n *ti* 
ang.)  i-ii  Irt.  tin  turn  i.o  nni‘.l',:i  t',y  a  kimwi  ' rii.i:  1  .*i s 


'll  .  !  " 


l "  •  i 


Jf  l!?s,_ 

r*r«*“  ■ 

»  |n»u» 


( ll .  1  <1 ) 


(i  —  modtiluii  of  natural  I'niictionn). 

J’  t*« *in  (4 .IP)  ant)  (4.1  A)  w i'  linvi'S 

** T 

Where  a  »  b  >•  Poo  kr  term  li—.— 1' S—  <  n,'i‘3o“'\  Therefore  l'or  ununi  nldrn  In  trl' 

IHoir 

•i  i  ul*i  I  hi. Inn  ililii  li'i*  III  (4.  ill)  rnn  Im  din  mg  n  rd«>d,  LH  un  dor  Irnnuo 

A  -tJSSC 
tjT' 

u  In  n  ..moral  nyrnbol  l'or  designation  or  the  eld**  In  trlangulat Ion, 

Oohiioi|ur>iii.ltv ,  from  (4. 1C),  (4,14)  and  (4.  in)  wo  have 


( 4  •  1  *>) 


(4,1i 


Af(i  A^  n re  culled  addltnmentc,  whence  the  name  "Addltnment  Met nod", 

In  compnrloon  with  the  Legendre  theorem  in  add it ament  method  tin*  logarithm!!  nf 
tildes  oi'  a  triangle  'ire  changed,  and  the  solution  or  n  triangle  1b  made  by  the  follow’ 
Ing  nctioiiBi 

i.  l-'rom  the  logarithm  of  the  initial  Bide  tnke  iiway  it.o  nddltamenl  and  obtain 
a  reduced  logarithm  of  the  side. 


Heaolve  the  triangle  with  initial  reduced  aide  no  a  plane  arid  obtain  reduced 


1  op.  I  !  1  i.iv.r,  ,»r  ,o  !..**•  ;•  1  1 1- :t  o!'  t  !.*■  !  r  i  1 1  . 

'  .  I  •••>•  i  !,  i  •  r:  '  I  !•  ■.  i  I  1  '  .'  i  I  ! :  !  ■  :..i  \ '  i ? .  i  .  ■!  '  1 ;  1  ■  > ; ■  i  :  '  -  :i . ' 

.  -|  '  .  .'I-'-;  I  .  :  1 1 

,'io  l<!  !•:  i.illr;;,  i.ln !  I  :iiliclil  d.tli  Lie  d.i  1  ou  1  :i  It'd  in  l.nt-  to  1  low  1  Up!  fidttmr  f! 

,  r  .  I.  . -|-i  i  ,.r  |  ■:  i  !  i  .  |.  I . r  1  ’  i  I-.:'  id'  til  ,•-)  - - ■  *. \  nut  1 : 

Mf 


s  -  -I- (•'*)«• 1  '  (■)/>•.  (■'<.  i''i 

mi  t  s  it 

dp.  (  •! .  ]■  '  |  I  !'i  lliiw:*.  !  *  -i  I  |\,p  i*  *i  !  r  •  I  l-'i  I  li’i.  i*!‘  .*i*i*t  I  t :  i  iti  i  •  1  it  :}  1<  Id  M'drUidi  Id 

Know  '..I 'i .I ijii  L'urvu Larii  -**r*  fur  r. v r rv  ‘  r  i  .Mi,'  l ,.  H> *w*- p r  *7;  rhnr.prr,  no  R lowly  wil  l-  .1 

!  \  ’  If 

1  *  i  n.,  1  1 1 1*  |i'|-  ,  ii-  1 1  1 1  ,  Ktii'Wltii'.  for  "in'  1  i'l '  1 1 1  •  1  <• ,  It.  I  u  po:n;  1 P I  <■  in  « *  -•  1 1  •  •  >  j  I  " 1  *  *  1.'. 

!\ 

1‘  -I  i|i  mil  ;  1  T  I'lT  -I  wl.nl  i-  I'.i.K  .•!'  •  fl  ■■  i:.".i  I  t  1 1  11 ,  I  ti>li-i»-t  1 1.  ••«*.  *«| « >  *  In  I  ;i  !•  1  »■;*.  (p, 

|l,  |  .  1  |  •  1,  I  I  I11  1  I  •  -i  1 1. 1  ■  :  or  i'll  •  ■  X  t  •  • !  1 1  >'!'  Kll.  *'  I  .-•irij',  ••  I,'.  I'i'lill  t  !  I  II  t.i  T.  1  1  .»••••  • 

•Hi!!.'  id'  1 '  1  -  if?  r.  |i"  Ini'il  '!'!  t’«  >  f«*  I  H  (tlil'i^  ''nit  I'1 . .  "l’.  i’i'Ii:'.!  .’in'- 

•!<' 

s'.  •  r  ,•  I,  1. !  i'l  Pil  I1  i*l  1 1  in  I  I'linl."..  i'v  "i  1  -li  <  li'  It  I.".  |*«  >::st !  I*  I  "  ■. 

!  .1  |.  ivr  .nil  i-l  l.ii  , .  r  •!  Ml  1  •niii-n!  .  In  ;'••  1  •  I  <  •  ‘1  *•  »•••  1  v  1  •  1  s  viilni'f  nl'  *n  lit  t  1  •iin«-li  f I'm' 

11,  in  |  ••  •  ■  •  t|r|i  ,  Ti.t:;  |;ii|!.ii|i  'ii'i’i'i'.x  i  iii.'i  1  •  •  ly  00 1  in' I  ill’ll  wliti  1  lie  mi'.’in  In'  I  •  ■  1  I  «■ 

i>l'  1  in-  t  r  I’d  1 1 1 ' >\v  ni'  1 1,-'-  : ! ‘ ■  I ' . 


pin** 

.... 

.01 

.(1 

.It 

4»r 

M> 

4.n  II  II  II  II  II  It  »  It  X  r  I  4.0  9.0 

4.1  »  ><  41  II  »l  S3  17  Jl»  41  41  i  4.13.1 

4.1  4*  47  4«  It  14  k)  M  13  IS  M  1  4  11  »  0 

4.1  71  74  74  It  S3  M  M  M  lid  I  "7  S  4  13  1  I 

4.4  111  117  lU  l»  l»  141  144  133  l«  170  I  4.4  3.41  I 

4.1  174  MW  IN  M  HI  SI  1J4  113  137  344  1}  4.11)4  I 

4.1  N  HI  >4  HI  1»  W  371  1W  4"4  417  *1  4.M.S  1 

4.7  447  444  ft)  111  317  |  3tU  tm  417  444  474  »  4,71  «  4 

4,1  7U4  741  771  111  111  Ml  «34  177  H«1  Iu7l  II  4.M.W  7 


111  111  Ml  Ml  177  H«1  jloTl  II  4.M.W  7 


§  m-:. u'urn  on  or  m cjh'J’-ani.i.i  hi  iikhoi  i*ai.  tki ancii.}-:. •• 

(  hki.a ri.'N  hi-: tk::i-:n  :’0I.,ak  liKonmc 
ANI>  ;trilKUr  *l  t»Al.  i.’oOIOI  NATKii) 

'1*1 14  *  position  of  point  on  1  aurl'M***’  of  ;i  itpprrolil  t’Mi  bo  ill-'  rrmlfiril  rlii.fr  Py 
jirtlnp  g»*otl'*i  !d  tMonilirii.cn  (i>.  *1.  or  sphere  I  <lid  (p,  t|),  Ootif-ipirrit  ly,  nti.v  point.  of 
t\  opheroltl,  (!c!.f>mltn*'l  by  y.t ven  vtln>:t  of  polar  doonllrnt *•»,  will,  cormpoii'l 
dot«>rinitii’il  vilurr-  ol‘  uplnMvl'I'il  cootM lim t t;u t  l.»-.i 


-  *  1»'- 


*  -  *p,  «)■ 

•  v). 


Wi 


('i .  17  j 


i.i'i.  u:i  i|i't.cr..t:ii  t,h<>  gr-omei  rle  value  of  i.urtlal  derivnt I  von,  ent-erod  !i.  (m.I/'i, 

S ,«■  i.  ml'  .a  r.  mine  i.h'ii.  j -»■'  1  ni.  i'  (i-lp,  ‘1)  l:i  /'  1  Vet.  Iti  polar  fiiiur  l i ii'it  i1:'.  (r,  0  •  i : , •  i 
;'  t  1 1 "  fi  1 1  I'll  (p,  <(),  I'll*'  nrlglii  ot’  root'd  I  tia  I.eM  I'n)'  ::vn  1  1 '  '• !  •  I  (i  "•  1  I:' 

■■il  point  0,  1. 1  ii-  axlr  id'  >  r:  -i  ays'  i-iti  (p,  ■  i • ' » » !  i  ;o  «  I  *  • : ;  uii.i. 

f ,  t|ii'  ir.i'fl-il 'ii,  •*!  :■!  ':cor'tl  tnt  i'n  p  ai.i  j  !  i:f  ri-"- :  ■  *'  •  i* » ' .  •  :,l 

T.i't.  mu  consider  Uip  other  point.,  <|i-' *  rmltn'M  ty  l-he  ooor.il i.a« »- :• : 

(p  -I  dp,  «  +  dq)  »»  (j  i  da,  >  | d a). 

i 

Let;  mm  iloniiTh.'it-i;  art  angle  where  vor'"x  11  In  m  *  rlang If  <M  !  t  v 
I'.  In  t>  lemon  i.nry  (piRdrangl  e  CI’IjPj  t  he  .•m(.,,l'  '.-.hero  vertex  1  Ip  •  -pr  l 
to  (1«0°  -  l')(  angina  where  vortexes  D  and  d  art'  polar  and  angle  at 
|h  1b  evjURl  t  o  (i, 

l.i'l.  nn  take  projection  of  broken  line  PjDPC  at  Cl’j  and  prc.1eet.lon  C i '  id'  ;C, 

We  Il'iVi'l 


(4.21) 


(4.22) 


I.  ICOIla 


2.  sstnj  — 

3.  siinj™ 

4.  i coil  — 


»  8i* 

J  »p  ’ 

i  ao 

2n  dtf  ' 

1  a»« 
9n  if  1 
I  di» 

*  * 


(4.23) 


Diffei ential  equations  (4.22)  am!  (4.23)  together  provide  solution  of  right -angle 
spheroidal  triangle  OP  P  (Pig.  61),  They  were  first  obtained  by  analytical  method 
by  Gauss  In  his  "General  Investigations  of  Curves  of  Surfaces".  General  Integration 
of  these  equations  Is  a  very  difficult  problem,  but  for  geodetic  purposes  this  inte¬ 
gration  can  be  made  by  means  of  factorization  into  eseries  by  a  method  of  indefinite 
coefficients.  For  Integration  note  Important:  properties  of  a  function: 


*-*(/>.  ») 

p  p  o  • ' 

1,  Where  p  *  0  tie  will  have  s  =  q  and  where  q  *  0  Is  correspondingly  ne  ®  p''. 
consequently,  in  a  eerieB,  presenting  s?  by  p  and  q,  with  the  exception  of  p^  and  q?, 
there  can  he  no  terms,  depending  either  only  on  p  or  only  on  q. 

2.  .Since  series  for  eS  start  with  p‘  +  qS,  they  cannot  contain  terms  in  the 

form  of  kpq1  or  Jp1q  (1  «  1,  3  * 

j,...., ...  From.  two  prop^riiies  of  the  function  s(p.,  q)  it  follows.,  that .  series  for  s? 

should  be  symmetric  with  respect  to  p  and  q  and  can  contain  the  following  eosnoinntiorm 
of  various  degrees  of  p  and  q: 


I.  /,«* 

«.  A* 

«.  A*.  A* 

4.  A»,*y,pV  .t.. 


(4.24) 


Considering  expression  (4.24)  end  introducing  indefinite  coefficient 


-11 S- 


v  • 


i'<  ■ 


9 £  (1  =  1,  2,  3>  , ..),  we  hnve; 

*’  -  P*  +  p*  +  fl.”V  +  0.PV  +  a«PV  4-<**pV4-  o,pV  +  a»P*<?*  +  •  •  • J 

oeries  (4.25)  constitute  solution  of  differential  equation  (4.22)  In  implicit,  form. 
In  order  to  obtain  it  in  explicit  form,  it  Is  necessary  to  determine  the  value  of 
Indefinite  coefficients. 

From  (4.25): 

»  2p  +  2a, +  3o,pV  4-  2a»P7*  4-  <«iPV  +  2fl| P4 1  +  3 a,pV.  ( ,  ■ 

■—  —  iq  +  2a, pV  4  Sc,?’?  +  3a, pV  4-  2a,p‘p  4-  4fl,p'«*  +  3a,pV-  { 1  I  ) 


From  (3.62) 


4r  -  1  -  S/V  ~  2/'W’  -  2«V  +  4  ry. 


Raise  expression  (I)  and  (II)  to  a  square,  multiply  the  square  of  (1)  by  (Ill) 
and  add  them,  we  then  have: 


-  T  I(V  £)'+  if )’l  ’  p' + + "  !M + 

+  pV(5o«—  V".  4-  pV(3a,  —  2tf‘)  4-  pV(Gc,  -|  «;)  4 


(4.26) 


.  +  pV(6o,  +  oj  -<<«,/“  +  ~  /,5)  4-  6a,pV- 

Comparing  (4.25)  with  (4.26),  for  determination  of  indefinite  coefficients  , 
a?,  aj,  a^,  a ^  and  ag,  we  obtain  the  following  system  of  equalities: 


1,  or 

2.  -2/' 

•-t  r 

3.  a,mBo,~! g* 

*.  «,-tfi4i4+o; 

Sr'*’ 

6.  o.  -  6c, 

B,  “  0 

With  these  values  of  coefficients  a.^  series  (4.25)  will  take  the  form: 

*•- £»  +  «*+  {W  +  yW  +j-S*pV-~fW~ 


-- ^r*pv+«i. 


(^.27) 


i.e.,  basic  relationship  between  right-angle  spheroidal  coordinates  (p,  q)  and  polar 
geodetic  coordinates  (s,  a)  is  obtained. 

We  have: 

*■  £  4-/,.  (v) 


(VII ' 


*-%■-**  +  -f/^?  +  /'P*«+  -J-WV-- J-/.V*— g- (VJ  ) 

Further  from  (J.c,£) 

i-rT«,-T'w->'  -jr'v: 

hubsti luting  expressions  (V),  (VI)  and  (VII)  in  (4.23)  and  retaining  terms  to 
seventh  order  wit.li  respect  to  p  and  q,  will  obtains 

ttlnfmp i-  t*pq*  —  -i-  Iff  -  -1  g’fXf'  -  ~  r’pV  + 

+  -£rW+f, 

4cojf-<j  +  -l  /y„  +  ~  f  pV  +  p*pV  -  ~t",p*<i  - 


-~hW  +  /, 


(4.28) 


* -MJ1 » r  ?  — j-  /vv  -  ~  fp*v  -  y  c'pV  •!  “f V'v  - 
(  cos  s  p-t-  Y  /‘PV*  +  Y /w  +  Y  c'p?1  — ~  /*p  V  - 


~±- /•’«*+/. 


(4.29) 


■I'luis  are  obtained  series  (4.2?),  (4.28'  and  (4,29)  in  conjunction  they  give 
solution  of  right-angle  spheroidal  triangle  Op'p  and  simultaneously  present  resolu¬ 
tion  or  differential  equations  (4.22)  and  (4,23).  If  p  and  q  are  given  then  series 
(4.27)>  (4.28),  (4.29)  determine  s,  6  and  ct,  r.y  means  of  conversion  of  these  series 
a  formula  can  be  obtained  Tor  calculation  or  o  and  q,  If  s  arid  a,  or  s  and  B  are 
given.  But  before  inversion  of  series,  let  us  find  the  value  of  coefficients  i'°,  f' 
and  g'). 

From  (3.81) 

(4.30) 

where  K  is  Gauss  curvature. 

Let  us  consider  this  equation  for  vertexes  of  right-angle  triangle  OP ' P  (3ee 

fig.  61). 

For  points t 


P  n  h»»»  P  m  0  (  *0  K*  ■  —  if * 

**»P-P  V-O  Km~-1p-irp 

*»P-P  K, --'ip'-Wp-St'q 


(4.31) 


Thus,  If  0&U88  curvature  of  vertexes  of  right-angle  triungle  op  p  (Fig,  '<'}), 
from  (4.31)  Is  given  coefficients  f°,  f',  g°  are  determined  ami  conversely,  11‘ 


coefficients  are  given,  then  curvature  Is  determined. 

From  (4.31.)  it  follows  that: 

K.  +  2ATh  +  K, - (8  /•  +  6  fp  4-  Cgoq).  (h3 

With  the  help  of  expression  (4,3?)  series  (4.27),  (4.28)  and  (4.29) 
can  be  given  form: 


I.  »»-p*  +  v*. 


ii 


-PV- 


i& 


irv  +  rri 


3. 

4. 

5. 


,Mn;i -p  +  Js+fx+Xt  pql  —  ~ <!GpV - W> 
«<*p  -  pV-4(P*<?+  W> 


24 

*1 

24 


**m  *  -  4  +  -ii.tfe.tHL  P*„  -  -g:  (iGpV-7p\,> 

soos*«»  />• 


36ii 


2X(  +  3A^  4  3A",  6*  -  . 

'«*/> - - — - *  f  v*  — ^  (rV  4  2/i  V). 


(-1 .33) 


All  these  expressions  are  mutually  controlled,  since: 

(ssin (i)/  F (ico:-(l)5  «=  h!  or  (svin  »)*  (sc"s»)* v.-.  s' 

From  (4.33)  by  means  of  conversion  of  series  following  expressions  for  spheroi¬ 
dal  coordinates  p  and.q  are  obtained: 

1.  P  -  »»ln  p  —  i*  sin  P  cot*  p  *  *  ^  +-^7<P94  —  GpV) 

2.  q  -  *  cos  J  +  s3.Ui*  P  cos  p  8A  ° ^  ~  (ty‘q  —  pV> 

.  ....  *#•  +  **«(>+»#»,  (4.34) 

a.p-Jcoss  +  j'sIn^cosd—S — —• - t+~~(3pq,—p'qt) 

4.  qm  l tin i  —  i)4lnaco>t»  ■  ?*!*.*?>?  — 8pV) 


Formulas  (4,34)  have  great  application,  since  from  the  geodetic  measurements 
polar  coordinates,  distance  and  azimuth  are  obtained,  and  in  resolution  of  geodetic 
problems  right-angle  spheroidal  coordinates  are  utilized. 

For  complete  solution  of  right-angle  spheroidal  triangle  Op'p  it  is  still  neces¬ 
sary  to  obtain  a  formula  for  its  spheroidal  excess. 

We  have: 

«  -  <p  +  ■  +  90)  - 180’  -  - 190*  -  0  +  *)l, 
tin  t  m  sin  >  sin  p — eo*  •  coi  p 

or: 

£  tin  •  m  i  «ln  s  t  tin  p  —  i  coi « s  cos  p. 

With  the  aid  of  formulas  (4.31),  omitting  details  of  conversions  we  obtain: 
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*,‘ln  ‘  -i  4*)  4-  Klpq  (p’~  <ff. 

Converting  from  s.Lne  oi‘  acute  angle  to  an  angle  in  radians,  and  substll  ;ing 

2 

o  by  spheroidal  coordinates,  with  accuracy  up  to  small  values  ot'  sixth  order'  we 


obtain: 


pW  +  -ij-/*7<P*  +  «*)+  U. 


(06) 


h.v  formula  (4.3M  t  is  obtained  in  a  radian  measure. 

§  2>.  RESOLUTION  OF  GENERAL  SPHEROIDAL  TRIANGLE 
Le '  iis  call  uti  arbitrary  shaped  triangle  general.  Then  let  us  consider  resolu¬ 
tion  of  a  general  spheroidal  triangle,  obtained  from  right. -angle  triangle  by  following 


.  t-L-Jk 


(•) 


Fig.  64 . 


Fig.  65. 


the  construction. 

On  geodesic  P  P  (Fig.  64) 
take  arbitrary  point  C  with  ordl- 

i 

nate  q  and  join  it  with  the 
origin  of  coordinate  0  by  geode¬ 
sic  s'  =  OC.  Triangle  OOP, 
formed  by  geodesics  00,  OP  and 
OF,  is  a  general  spheroidal  tri¬ 


angle,  For  convenience  of  study 
let  us  Introduce  new  designations.  Assume  that  the  vertexes  of  the  triangle  am  des¬ 
ignated  by  A,  C  and  B,  and  the  opposite  sides  by  a,  c  and  b  (Tiy  65a).  “ 

Elements  of  the  new  triangle  ACB  in  former  designations  will  be: 


C-  180*-?'. 


Substituting  in  formulas  (4.3?)  the  values,  pertaining  to  vertex  P,  which  pertaj 
to  vertex  C,  we  obtain: 


«» _ *»+*V+y,  *! , .  ,i ,  .  4. 


•’  cot »' «■  >C«  f  rn  p  —  .y't.y*0  pq>*  —  (pq'*  •!  •  2p*4'*) 

XI  W 

•*  lih  «*  -  »<ln  .» -  q' •+  Ji+*3Lt2*L.  -  i£  ( 1 6pV 1 7P< V)  i 


(4.36) 


Spheroidal  excess  of  triangle  ABC  is  equal  to: 


where  e  -  spheroidal  excess  of  triangle  OP  P, 


(4.37) 


i/-y  ~  £r  .  -  .«• 


~  v  :  '•  "V  • 

^  ■  ri 


k  —  spheroidal  excess  of  triangle  Of  C. 
From  (4.35)  It  follows  that! 


-  ^-+JL*i±5t  * + if  W(p-+ «•>-  - 


(-4.3B) 


Applying  formula  (4.31)  to  points  P  ,  C  and  P  (Fig.  05),  lying  on  a  line  of 


ordinates,  where  p  =  0. 


hence: 


for  P  wp  have  =  -f  f  • 
for  C  »  Kc  *=•  -2f  -  Bgq’, 
for  B  »  Kb  =  -?f  -  ?gq. 


K,-Kf  ,-f  . 
K,-K„  * 


— ? ')  —  <lKr  —  ( .'I  #  y •, ) 

Dropping  in  (4.38)  terms  of  fourth  order  of  smallness  and  substituting  K^Q  by 
formula  (4.39),  we  obtain: 


«, «.  f.fr  r  *9  j  /4- 


(4.40) 


Here  K  ,  K„,  K.  are  Gauss  curvature  of  vertexes  of  the  triangle  ACB. 
a  c  b 

Value  Pl1^— 1 1-are  of  a  triangle  AjB^Cj  (Fig.  65b);  designating  it  by  A,  we  have: 

(4.41) 

Let  us  consider  plane  triangle  A^B^C^  with  sides  of  a  spheroidal  triangle  ABC 
(Fig.  65b).  We  find  the  difference  (A  -  A^) ,  (B  -  and  (C  -  C ^). 

For  plane  triangle  AjBjC^: 

Sic  cos  A,  **  **  +  e* — a* 

or,  substituting  values  b2,  c2  and  a2,  expressed  by  the  spneroidal  coordinates  by- 
formulas  (4.33)  and  (4.36),  we  obtain: 


21c  co»  A,  m  2p* — — 


#*.(»• +  f’l 


y«*  . 

IS  It 


Further,  in  accordance  with  Fig.  60, 


co»A  *co« (*—■') -coiiewi»'+ 


183 


or,  multiplying  this  equation  hy  2cb  according  to  (4.33)  and  (4. ?>''>),  we  obtain: 

24fco«^-V-2</9'-  ^  CV  +  V*  +  <«.?•)  -  -*«<V  +  3?‘*  r  ?m’)- 

(ii) 

Difference  (II)  and  (i)  gives: 

ike (c«»  A  -  cos 4) - ?'s~SL  J2AC,(?  —  9')  +  K» fo -  fl')  + 

+  #rf  +  *W'J 

Substituting  h\^(q  -  q  )  =  qKc  -  qK^.  and  considering  that  3—1  A,  we  have 

2*c(cos  A  -  cot  At)  -  {2/C.  +  /C»  +  /f,). 

Bu  t : 

CM  A — cos  Ai  ■  —  2  tin -Aril.  tin  £±Ai- ; 

*  * 

(A  -  Ai)  Is  a  small  value  of  the  second  order,  therefore  with  an  accuracy  of  up  to 
small  values  of  sixth  order  It  is  possible  to  accept: 


Consequently, 


cosA-cosA,  «.-{A  — A, ) sin A,. 


but : 


ibc  (cos  A  — cos  AJ  —  —  2  (A  —  Aj  fees  In  A,. 


Tli  ere  fore. 


24c  tin  A,  •»  A  A. 


A  -  A,  -  A  {JAT.  +  AT. +  «,}  +  /„ 


(U.4P) 


c  r : 

/|-A“lj(/C.  +  /C»  +  AffH-A^.  (4.4?') 

First  term  of  this  expression  is  symmetric  with  respect  to  vertexes  of  n  triangl 
and,  consequently,  should  be  general  for  (3  -  B^)  and  (C  -  C^);  tiie  second  term 
pertains  only  to  that  difference,  for  which  the  formula  was  derived. 

Therefore: 

A-/ >»  - -jy  (*.  +  #.  +  #,) +  A Af, „  A lSAt  +  k,  +  K,) -I-  U 

B~B>  "  ■»  <*«  +  ** +!*r>  +  £*»-£<*.+  »•  +  «■*»+  U 

c  -c,  -  A  (#,  +  Kt  +  Kt)  +  A  K,  -  A  (/f,  +  *.+  IK,)  +  /. 

sm  a + a + c.  -m, + a, -mt*+ *,> + &. 
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(4.44) 


Consequently,  formula  (4.4l)  is  again  obtained. 

formulas  (4,43)  show,  how  the-  solution  of  spheroidal  triangle  can  lead  :  o  ';olt>- 
t. ion  in'  plane  triangle,  having  the  same  side::  b,  e.  From  f4.4'3)  it  follows  t  ha 


m **ft» 


V 

tmiftiy 


into  spheroidal  angles  A,  f>  and  C  ran  at  be  Introduce')  .incium  I 
reductions,  so  tiiat  their  sines  will  become  proportional  to 
opposite  sides,  for  terrestrial  ellipsoid  of  differences  of 
these  reductions  are  the  small  values  of  fourth  order,  there¬ 
fore  for  normal  sides  in  Lrlangul atlon  r.liese  d if I'eron^e.-j  c/w 
he  disregarded. 


For  the  largest  triangle  of  Honnover  trianguiatlor.  by 

]■  ifr  t  f  ,i  j# 

Gauss  the  Hchehagen,  Brocken  and  Inselsbera  ( Kir:.  l ,  wi-.ere 
tl:e  largest  side  is  equal  to  106  km,  and  spheroidal  excess  is  nearly  4!'9,  the  differ¬ 
ence  in  reductions,  according  to  data  shown  below  Is  less  than  0?0003'.' . . . 


MMnm* 


fig.  07. 


j  N'S*bln» 

f 


Hohehsgea  .  .  A  —  At  -  4",95l 1 3. 

Brocken  .  .  .  .0  —  0,—  4  ,95104, 

Insebbcrg  .  .  .  C—Cl  —4  ,9513). 

For  large  Algerian  triangle  Mulhacen  —  M'Sablna  — 
Filhaoussen  (Fig.  67)  with  the  longest  side  Mulhacen  — 
M'Sablna,  was  equal  to  270  km,  the  difference  in  reduc¬ 
tions  are  less  than  O'.'OOl,  for  Instance: 

Mulhtccn  A— A,«2r,MC6, 

M'Sablna  0  -  B,  -  23  .5866, 

Filhaouuen  C— C,  —  23  .5871. 


Formula  (4.43)  and  reduced  numerical  characteristics  of  differences  of  spheroidal 
reductions  again  confirm  the  basic  deduction  that  spheroidal  triangles,  whose  3ides 
do  not  exceed  200-250  km,  can  be  solved  as  spherical, 

A 

For  surface  of  a  sphere  *■  K.  =  k  «=  K  «=  -i-  .  I  -•  radius  of  a  sphere;  from 

cl  D  C  j^c. 

(4.4?)  *t.  follows  that: 


i _ A  m  * 

0-0, 


(4.44') 


3.  .e.,  we  arrived  at  the  Legendre  theorem. 

In  the  contemporary  geodetic  practice  by  radar  methods  (Shoran,  Hiran)  geodetic 
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net,  are  in  out  with  sides  of  400-500  km.  It  ia  true,  the  acoumf;y  ln  fltJCh  npt§ 
is  now  such  that  the  geometric  figures  formed  withln  them  can  be  accepted  fis  3pherle<a 
witt,  n roper  selection  of  a  radius.  however  in  tlmp  Uu,  acouracy  of  measurements  ln 

'■he8“  '"''S  WiU'  Pr°b,lbly*  heC°mfi  80  “•*  *  ««• MU»  will  arise  for  calculation 

of  spheroidity  of  geometric  figures.  Besides,  in  adjustment  of  astronomic-geodetic 

-ts  figures  are  formed  wit*  iarge  sides  and  in  composition  of  ooodi- ‘opal  Rations 

-imuttib  and  coordinates  n  necessity  arises  for  calculation  of  spheroidal  correc¬ 
tions.  . 

Certain  geodesists  here  and  abroad  propose  to  form  from  dense  nets  with  eompar- 
it-vcly  .mull  sides  nets  of  large  triangles  with  aides  250-;500  km.  In  resolution  of 
such  triangles  spheroidal  corrections  should  also  be  considered. 

►omasa  (4.  4?)  are  derived  with  an  accuracy  uP  to  small  values  of  the  second 
In  solution  of  large  triangles,  mentioned  above,  In  formulas,  terms  at  fourth 
order  should  be  considered.  IMs  car,  easily  be  done,  since  for  obtaining  terms  of  t,  ,, 
Highest  order,  spheroidal  triangles  can  be  considered  spherical  with  a  very  high  de- 

fret  ol  accuracy.  Then  to  formulas  (4.43)  should  be  added  the  spherical  terms  of 
fourth  order  of  Legendre  theorem  from  (4.6),  i.e.: 


»*•  («*- e>h  where 


Then  we  have: 


*:  *  *  ( *:  +  *i +  *»)■ 


Sum: 


IA~AiY‘  -  +  Kt)  +  _!!L  (w._0,} 

*«  6»e’ 


«-W-  +  , 

(C  -  C,r  -&L  IK.  +  K,  +  2 K')  +  ~  (m*  -  C*) 

'*  tOft’ 


Let  us  design  .  *«+*»■♦•*« 


then: 


or: 


•-»  Km?" 


(4  ,4h) 


(4.46) 


Ar,  _i_ 


Substituting  (4.46)  and  (4.47)  in  (4.45),  we  obtain: 


(4.47) 
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■  v‘  vgi  f ,~v 


(4.48) 


(4  —  4,) ' 


(c-c,r» 


£L  +  <?».-  *al.  +  JL 

J  IJ  Km  W 

f+S(-s£s')+v'[-'",-« 

f+§(-Tre)' v*-'--'"1 


Tn  (».»«),  «s  earlier,  Kft,  K,  ana  Kc  are  Oeaae  curveturea  of  vertex.e  of  a 
spheroidal  triangle. 

Formulas  (4.48)  are  applicable  to  any  spheroidal  triangles,  whoso  elements  ran 
hr  directly  measured  by  geodetic  methods  on  the  Earth's  surface.  Krroneonsness  or 
these  formulas  for  triangles  with  sides  400-500  km  U  leas  than  o'.'ohl. 

Examples  of  the  solution  of  spherical  triangles  by  Legendre  theorem,  and  by 
additament  method,  also  solution  of  large  spheroidal  triangles  are  given  In  §  71  and 
72  (p.  270-276)  of  Practicum  on  the  Higher  Geodesy, 


T 


CHAPTER  V 

CALCULATION  OF  GEODETIC  COORDINATES 

§  24.  C.KNKRAL  CONSIDERATIONS  AND  DETERMINATIONS 
In  the  contemporary  practice  of  geodesic  work  In  the  USSR  geodetic  coo  nil.  nates 
of  vertexes  of  triangles  are  calculated  only  In  1st  order  triar.gulnti on.  Triangula- 
tion  of  other  orders,  polygonometry  and  special  geodetic  nets  are  calculated  on  li.-uir.u- 
Kruc'.er  projection  by  obtaining  grid  conformal  coordinates  of  points.  Calculation  of 
coordinates  of  geodetic  points  Is  the  last  stage  of  treatment  of  results  of  geodetic 
measurements  and  is  carried  out  with  particular  thoroughness  and  mathematical  strict¬ 
ness.  Later  these  coordinates  are  published  in  special  lists  and  for  very  prolonged 
periods  serve  as  a  basis  for  scientific  investigations,  state  cartographic  work,  re¬ 
search  and  for  engineering  construction,  also  for  long  distance  ways  of  communication, 
exploration  of  the  Earth's  bowels  etc. 

Like  nny  engineering  construction,  geodetic  construction  must  possess  great  "re¬ 
serve  of  durability".  This  position  presents  definite  requirements  for  the  treatment 
of  results  of  geodetic  measurements  and;  during  calculation  of  geodetic  coordinates 
n  condition  is  set  so  that  the  error  of  state  calculations  is  to  be  10  times  less  than 
the  errors  of  nonstate  field  measurements, 

adjustment  of  1st  order  triangulation  relative  error  of  a  side  is  equal  up- 

Ag  1 

p-  .  -lmately  to  —  **  Maximum  length  of  side  of  1st  order  tri angulation  by 

empor^ry  scheme  of  construction  should  not  be  larger  than  25-50  km.  Hence  If 
s  *»  25\  -.ii  then,  As  -  0.085  m,  Thus,  position  of  a  third  vertex  of  a  triangle  in  tri- 

•.**1 

.'hgulntiori  relative  to  any  two  other  vertexes  is  determined  by  results  of  field 
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measurements  with  mean  error  riot,  greater  than  8-0  centimeters. 

In  order  to  determine  the  influence  of  tills  error  on  ti.e  differences  of  Latitude! 
and  longitudes,  let  us  use  formula  (3.4oe). 

We  have: 

Ab“-m*c<*A  \ 

Ar-.(2)Ajdn/tsccB  f  1 

Here  Ab,  Al  are  errors  In  differences  of*  latitudes  and  longitudes.  Taking,  As  = 

-  O.u in,  (l)  =  (?)  -  ^ .  we  obtain: 

A*"  -C".003 cos/i. 

A  f*  O’^OW  »ln  Astc  B. 

Wit!:  extreme  azimuth: 

Ar'-o-'.ooa, 

Ar-0".003sccfl. 

Consequently,  error  of  calculations  of  ooordi  *-es  have  to  be  10  times  less  than 
O’.'OOi,  Coordinates  are  calculated  by  means  of  consecuc,. .  algebraic  summation  of 
their  differences  which  lends  to  accumulation  of  additional  errors  of  rounding;  con¬ 
sidering,  this,  the  differences  of  latitudes  and  longitudes  of  points  of  1st  order 
trl angulation  are  calculated  with  an  accuracy  of  up  to  O'.'OOOI;  in  this  ease  the  error 
in  difference  of  .latitudes  of  two  points,  000-300  km,  one  from  another  will  he  no 
larger  than  0"003. 

Direction  azimuths  in  triangulation  are  obtained  by  angles,  derived  from  link 
adjustments  to  a  thousandth  fraction  of  a  second;  conse"”ently,  geodetic  azlr.in.li::  have 
to  be  calculated  with  accuracy  of  up  to  C'.'OOI. 

Where  ttie  length  of  a  side  in  triangulation  is  30  km  and  extreme  'izlmuth  for 

differences  of  latitudes  and  longitudes  is  V>v  formula  (5.1)»  we  have: 

A»"~  1000", 
tr'm  WOO" *ec  B. 

In  order  to  obtain  these  values  with  accuracy  of  up  to  Ol'OOOi,  obviously,  it  is 
necessary  in  calculations  to  retain  the  eighth  decimal  place.  In  logarithmic  calcu¬ 
lations  for  determination  of  accuracy  it  is  essential  to  use  known  relationships : 

(p  ■  0.434?  modulus  of  common  logarithms).  In  our  case  AN  =  0,0001,  N  =  1000. 

Consequently, 

S-ygHL^u-wr*. 

In  extreme  case  thiB  value  decreases  three  timeB,  i.e.,  the  differences  of' 
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latitudes  and  longitudes  should  be  calculated  with  the  aid  of  eight  place  lor'trl  the: 
t.'ii  I  cn . 

‘•orisulas  for  calculation  of  differences  of  latitudes,  longitudes  r-.nrt  a;*  i  tut  i.s 

are  obtained  In  the  form  of  a  series  by  ascending  degrees  of  p  which  are  considered 

tin, all  values  of  first,  order.  The  remaining  values  In  determination  of  their  degree 

of  smallness  are  compared  with  Differences  of  latitudes,  longitudes  and  azimuths 

■it.  maximum  value,  are  equal  to  expressed  lri  arc  measure,  therefore  b,  1  and  <  are 

si  2  1 

also  small  values  of  a  first  order.  Where  s  =  Km,  =  pQy-  -Hut  e  -  ■jr^y.  The 

O  <« 

valttes  e*-  and  yy  are  small  and  of  a  1st  order.  Calculations  with  eight  place  tables 
ensure  a  1  x  10“  fraction  of  a  given  value.  If  ^  ~  — y,  then  for  guarantee  of  indi¬ 
cated  accuracy  it  is  necessary  to  retain  f-r-Y“  — ~ — tr»  i.e.,  In  derivation  of 

V  */  i.->.ioc 

formulas  for  calculation  of  differences  of  latitudes,  longitudes  and  azimuths  it.  is 
necessary,  as  a  rule,  to  retain  small  values  of  fourth  order  within  them. 

A  direct  geodetic  problem  is  where  geodetic  coordinates  of  first  point,  and  the 
distance,  and  azimuth  of  direction  from  first  point  to  second  are  given,  to  calculate 
coordinates  of  the  second  point  and  the  back  azimuth.  This  problem  can  be  solved  by 
different  ways.  It  is  possible  to  set  as  target  to  determine  the  unknown  values  di¬ 
rectly,  i.e.,  by  the  direct  method,  applied  for  long  distances  between  points.  For 
short  distances,  such  as  the  sides  of  1st  order  triangulation  it  is  more  expedient  to 
calculate  at  first  the  differences  of  latitudes,  longitudes  and  azimuths  of  the  table 
determined  and  initial  points,  and  then  by  simple  summation  to  obtain  the  unknown 
values,  i.e.,  latitude,  longitude  and  azimuth  for  the  second  point.  Such  approach  is 
called  the  Indirect  method.  Advantage  of  Indirect  method  for  short  distances  is  that 
tne  difference  of  geodetic  coordinates  in  calculations  with  eight  place  tables  are 
obtained  with  the  same  accuracy,  as  with  ten-place  calculations  of  the  direct  method. 
Although  classification  of  methods  of  solutions  of  the  direct  geodetic  problem  is 
conditional,  nonetheless  this  terminology  is  conventional  and  is  convenient  for  ex¬ 
planation  of  geometric  approach  to  solution  of  the  proolem  on  hand.  With  indirect 
methods  several  methods  of  solution  of  direct  geodetic  problem  are  distinguished. 

The  most  Important  of  them  are: 

a)  factorization  of  differences  of  latitudes,  longitudes  and  azimuths  by  aseend- 
powers  of  length  of  arc  of  geodetic  b,  where  this  factorization  can  be  satisfied  by 
initial  (where  8-0)  and  mean  arguments; 

b)  the  method  of  auxiliary  point,  when  from  geodetic  polar  coordinates  (s.  A)  a 
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I 


«■ 


conversion  is  made  to  angle  3pberoidal  coordinates  (p,  q),  and  from  them  to  geo.ipr  I  c 

(«.  L): 

•:■)  one  of  the  possible  ways  of  solution  of  I  he  people,  consists  In  that  in 
forml'y  with  a  determined  law  cert. air.  part  of  the  surface  of  the  ellipsoid  Is  depleted 
on  h  apnere,  i.e.,  a  transition  Is  nccomp  1 1  shed  from  spheroidal  i.l  ei'.ent  r.  of  the  prob¬ 
lem  t.o  corresponding  spherical;  the  problem  Is  resolved  on  a  sphere,  then  converted 
from  geodetic  coordinates  on  i>  sphere  to  geodesic  coordinates  on  a  spheroid.  Very 
frequently  In  solution  of  an  Indicated  problem  the  sphere  is  used  as  an  auxiliary 
surface  for  mathematical  transformations,  but.  the  final  formulas  for  calcilal  tons  are 
ob  •' a  l  n>’  1  i  ".  a  spl.e rn t  d  ; 

d)  ■Ricwhat  Isolated  is  the  method  of  solution  of  the  problem  with,  the  help  of 


chords  of  an  ellipsoid.  In  this  method  formulas  for  finding  unknown  values  are  ob¬ 
tained  in  a  closed  form  and  can  be  applied  tc  chords  of  any  length. 

lihown  above  are  only  the  basic  principles,  on  which  methods  of  resolution  of 
direct  geodetic  problem,  are  based,  besides  there  exists  a  multitude  of  different  ap¬ 
proaches  and  methods  of  application  of  these  principles.  Inasmuch  as  resolution  of 
! his  problem  Is  one  of  the  mass  forms  of  geodetic  work,  then  the  requirement  of  sim¬ 
plicity  .arid  convenience  of  calculations  1  r  very  essential. 

Calculation  of  geodetic  coordinates,  essentially ,  is  a  compnru! Lvely  simple  geo¬ 
metric  problems  however  In  this  area  arc  many  mat  hf-matic a  1  Investigat  ions  and  sclen- 
M  fie  work,  'i'he  geodeoi  sus  and  mathematicians  of  UUtJR  and  abroad  are  working  'i:  the 
problem  of  the  more  expedient  resolution  of  geodetic  problems.  The  main  tendency  of 
Investigation  iri  this  area  currently'  consists  of  composing  formulas  and  triMcr. .  imii- 
vonlutt  for  calculations  with  application  of  calculating  machines,  which  arc  g.r, a.ln.a  I - 
ly  winning  permanent-  positions  in  all  areas  of  computer  technology.  AJ.L  formulas  and 
fabler,  t.111.  now  were  calculated  for  logarithmic  calculations  still  widely  used  .at 
prr  tent.  The  refers,  along  with  the  new  proposals  for  use  of  nonloga  ri  tltml.c  n,eth.>dr> 
of  calculations,  further  below  will  be  presented  logarithmic  formulas  for  e.u  icul.uf  L,-i, 
of  geodetic  coordinates  used  at  present. 

§  25.  FACTORIZATION  OF  DIFFERENCES  OF  LATITUDES,  LONGITUDES  AND 
AZIMUTHS  BY  ASCENDING  POWERS  OF  s 

Let.  us  assume  that  polar  coordinates  of  point  l*  (s,  A^)  are  given.  It  In  re¬ 
quired,  knowing  geodetic  coordinates  of  point  P^,  to  find  difference  of  latitude;], 
longitudes  and  azimuths  of  points  P-,  and  Pj  (Fig.  68).  linaglt  ■’  that  we  move  along 
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.L.V 


tSubsti tutirig  values  -^2  and  we  obtain: 

BH'm  — £  ee>  A  JsInM  (I  +  3/*  +  if-  9  »,*/•)  +  cosM(3  r»- 

-SV/*+3V-l5V^J 

Lm «-  ~iee  B  {tin  decs*  ^<1  +  3/*  +  if)  —  slnMfl  .  ( ‘ .  5 ) 

A"'  ^-{sin  A  cos*  A/(5  +  6/*  ■+  y(*  —  4  V) — »ln*  j4<  x 

€* 

X  <!+&»  +  »,•)) 

Omitting  details  of  calculations  of  derivatives  of’  the  higher  degrees,  we  reduce 
them  in  final  form  to: 

n  <* 

x  (4+6/*- 13  V-9»,V-I7V  +  «V«,)+-t-X 

X  /  V«»M  (1 2  +  69  v  -  «  V<*  +  87  v  — 105  T*/*) 

£*  -  ^£»Jn  AcoiM»eci3/(2  +  3*’  + V— — ~  X 
xdnMeosAf(l  +  V+fl»*eB 
*»..  -C-,|,wlc<*»A(S  +  28<*  >M/‘  +  6V+6V<(-3t'+ 

+4V<*-‘»V+«V<,H 

— -£•  Un»  rfco*  >1(1  +  to*  +  24f«  +  3  +  8  12 

As  it  was  proven  in  preceding  paragraph,  to  guarantee  tie  required  accuracy  of 
calculations  of  differences  of  latitudes,  longitudes  and  azimuths  it,  is  necessary  to 


- 


re -airi  small  values  to  fourth  order  inclusively  In  the  formulas.  However  for 
ersces  we  will  give  fifth  derivatives  in  spherical  presentation,  t.e.,  we  will 


I  -.0 


Bv  -  £jtnMcoaA(l  +  30/*  +  «/*)•  ~  sin*  A  cm*  A  <4  + 

+  30/* +  30/*) +  /,!,* 

L*  -  ~  iln  A  cot*  A  sec  B<2  +  15/*  +  IS/*)-  x 

tr  <• 

X  iln'Acoi’A*.  fl(l  +  20/  +  30/')  +  ~»ecfl»inM/*(l  +  • 

r* 

+  3/*) +  *.»,* 

Av  --£.»inAcos*A/(61  +  !8C/*  +  120/*) — £-*fn*Acos*A/  x 

r  <• 

X  {58  +  280/*  +  240/')  +  sin*  At  (I  +  20/*  +  24/')  +  /,  r* 


We  designate: 


*»WA  =■  v  I 
teotA-u  J 


Hr*""; 

*• - -if  o  +3/*  +  t1,-9t'i*);  ■—*  V(1  “  /’)  p"; 

t‘l  (1  +  3/*  +  V  -  9  »*/»); 

*•  -  — £  /*“<4+6/*-  13tj* — 9t4*/*J; 

4-  30/*  +  45/') 

— ffiys 

4“ii5£5p+,S/,  +  ,5<,>:  <.-“~^U+«V+30/'): 

«.--£(t"<l+2/*  +  »l*);  a,--^.<p"(l+2/*-:  t,*); 

(5  4- 6/'  +  8*— 4  V):  «» -  — +20/*  +  24/*  + 

+»V+»Vrt; 

«* -  "££•  (5  +  28/*  +  24/*+fl.«  +  8 »,*/*);  a,  -  +20/*  +  24/*): 

^“tSt*58*8****240'4*  o.--^r(6«  + 180^+120/*). 

With  these  designations  differences  of  latitudes,  longitudes  and  azimuths  will 
take  the  form: 


1*  b  *  —  flj  »  »,u  4*  ijP*  +  ftyi*  4*  b^tAit  -f1 *f  4- 

4-  M*u'  -p  6^u*  4-  6,t>4u  4-  buu,u’  4-  /,  r(* 

2-  l“L,—  L, -l,v  +  lj>u  +  l,o»4- fcwi* 4-brti  4-/*w»i4-  ^ 

4-  /fU*  4-  /,««*  4-  /g^u*  4-  /»  ** 

3.  /  *•  Aj  — ^,  •*  atv  4-  a,t/a  4-  ajf'  4-  b4l>u’  p  <jtvsu  4-  otvu *  4- 
4-  a,o*  4-  #«nV  4-  o,ou*  4-  /,  »* 

A,  -  A;  ±  ISO*. 

l-nr:  il-is  (‘j.-'O  are  lln.-il.  Cop  l'fic  lent,  s  b^,  bg,  ....  b10;  i  ^ ,  1?)  ....  a^, 

:i„,  ....  ji(.(  nee  tlie  f  unc i.ions  of  :»  loMfudc  of  a  given  point  .rid  car:  be  tabulated, 

Tbe  'Wi.tor  investigated  tr.PSP  formulas  In  1955-1 957  tot.!,  with  respect  t.o  their 

•icouriey ,  ■  t r ; «J  with  respect  u>  the  composition  of  t"Hea  for  coefficients  a^,  and 
/. . .  Results  of  Investigations  ware  published  in  an  article  "About  NonlogHrl  t.hmic 
Calculations  of  Geodetic  Coordinates  of  Points  of  First  Order  Triang"' Htion  in  Ud3K. " 

At.  present  the  tables  of  coefficients  n^,  and  l ^  are  avtillable.  Tlie  Bulgaria 

Academy  of  Sciences,  in  1957.  Issued  tables  of  Academician  V.  K.  Khrlstov,  "Tables 
for  Geodetic  Conversion  with  the  Aid  of  Arithmometer  of  Geographic  Coordinates  on 
Krisovski.y  KlUpsoLd  for  Latitudes  0°-70°  for  Each  Minute." 

Academician  V.  K.  Khrlstov  confirms  in  his  formulas  small  values  of  fourth  order 
inclusively  in  reference  to  u  and  v.  Khrlstov  formulas  have  the  form  of: 

Bt  ”  B,  4-  t„»»  4-  bifi*  4-  4„t'*  4-  4-  bttuv'  4-  ftc'iV  4- 

L,~L,  +  l4lv  4-  l„uv  4-  4-  /„(>»  4-  litu'v  4-  /„!«•*, 

A,  *=  (A,  1  1 80*)  4-  o„o  4-  a,,«y  4.  o„nV  4-  o.jt.1  4-  a„ ii’u  4-  o^if\ 

here  it  -  10"  5  3  cor.  Aj,  v  -  It1*  ’  s  sir.  A^ . 

Formulas  and  tables  of  academic!*  :  V.  K.  Khrlstov  are  fully  suitable  for  C'uuu- 
lation  of  g'-odetic  coordinates  of  1st  order  trl .angulati on  points  according  to  contem¬ 
porary  construction  scheme  in  the  USSR. 

Formulas  (5.9)  can  be  applied  for  calculations  where  distances  are  130-150  Km. 
f*or  th'.f1.  It  is  necessary  to  supplement  V.  K.  Khrlstov  tables  with  coefficients  where 
u  'Hid  v  g>'  to  fifth  order  inclusively. 

Formulas  (5.9),  as  basic  mathematical  relationships,  are  al3o  used  for  obtaining 
other  formulas  for  resolution  of  geodetic  problems  and  derivation  of  the  so-called 

differential  formulas. 


A Works  of  MIIGAIK.  Fub.  29.  M. ,  Geodes  Ida t,  1957,  p.  27-3?. 
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K y -i rnp l f?  of  Calculation  of  Differences  of  Latitudes, 
Longitudes  mii  Azimuths  by  the  Formulas  In  ('..T)  are: 

«*l#*Sr.J7H  0, » JI+i-.Mor  |,-436T*.tti>S  b,-294I'.379 

l,  -  8  04  65  .3915  6,--23.l'>T7  /,  -  62.2K2  8,-67.312 

X,  -  *79  <17  SI  .447  6, --41.2653  l1--41,>J6t  e,--0.32u 

S-62CI8.IS7.  6.--0.ISM  4,-1,2463  a.-  1,199 

cm  X, -0.IM 68667  6,  -  — n.rt«<2  J,  _  — 0 .(1i7B  a,- -41. HIS 

»ln  X,  — 0.967J2S9S  -  V.<iOI6  (,-u.«2W  .8,—  4»,l«3 

8  —  0.063  4S0i  8,  —  — 4),tf  4M 

8-  -0,81951431 

*•-0.(11166719  »,u  «  TTC.e  tU  1,8- -156'"  .15043  8,*- -ISM'.nSiS 

mm  -4). 04337*4  v* "  -6.2M'4>  i,°u  -  -2.70187  e,*v  -  -2.9199 

*•-0,2696961  kyit*  —  — 0.<*/|i6  4,8*  -  9.04152  8,8*  -  D. 11449 

■»  —  0,00066?  >,*•*  -  —H.iHnJi  4,8fX  —  — H.0H46I  84**>  —  — l).i»43 

■8*  —  — 0.0O3G23  6,8*  -  0,m«»1  ltt*u  -  n.iKVOI  a,***  —  O.fVXfl 

•*>  —  0,022616  tun*  -  K.imll  4.ua>  -  lUHHJOl  8,88*  -  O.IKX'O 

^  -  —0.140214  M*8>  -  — n.i*»V]2 

»*8  —  — O.IXIol  Bt- *,~**'XM  U—lt  -  -2271'. SISI  4.-/4,-  -1630* ,9676 

•V- 0.0019  «, -42,l»53* .2714  t.-45'04  :iS" .3915  X,r-I»r- 

—  99‘07*50',447 

•*•  —  —  0.0117  0—  4‘24*.36f$  /  - -37'5I*,8I5I  a  -  -25'30\9S8 

••—0,0728  a,-42'24‘l7'.632  l,  -  44*27T'3 ’ .5764  X,  -  98*42' 19* .479 


§  2 6.  .1CHRF..IBER«1?.OTOV  FORMULAS  FOR  CALCULATION  OF  GEODETIC 
COORDINATES  OF  1ST  ORDER  TRIANGULATION  POINTS 

The  geometric  f annul:  ( S . 9 )  give  ties  between  geodetic  coordinates  Li  and 
polar  coordinates  (s,  A).  In  certain  cases  it  is  expedient  for  calcnln : 1  on  of  dif¬ 
ferences  of  latitudes,  longitudes  and  azimuths  to  use  right-angle  spheroidal  coordi¬ 
nates  (p,  q).  Tne  problem  in  this  case  is  resolved  in  the  following  manner. 

First  obtain  spheroidal  coordinates  p  and  q  by  the  polar,  then  the  dlfr^rcficea 
of  latitudes,  longitudes  and  azimuths  are  expressed  In  functions  of  these  ccordicat.es. 

In  other  words,  first  of  all  resolve  the  right-angle  spheroiual  tri¬ 
angle  (Fig*  69).  Since  in  this  method  In  the  beginning  it  is 

necessary  to  determine  the  latitude  of  point  C,  this  method  is  fre¬ 
quently  called  the  method  of  auxiliary  point.  Principles  of  such  an 
approach  to  resolution  of  a  problem  were  proposed  for  the  first  time 
by  Schreiber  by  whose  name  for  the  most  part  the  formulas  and  method 
of  a  given  resolution  are  called. 

Both  derivation,  and  the  form  of  correction  terms  of  the  formu- 

Fig.  69. 

las,  used  in  geodetic  calculations  in  USSR,  differ  from  corresponding 
Schreiber  formulas.  This  circumstance  should  be  underlined  since  essentially  the 
formulas  for  solution  of  direct  geodetic  problem  differ  one  from  another  in  correction 
terms,  the  main  terms  almost  always  coincide.  Schreiber  formulas  were  obtained  dif¬ 
ferent  ways  and  investigated  by  F.  N.  Krasovskly,  who  established  their  fitness  for 
geodetic  work  in  USSR.  Variant  of  these  formulas  was  first  obtained  by  A.  A.  Izotov 
and  published  In  geodetic  tables. 

Formulas  for  spheroidal  coordinates  by  polar  were  obtained  in  §  22  (4.314),  and 
by  designations  in  the  preceding  paragraph  have  the  following  form: 
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Here  K  .,  “  K  :md  K  ^  ‘i i>  -thusa  ‘‘ui'vhUiiv  of  vert  exes  VAt  C  and  i' 
pl  c  1)2  i’ 


vlt.li  .'iCCU- 


r-icy  m p  t.o  nm/ill  values  of  fifth  order  we  con  accept  In  i  hese  formulas  (ha!.  K  ~ 


=  K  ••  K 
c  r 


5,  whore  ft.  —  mean  radius  of  curvature  at  Initial  point  \> . ,  then: 


f)  +  /* 


(5.10) 


We  calculate  the  difference  of  latitude  of  the  Riven  and  auxiliary  points,  by 
designating  Hits  latitude  of  the  later  by  Bf).  For  that  we  use  the  first-  formula  from 
croup  (p.9) . 

In  our  case  on  the  line  of  abscissas: 


therefore: 


A  •>  0,  P»0;  tt  P, 


Bt  -  fl,  -  4  -  bj>  +  fcp-  +  bj?  +  bj>*  +  U  V 


*  "  *ip(>  +  £  f  +  ^  P*  +  ^  P'j  +  *•’* 


?!.♦>  •“nd  form  of  this  expression  has  t.hf  p.reMt.es>.  vn.lt.ie  where  p  «  p.  y))  jt  - 

m  T3  _  O  ...  1  . 


1/50 1  B  «  ^*0°  we  obtain: 


<***>...  -  W  -  — 

*  SV*  3  C5  -  IV*  ■  6  •  10*  l,37tuv/ 


Consequently,  even  where  s  =  130-140  Kra  tills  term  can  be  dropped. 
Introducing  designations: 

<!).«  -  **  «  ?:  -£i^3-  -  -  «).:  -  (5), «  -Ej~L  -  (6). 

and  -converting  to  logarithmic  form,  we  obtain: 

+  (■''), <^+(6 ).«’  +  >.  \ 
r 


(r).ii) 


Sign  "l"  for  values  in  formula  (5.11)  in  this  case  designates  that  it.  Is  taken 
from  the  tables  by  argument  of  latitude  of  first,  point.  Main  term  in  formulas  (‘i.ll) 
will  be  &,  others  are  called  correction  terms  and  are  expressed  jn  eighth  decimal 
place  of  a  logarithm. 


•  -  k- «*•— ■  • 

i  y  •  ;  .....  „ 


1  ■  ‘V-  ■“ 


•Hr :: .. 


•w 


Having  obtained  the  latitude  of  the  origin  of  t.he  ord-nate  q  (i.e,,  point  0),  we 
<■•'!»:  i.finnfonii  formulas  ('..<?)  for  geodetic  line  C!-'?  and  obtain  tn-  dl  rivn-'wi'  of  mti- 
I'Mi'.;,  i.  ■  rl  I  odes  and  convergence  of  meridians  of  1  link  ..  ..n  ar.d  .vix  1 1  t  a  i-i.  m-.l:  i  <; , 
ini'  «r:llr. ales  A  -  00*’,  v  ■-  q,  p  =  0,  it  therefore-  follows  fro::,  formulas  ('■.'>) 

I  I.! 

1.  -rf~  B,-at~6y+f>y  +!,»,* 

2.  /  —  L,  —  Lt  ~  -f  fy*  +  /»■>,' 

3.  /  -  >t;  —  A,  -  «•»  +  oj?*  +  n“?1  +  /t  V 

dim  "o"  Indicates  i.lmt.  these  coefficients  i.aKe  according  to  >  he  in <  1 1  ..de  of  i 
base  ordinates  E_. 

formula  (h.lo)  and  (h.iP)  can  also  be  applied  for  enlrul-tt.ior.  of  i.iw  d  1  l'f.*r»»ncr  - 
of  iati  udts,  longitudes  and  azimuths  with  tables,  containing  coefficients,  depending 
ii  the  Latitude.  For  logarithmic  calculations  oi  forrfla  (b.12)  it  ie  ricoessu.r.y  t.u 
transform. 

After  substitution  of  the  value  of  coefftcl < nto  and  i ^  we  obtain: 
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’a ' 

% 


where: 

.-“it. 

6^» 

Thus,  unknown  latitude  v/i  1 1  be; 

B,~  B,  —  d-  Bi  +  b-d, 

For  log.url Mimic  calculation  .  ill rt'orenee  oi  long!  t.udes  we  :.r;insform  second 
t-xprcuaioii  from  ( 1  ■ .  1 ; • ) . 

We  have: 

/■ 


I'Ut! 


After  aut'-siM tuition  of  values  ( ^ and  t ^ ; 

Taking  these  designations  and  converting  to  logarithmic  form,  wo  obtain: 


icVf  .  Mo*b*  ,  .....  ioS,* 


»>*•  t«r«  #  *  i»  g* 

After  reduction  we  designate 

«oi*  Bt  .In*  fl„  (C  +  1 3f{)  -  (9)0. 

Then  for  final  result,  we  have: 


('..141 


Third  exp  reunion  from  equations  ( 1 . .  1 1? )  after  uutuiti  tut.lon  of  values  of  coiMTI- 
cletitu  (i^ ,  a ^  and  u!.  will  tie: 

t~  -^r1  It"  {l  ~  9 (I  +  2»*  +  ’ft  +  ™j~  (I  +  Mr*+  84/*}|’ 

Lust  term  — ~j~'  (1  +  SO  tL  +  *?4  t*1 )  where  It  ••  4rj°i  ^  »  f|j  leas  ■  How¬ 

ever  akimutlis  are  calculated  to  a  thousandth  of  a  fraction  of  a  second,  consequently, 
even  at  120-150  km  this  t*rm  can  be  dropped. 


Converting  to  logarithmic  form  and  considering  designation  (7)0  « 


cos  D,  we  obtain: 


Igf  »  If  t  -  VI*  -  »i«  +  <?>*».•  + 


(5.15) 


In  accordance  wit;,  .ig.  63 
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kMMM 


•'*  .1*. 


v  '  Vv 


J,  -  360*  -  (90"  -  /)- (90"  -  A,  + 1) 


A,mA,  r.  !*>•  +  /_..  '..  j, 

wh'uv  t.  in  -i  spherical  excess  of  a  right-angle  spnerictil  triangle  i-.-ileu!  .!.»>■! 

hy  the  formula: 


Thus,  calculation  cf  differences  of  latitudes,  longitudes  and  •is’.lmm  na  t.v  •> 
method  of  auxiliary  point  is  dene  by  the  formulas: 


le>  ■«=  ls5»- 

+  (.'*), l-M 

( 

.id 

lg  d  !g  i  - 

(■ 

.i" 

Igf  ■«  Igl  — J^e*  +(9),>.*, 

(- 

.14} 

lg/ -  Igt 

(7).  i'. 

(••• 

.  1  <S ) 

Lt-Lt  +  I. 

At^Atiiar+t-*. 


In  these  formulas  the  following  designations  are  made: 

u  —  icotA,,  v  **  jiIiM,, 

4  ■  PJi'C* 

1  *  ^ncA|i 

«-* vt«JV 

Tn  UB2R  tliese  formulas  are  taken  for  the  calculation  of  geodetic  coord Lnut.eo  of 

1st  order  trlnngulntlon  points.  For  their  application  "Tables  for  Calculation  of 

Geodetic  Coordinates"  were  composed  at  TsNUGAIK  under  direction  of  Professor  A.  A. 

Izotov,  whlcn  are  usually  called  "Oeodetic  Tables’’,  In  these  tables,  intended  for 

logarithmic  calculations,  are  given  for  every  minute  of  latitude  lg  (1),  lg  (2),  lg 

R  with  tight,  lg  (3)  with  alx,  lg  (4)  with  five  decimal  places.  Logarithmic  entree-- 

Uons  (i'Ou®,  (7)X?,  (8)X2  and  (9}X**  are  givon  by  the  argument  lg  u  and  lg  x.  There 

P  P 

la  a  special  tabic  for  obtaining  corrections  vt  and  yX  , 

Tables  are  compoaed  very  thoroughly,  and  nre  provided  with  explanatory  texts 
and  examples,  facilitating  application  of  tlie  formulas. 

Obtained  formulas,  due  to  the  presence  In  them’ in  a  manner  of  argument  of  a  tan¬ 
gent  of  latitude,  become  less  exact  in  northern  latitudes  (70°-80°),  For  these  lafci- 
i utles  they  are  applicable  to  distances  of  not  more  than  60-70  km.  Hut  thin  limitation 
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does  not,  have  a  great.  significance,  since  by  adopted  scheir**  oi  construct. ion  of’  1st. 
order  >.rl. angulation  In  H.'.f.d,  t.he  sifts,  as  -a  rule,  should  not,  exceed  pt-  to  km. 

For  distances  up  t,o  2'.-  5o  km  at  mean  latitudes  the  derived  formulas  can  he  aim- 

O  O  O  h 

piifled  by  means  of  exception  of  correction  terms  (■«)1uc,  (7)nF,  (8)0*‘  a,lrt  (‘O^V  , 
after  which  they  will  take  the  following  form: 

Ig  4- l8?-(4),w +  (.-!),(■ 

Igd~  U).* 

Igf-lg).-2,t* 
lg/  —  Igt  — «*—»).* 

Formulas  obtained  In  this  paragraph  for  calculation  of  geodetic  coordinates  do 
not  provide  the  control  of  calculations.  Therefore  calculations  are  made  in  two 
branches.  in  the  second  branch  it  is  preferable  to  U3e  other  formulas,  giving  Inde¬ 
pendent  results.  For  that,  formulas  are  used  with  mean  latitude  ana  u  mean  azimuth, 
whose  derivations  will  be  given  In  the  next  paragraph.  Let  us  note  that  the  control 
of  calculations  b.y  the  :'»chr«l Imr-lzotov  formulas  can  be  carried  out  by  means  of  a 
fundamental  equation  of  a  k...  udetic  In  the  form: 

r,  sin  A,  *-i  —  r,siu  At. 

Values  r^  and  art?  extracted  from  U.  A.  Larin  Taoles.  By  a  shown  formula  a 
simultaneous  check  for  correctness  In  -obtaining  unknown  latitude  and  ant  inut.li  Is  made, 
where  during  eight,  place  calculations  of  azimuths  are  obtained  with  an  .accuracy  of 
up  '  o  t'Jft'Ol. 

!•  samples  of  calculations  t-y  the  formulas  arc  given  in  "i  r.aot  leum  on  Higher 
tieodeay"  p,  27  8- 2(3?  and  lit  "'leodetlc  Tables"  p,  pi.'-gu, 

5  rv.  FOiiMur^o  foh  ml  ah  latituum  and  ml  an  aximuth  oh  hauho  kokmula;’. 

In  fact.orlzat. Ion  of  differences  of  latitudes,  longitudes  and  azimuths  by  se¬ 
quences  of  s  (§  2b)  t.be  derivatives  were  calculated  by  coordinates  of  initial  point . 
As  it  is  shown  in  formula  (l.jS),  the  Taylor  line  is  doubly  reduced,  if  instead  of 
Initial  azimuths  and  latitudes  the  mean  were  taken,  in  this  case  :  11  terms  with  ever 
degrees  drop  from  the  aeries.  With  the  same  number  of  terms  in  series  wlt.lt  npo)  I  ca¬ 
tion  of  mean  arguments  the  accuracy  becomes  one  order  higher  as  compared  to  the  ac¬ 
curacy  of  aeries,  obtained  by  the  initial  arguments.  Tno  principle  of  mean  argument:; 
for  calculation  of  geodetic  coordinates  were  first  .applied  by  ihiuaa,  Me  evolved  a 
formula  with  mean  arguments. 

Let  us  designate: 
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Ji +  *._.»  X.+  ISO'-M.  .. 

i  "  Bm,  - j - *  -  A., 

(JS-).-s‘- 

(/-I.  2.  3...) 

If-.ilr-sl.!  t-uord.lti.r>l.eE  of  initial  point  nrni  poL-ir  cottril  Inn  i  or,  [  r. ,  A) 
iro  given.  Let.  ns  divide  c  in  half  and  designate  the  middle  of  tie  are  h  i.-.v  0  (i  l.--. 

70).  'Hie  latitude  of  tills  point  :md  azimuth  of  geodes  ir-  U  rt  ■■■■■.  i', 
*  We  will  designate  h(>  ,-inti  A  , 

/A 1  Vie  will  take  point  C  for  the  origin  or  the  polar  cruw.i  i , . 

/  \  Ti  i  efi  apply  I'ae  tori  rati  on  of  differences  of  latitudes,  ionr.i  tone;: 

/  \  ami  azimuths  L-y  series  of  s,  to  the-  two  sections  of  arc  sj.ii 

I  \  ing  right  section  as  positive,  l.~f '  as  negative,  in  .■icourda.'K'.c  wi  i.< 

^  ('3.2)  we  have: 


air..  70. 


+-£«?+■£  »I+... 
•.-*—iK+iK-£*r+-£rV~£s>t+. 


oum  and  difference  of  these  expressions  will  be: 


Analogously  we  find: 


B,-B,  -  1  He  +  -~Bc  +  B*  +  . . .  + 1,. 
L,-Lt~sLi  +  -£  l? +-£$+..  +t, 

jAe  +  -  ^iv  +  . . .  +  U. 


c  .IP) 
C'.ao) 


(5.20) 


■y^c  +’3J_^cv+ ••• +/«•  (5.21/ 

Series  (5.18)  and  (5.21)  show  that  the  differences  of  mean  arguments  and  azimuth 
of  median  point  of  arc  are  small  values  of  the  second  order. 

In  aeries  (5.19)  and  (5.20)  we  will  express  unknown  Bc,  Ac  by  and  Am. 

We  have: 


^  +  <*c -  A»  +  W-  /*„)! 

*e  -  'thZih -  T|(»c  AJ  -  », \Bm +  (Bc-Bm). 


(r>.22) 


-14?- 


C  Oil  * 


hence: 


*c  -  —***  -  Ac)  9,  IB.  +  (flt  -  Bm\. 

Am+lAc-AJ\ 


^-£-+ (S,i  <*«  -  v + is;). (4-  -  /,-) +/» 


ul.:1.  t  1  i  1 1 .!  up,  v:ii  Ut.’G  (i*„  -  ::„.)  ;.tiil  (A,  -  A  )  from  (‘>.  lt<)  m  rid  ( 1 . .  P'l  1  1  o  (*},?/■), 


we  I ;  i  vf' : 


*>»--T|(Si  ";+(£).  «■]+<, 

«-v-f((£i*.+(SW+'. 

W.!  ill  these  values  L*c  and  A  formulas  (fi.11)  and  (‘>.20)  will  take  i  he  form: 


a- 1, .  i  -<-£[(£)_  a;  +  (Si  *  -  4 ] + '» 

«as~f[  HSi,  + (S  i A- + 4] + '• 


(h.:w/) 


I 


•  a  in  i  •;  in  i  n  in 

filtering  here  derivatives  B  ,  R^,  B  .  L  ,  Lm,  L  ,  Am,  A.n,  and  Am  obtained 
from  ($.4)  and  ( ‘p . ‘j> )  by  means  of  substitution  of  index  "l"  for  index  "in1’; 

liien  partial  deri  vat.  Ives  have  the  form: 


I  /i*L\  3’J,  'mfnA„  / 

''  ( « L  Nm  ~  ’  ( 

9  /*£.)  -  cm Am 

\**)m  MmVi  [mL  N, 

1  (Si  *  -£4"  ■ + < + (Si  -  **£• 


~  K  *■ 


,mcB- 


('■>.  ;Ni ) 


l.i'i.  tip.  subs  i  1  in  i.i*  Lite  /alnes  of  derivatives  from  ('.•.?•),  ( '  • .  Ji ) ,  (',l0  aid  par¬ 
tial  derivatives  from  (h.?4),  aft. or  reductions  omitted  here,  we  obtain: 

>"  -  f"  j‘  +  ^7  «*in‘  A -  <2  +  3'i  +  *  ► 


r  „  Hfr.jafffaL  P*'  |l  -t-  ~~  ,»  _  eo*^  (,  + 

+  *-•<£>»  |+». 

a"  .  Jail4jt!l£n.  p”  Ji  +  _JL.  |,in>  A„(2  +  2  »,»  +  /» )  u 

+  co»M.  (2  +  oi  +  »  f »  +  5  ^>|  |  + 

i 
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•r«i 


'.■If-  busiftnake: 


■,,tl"  *•*?*«?  -  (2).$  sin  Am  «• -e  «,  -  X*. 

Nm 

J^Zlthlls.C-  (2)«»  s in  /!„  tg  r.m  -  v 


S*vUVf/a  « 


n  a 


_J2_8»  «.  _?.  .  _3_ 

f,i  ,.» 


»MnM.  - , 


t ' V  I.8sH.»m  i'  li  L^ri'l  I- 1  Onii  **Xp  **65S  ion  (  will  t  ik  -  iVrir.: 

0  *  ?-!•  +  —  ',;:r  <2  ■  K  +  ?Ti>  4  ““f  x 


’I 


*-M»  + 


«*€ 


a.1 


1  «f**  atf*’ 


i'l'Oin  tin  i.Tii.t  two  formulas  we  obtain  by  means  of  a  division  of  the  third  by 


* 

J 

•>* 


<5 


£ 


j 

I 


r-rnond : 


wtifc t«; 


.  JL 

‘  «'  *S~ 


-vi, 


Uvviri '.tinii;  <>r  valuer.  *.*a ,  iv  : ,  and  :<s  i-y  .argument  of  mean  satiiudo  art* 

<•*  i  v •  : .  5::  g*  c.R-i  U:  tab  lea. 

Formal  us  i  those,  which  were  obtained  by  Gauss  twice  in  the  second 

wrUcle  of  "dr-search  In  Hig.i-r  Geodesy"1  by  conformal  presentation  or  ellipsoid  on  a 
;5j  here  by  moans  ui'  fao torlzatinr.  in  series  by  powers  of  s  with  mean  arguments.  There- 
i\. they  •if<>  Called  ti.au s s  formulas. 

It,  : latiss  formulas  small  values  are  retained  to  third  order  inclusively,  as  in 


Gchreiber  formulas,  but  their  advantage  in  comparison  to  llchreiber  formulas  with 
respect  to  accuracy  consists  in  that  the  dropped  terms  in  them,  small  values  of  fifth 
order  are  10-Jr;  times  .less  than  in  llchreiber  formulas.  Effective  correction  terms 
la,  -.laiiuc  formulas  nave  4-u  times  less  correction  terms  than  Schrelber  formulas. 

•flic  re  fore  Gauss  formulas  can  be  used  for  calculations  of  coordinates  for  greater 
distances,  than  ;‘><:h  re  liter  formulas.  In  identical  requirements  for  accuracy  of  un¬ 
known  values  Claus:;  formulas  are  applicable  for  distances  on  the  order  of  £W-?.30  km 
within  latitudes  of  6i-.0,7o°.  IT  however  in  differences  of  latitudes  and  longitudes 
O'.'c’Ol ,  and  in  nzimutl  s  05*01,  are  retained,  then  these  formulas  can  be  used  for 
distances  between  points  up  to  XHl-JhO  km.  We  mention  in  passing  that  with  sue'; 
distances,  as  «  rule,  necessity  does  not  arise  for  calculation  of  differences  of 
latitudes  and  longitudes  to  O’.'OOOI.  for  distances  on  the  order  of  300-400  km  It  is 
sufficient  to  calculate  differences  of  latitudes  and  longitudes  to  ojooi,  a ad  azimuths 
t,o  O'.'Ol.  Then  relative  error  —  in  transmission  of  coordinates  both  for  short,,  and 
long  distances,  will  be  of  the  same  order. 

Transmission  of  coordinates  to  still  greater  distances,  i.e.,  to  400-900  km,  in 
practice  of  contemporary  geodetic  work  is  encountered  comparatively  rarely,  for  that 

*C..  F.  Gauss.  Selected  geodetic  work:  Vol.  II.  Higher  Geodesy,  M. ,  Geodezizdat, 

1958,  p.  86. 
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cas"  it,  is  possible  to  use  complete  formulas  with  mean  arguments,  given  in  geodetic 
tables.  They  ;:lco  are  obtained  by  a  method  cf  factorization  of  differences  of 
i;t.H.rd;  in,  s  ‘■•r,  and  azimuths  In  power  series,  but  witn  retention  of  small  values  to  fifth 
order  inclusively.  Therefore,  avoiding  repetition  of  preceding  derivation,  we  show 
’he  formulas  In  their  final  form: 


»  -  kP.  +Vi  +  UX* 

is  I  -  It  lm  +  -J-  +  *,?'/»  +  .,  >♦  + 

go  1gim  +  —  «,?*)*+  v'  + 1?4 


As  compared 
whose  logarithms 


to  formulas  (5.26)  terms  appearing  here  where  (i  - 
are  given  in  tables  have  the  following  expressions: 


1, 


n) , 


ISBf** 

*,  —  “(<  +  IS/')  cos’  B* 

«,«-iy(l2/,  +  /‘)cos4fll 
«,  ‘•■^-(M  +  40/*+  IS/*) cos*  B, 

*4  «-j- tin'fl. 

**""w'(7~^C0S‘& 


In  calculations  by  the  formulas  (5.26')  in  general  cases  the  method  of  succes¬ 
sive  approximations  should  be  applied. 

If  there  is  no  approximate  value  of  mean  azimuth  and  mean  latitude,  then  in 
application  of  formulas  (5.26')  It  is  better  in  first  approximation  of  the  problem 
to  resolve  It  by  the  Schrelber  formulas.  In  this  case  the  number  of  approximations 
will  be  cut  in  half.  If  in  latitudes  and  longitudes  only  O'.'OOI,  and  in  azimuths 
O'.'OI,  were  retained  then  these  formulas  can  be  applied  for  distances  of  500-600  km. 
Such  distances  in  contemporary  geodetic  work  are  met  in  radar  measurements.  Thus, 
formula  (6.26')  meets  the  requirements,  which  arise  during  radar  geodetic  measure¬ 


ments  . 


For  distances  of  25-30  km  formula  (5.2*1)  can  be  simplified  by  dropping  small 

g 

values  of  fourth  order,  i.e.,  terms  with  T)  .  Then; 

-i- 

■.-U-.+i.rt 

»>- 0, 

Substituting  new  values  v^,  Vg,  and  v^.  in  formulas  (5.26),  we  obtain: 
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(r..?7) 


Wa  -  lg  +  J-  vl» - 1  *t»  +  —  ,? j,  +  t, 

Formulas  (5,  27)  have  been  used  for  n  long  time  in  Russia  In  treatment,  of  1st 
order  I  rl  anpulnM  or:  and  only  since  1-P#4-19G,)  were  rep  laced  by  formulas  ('<.171.  This 
i't‘f<i  icemt'iit.  happened  after  publication  of  geodetic  tables  of  military  geodesist 
dfr.rirr.iiorst..  Derivation  and  foundation  of  formulas  (5.17)  and  (‘3.57)  were  first 
riven  v  v .  Krarovckly , 

AM  forma  l  as  wi  r.t.  me.ar.  sr, -.aments  .nave  that  general  deficiency  where  during  eola¬ 
tion  of  direct  geodetic  p rob  lens  it  is  necessary  to  apply  a  method  of  approximations, 
when  a  number  of  approx! rtta t Ions  is  unknown  be  forth and.  II  is  true,  a  number  of  ap¬ 
proximations  can  be  decreased,  if  cartographic  materials  for  determination  of  approx¬ 
imate  values  of  mean  arguments  are  used.  Put  sue'-  additional  work  is  hardly  decir- 
ai  1 e  to  a  computer.  Therefore  most  frequently  these  formulas  ore  used  for  control, 
w.en  mean  arguments  are  known  with  sufficient  degree  of  accuracy.  Put  the  methodical 
merit  of  those  formulas  remains  in  force. 

Kxumple  <f  calculation  by  the  formulas  ($.&'■•)  Is  given  in  "Geodetic  Tables" 

(p.  I'1*),  and  for  formulas  (5.?7)  in  "Bract  icu.n  on  Higher  Geodesy"  (p.  ) . 

§  2?y.  KK.’.OflJ fl ON  OF  DIRECT  AND  lHVMfji:  GEODETIC  PROFLIMS  fcY  A  METHOD 
01-  CIjCRDS  OF  LXLIPSOID  (STUDY  OP  M.  S.  M0L0DENSKIY  METHOD) 

The  idea  of  application  of  chords  of  ellipsoid  for  solution  of  geodetic  problems 
is  not  new.  As  far  back  as  1799  De lamb re  developed  a  method  of  resolution  of  chord 
triangles  for  terrestrial  spheroid.  In  1809  famous  geodesist  Bremiker  in  work 
"Studlen  Uber  Hohere  Geodasie"  proposed  elimination  of  use  of  geodetics  by  means  of 
formation  instead  of  spheroidal  triangles  of  rectilinears  from  trie  chords  and  so  to 
resolve  geodetic  problems,  utilizing  these  triangles.  This  idea  subsequently  devel¬ 
oped  by  him  In  the  Indicated  work.  Geodesists  in  the  past  both  here  and  abroad  have 
returned  to  the  use  of  this  idea  in  reference  to  particular  problems.  Recently  this 
problem  was  raised  again  in  the  USSR  and  was  originally  developed  by  M.  S.  Molodenoki.v, 

The  advantage  of  application  of  chords  as  compared  to  geodetics  consists  In  that, 
Independent  of  the  distance  between  the  points,  finite  formulas  are  obtained  in 
closed  form  as  a  combination  of  elementary  functions.  As  can  be  seen  from  preceding 
account,  the  application  of  geodetics  during  resolution  of  geodetic  problems  leads 


-148- 


t.o  roriii'il-js  In  the  form  of  Infinite  series,  in  fact  of  fast,  c onvergency.  However  the 
: i d vintage  of  the  use  of  chords  for  resolution  of  principal  geodetic  problem  d i:;np- 
! . o f r. ,  !.i  soon  is  necessity  arises  to  have  a  length  of  arc  between  point  s  on  the 

surface  of  an  ellipsoid.  Chord  and  elliptic  arc  are  connected  among  themselves  by 
series  (ji.lhl.  Transition  from  chord  to  arc  again  returns  us  to  infinite  series, 
furthermore,  in  presentation  of  an  ellipsoid  on  a  sphere  or  plane  application  of 
geodetic  lines  gives  general  solution  of  the  problem,  while  in  application  of  Chords 
l.iiis  generalization  is  absent. 

The  theory  of  a  method  of  resolution  of  geodetic  problems,  founded  on  applica¬ 
tion  of  chords  between  vertexes  of  triangles  on  an  ellipsoid,  is  presented  in  M.  i'. 
Molodenskiy  work  "New  Method  of  Resolution  of  Geodetic  Problems".  In  this  work 
formulas  are  given  for  solution  of  direct  and  inverse  geodetic  problems,  differential 
formulas  are  studied,  and  formulas  for  reduction  of  measured  directions  to  the  sur¬ 
face  reference-ellipsoid  and  transition  from  one  geodetic  system  to  another  during 
conversion  and  reorientation  of  reference-ellipsoid  are  given.  To  this  section  of 
the  course  only  the  first  problem  pertains  which  we  now  take  up. 

Let  us  assume  that  on  a  spheroid  two  points  P1(x1,  y±,  z^)  and  P2(x2>  y^,  z?) 
are  given,  by  their  space  right-angle  coordinates,  ¥  —  chord,  connecting  point  I’j 
and  P?. 

We  have: 

*  —  NcaiBcosL 

gm  SouBslnL  (2.16) 

«• 

M.  S.  Molodenskiy  considers  the  more  general  case,  when  points  do  not  lie  on 
the  surface. 

Further,  x2  -  x±  =  ¥  cos  a;  yg  -  =  ¥  cos  0;  zg  -  =  ¥  cos  y,  where  cos  a, 

cos  0  and  cos  y  are  direction  cosines  of  chord  ¥.  Let  us  designate  them,  according 
to  M.  3.  Molodenskiy. 

cos  J  - 
cos?  «m,„ 

o  p  2 

From  differential  geometry  it  is  known  that  cos  a  +  cos  0  +  cos  y  *>  i. 

Substituting  values  of  x,  y,  z  from  (2.16)  and  combining  plane  yz  with  a  plane 
of  meridian  of  first  point  P^,  i.e.»  assuming  y^  =  0,  we  obtain; 
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*»*,—  *,  —  \,eosBteosl—  X,  coifl, 

2.  vnii-y,  —  g,  -  A'.cosfl,«.in/ 

—  H 

3.  M„-2, — /,  —  — t  (A,  sin  B,  —  AT,  sin  Bx) 


{ s . ?B ) 


when-  l  Is  a  illr'erencp  of  geodetic  longitudes  from  meridian  i'j .  H.iisinp,  (n.pth  i.o 
u  square  and  adding,  we  obtain: 

i*  -  AT»  +  AT*  -  2/V,AI, (sin  fl,  sin  fl,  +  c„s  B,  cos  B, cos  /)  - 
-  IN,  sin  8,-W.sln  B,y». 

l.if-aigriat.lniT.: 


cos  »  sin  8,  >ln  J,  +  cos  fl,  cos  8,  cos  /, 

for  s'  ay  means  of  Identity  transformation  we  have: 


Hence: 


»*- W»  +  Nl-2N,N,  +  2 N,N,—2N,\t  cus'f ^  X 
X  (Afjsin  Bt—  A,  sin  flj*. 


*  -  4A’,ATtsiiif  4-  -  — (\,sia  B,  -  A',  sin  B,f  4  IA',  -  A’,)\ 


Here: 


*ln*  A  -  sin* y  (A, — ®i)  +  cos B, cos B, sin* -if.  (5. 3 q  ) 

In  (5,29)  the  first,  term  of  right  aide  is  main,  and  second  and  third  me  small 
values  of  the  order  of  compression  and  the  square  of  compression  of  terrestrial  spher¬ 
oid  correspondingly, 

0.01VI43043 . 


.  4  _  4 

For  KrasovsKiy  (.•lllpsoid  t! — jl — L_ 


11 


Pig.  71. 


l.et  us  imagine  »  sphere  of  unit,  radius  (Fig.  71),  on 
which  is  a  geodetic  zenith  of  first  point.  Laying 
out  from  this  point  to  the  right,  an  arc,  equal  to 
90-  we  obtain  a  pole,  i.e,,  a  point,  corresponding 
to  axis  Oz.  Let  the  direction  of  a  chord  from  point  I', 


to  point  IV  intersect,  the  sphere  at  point  c,  then 
spherical  distance  P^s  will  be  zenith  distance  of  second  point,  angle  sP^z  and  un 

azimuth  of  direction  of  chord  s'  from  point  P,^  to  P2> 

Let  us  assume,  that  to  directions  of  axes  ol’  coordinates  0  and  0  points  x  and 

**  y 

y  correspond  on  a  sphere,  then  arcs  sx,  sy  and  sz  on  a  sphere  will  be  equal  to  cosines 
directing  chords  s'  from  point  Pj  to  Pg.  Line  xyQ  1b  a  horizon  of  point  P„ .  Thus, 
we  constructed  geodetic  horizontal  system  of  coordinates,  in  which  the  position  of 
points  is  determined  by  zenithal  distances  and  azimuth  of  direction,  i.e.,  z  and  A. 
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Let  us  determine  cosines  directing  the  chord. 

1' roBi  triangles  P^xs,  P^ys  and  P^za  we  have: 

I .  -  cos  Bt  cos/,,  _  Sin  B,  sin  r,trt<i  Altl  I  sin  0,  I  m>s  ft, 


t.  m„ ■. sins,, sin d„ 


3.  ■  sin  B,  cos  *„+  cos  0,  sin  i„  cos  A„  I  I  cos  B,  I  sin  fl, 


(.'■■.31) 


ix  ZJ2  aa(i  A12  (5.31)  are  given  then  they  fully  determine  m12  and  n1?. 

In  orJer  to  resolve  the  inverse  problem,  l.e.,  to  determine  z  .  A  i.«  i.  , 

IP*  jp  •'  3  ’  ip’  r'j p 

and  nip,  multiply  the  first  expression  (5.31;  by  sin  the  third  -  by  cos  H  und 
add.  Then,  conversely,  multiply  the  first  by  cos  P^,  and  third  b.v  sin  Jy  From  the 
third  subtract  the  first,  dividing  the  difference  by  term  by  form,  then  we  ob- 


cos  **  cos  B,  f,t  -p  sin  B, 
elg  A„  n  —  W|l>»  ~ 


(5.32) 

(p,.33) 


Substituting  in  (5.33)  n1£)  and  with  the  aid  of  (‘3.28)  by  geodetic  coordi¬ 


nates,  we  obtain: 


ctg<tu- 


At 

CCA  Bt  (A(*  tin  Bt  —  A, |  iln  0t)  -  —  A,  fV(  tot  —  N)  tot  Ht) 


h i  cos  At  tin  I 


wherefores 


We  designate: 


“A 


"«  A.  -  »,  '"T -«*  *» «. 


-  et*s„  + 1*  JL±*ir*i i»"A  cos  *, 
Ntc««a,.ln< 


Changing  indices  1  to  2,  we  obtain* 


(5.34) 


(5.35) 


where: 


(5.35'} 
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I'arraulaa  ('i.JJl)  --i rid  (',.3'j)  determine  direct  and  back  azimuths  of  a  chord  in 
relation  to  a  plane  of  meridian  and  zenith  of  the  first  point  1%;  z„.  Is  calculated 

X  At- 

by  s  according  to  the  formula,  wrone  derivation  Is  shown  below, 

'ibid  coordinated  of  points  1’^  and  I’,,  must  satisfy  the  equation  for  th:>  ellipsoid: 


w  i  _i _ _i  i 


t«i  +  *>.<>*  .  I»i  4-»i»id*  ,  (ft  +■».,>«  , 

•*  T  «»  T  ¥ 

i'.ut'i.rncl.lnn  fl. nil.  from  the  second,  w«  obtain 

*d  +  »»«},)  +  2(*,f|,  +  *,mlt  +  ■£  »,«„) .  0. 

duhati  tutitig  Xj,  y,  and  t. ^  by  own  values  by  geodetic  coordinates  we  have! 

*,«#,cosB„ 

fc-0. 


we  find: 


"»0  ‘~2IV, (cot  B,*,,  +  tin  fl,*,,). 


Considering  (1», .'?<?),  w«  obtain: 


deuce: 


F(l  +  *  -  —  2Af,  eo»v(|. 


!r>.36) 


hot  u«  designate: 


-i~<! +  #'*«{,) --X., 


Mt) 


COS I.,  w  »• 


(b ,38) 


Let  us  doiormine  the  geometric  meaning  ol'  jp,  Krom  (5*3(0  it  follows  Mutt,  when 

^  a  ?  rt 

o  u  o,  z  -  90  j  in  this  c aat  from  (5.31)  w«  find  that  n ^  •  cob  cob  A^,  i;hen: 

i.e.,  we  obtain  formula  (8.84).  Consequently,  by  IL,  it  is  neoesuary  to  understand 
radius  of  curvature  of  normal  section  at  current  point,  in  thin  case  at  !’?.  There¬ 
fore  by  the  formula  (5.38)  it  is  possible  tu  satisfy  the  calculation  only  by  a  method 
of  successive  approximations.  In  the  first,  approximation,  It  is  possible  to  naturally 
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. . 


*  :<Kn  '  : m?'  -vr  i w  ..  y  ^ , . ....  ,-y-t  _  v • 


(■..'ik" : 


-i—wtshi 

"l 


olrirp  -r^j,  then,  considering  (5.37),  we  obtain 

8,coi?„  ■»  8,co»zfl.  ( '  • . 

rt.l'.i  »-,  from  second  formulas  ( 5 .  ?8 )  and  (b.il)  it  fol  Iov.t.  that.: 

H,  tin *lr  4, nos fl,  -  —  A’, sin *„  tin  <4, cot  B,.  (  t-  _  iio ) 

The  rltroot  and  inverse  geodetic  problems  can  be  resolved  by  Molodenskly  mel.(;ori 
by  the  formulas  (5. ?9) ,  (5,?4)  find  ( 5 . Vj } .  Inverse  probLem  Is  resolved  directly  hy 
these  formulas  for  significant  s,  and  the  direct,  problem,  according  to  method  of 
approximations.  However  for  the  solution  of  the  direct  problem  these  formulas  should 
be  applied  In  a  somewhat  different  form. 

Dividing  the  first  of  equations  (‘j.?8)  by  the  second,  we  obtain: 


Ctg  + 

•it  *  *s» 


(5.41) 


tltiplylng  the  second  of  equations  (5.?8)  by  (—  end  third  by  cos  B0 

v  »■»/  /  K *  '■ 


and  adding,  wo  obtain: 


Nt  »ln  (B,  —  8,)  ■>  A^i  if n  fl,  cos  8,  +  n„7-£-  c«s  fl, — m„  ■  B>  .  (5.4?) 

The  back  azimuth  of  a  cord  is  determined  by  formula  (5.55). 

By  the  formulas  (5.41)  nnd  (5.42)  l  and  6 B  are  determined,  but  for  application 
of  these  formulas  in  practice  it  is  necessary  to  first  calculate  z ^  approximations 
by  formula  (5.38),  The  number  of  approximations  is  determined  depending  upon  the 
length  of  a  chord.  Por  distances  s  <  100  km  it  is  possible  to  be  limited  to  only  one 
approximation.  For  i"  ,>  ICO  km  by  two-three  or  mor-,  in  order  to  retain  fractions 
thousandth  of  a  second  in  azimuths  and  eight  decimal  places  for 

Method  or  chords  in  that  form,  as  proposed  by  M.  S.  Molodenskiy,  fully  resolves 
the  problem  on  hand;,  besides  the  formulas  are  obtained  in  the  form  of  closed  combina¬ 
tions  of  elementary  functions.  For  short  distances  these  formulas  are  less  convenient 
for  practical  calculation!;  than  the  formulas  of  Schreiber,  Izotov  and  Gauss,  since 
here  it  is  necessary ..to  deal  with  a  method  of  approximations  and  calculation  of  trig¬ 
onometric  functions  of  acute  angles,  As  it  is  known,  the  interpolation  by  tables  in 
these  cases  is  very  labor-consuming.  Geodesists  are  familiar  with  this  circumstance, 
therefore  they  always  prefer  to  convert  from  trigonometric  functions  for  acute  angles 
to  angles  with  the  aid  of  aeries.  Schreiber,  Gausb  formulas  and  others  are  built 

*.;53- 


thus,  !  :'  l.ow'v.r,  from  utilizing  the  Muiudenskly  method  wo  convert  from  t. rl gonometrli 
functions  of  acute  angles  i.o  angles,  t.n <-•’  one  of  the  advantages  of  eriord  method  Is 
lost.  Comparison  shows  that  the  volume  of  enl cut at  1 nns  In  apgl  1  e.a  M  or.  of  presorted 
Mo  In  leiisKly  method  Is  somewhat.  greater. 

In  Uu.'  work  of  Candidate  of  Technical  Sciences  V.  K.  Yeremeyev  "formulas  and 
lalles  for  lla  leu1  at  Inn  of  tiendrt.lc  Coord  Inn  ton  according  to  Molodenskiy  Mel  hod"1  are 
given  practical  formulas,  and  models  of  necessary  mules  for  the  resolution  of  geo- 
det  ie  problems  and  examples  of  e.alculnt Ions . 


S  THK  INVKRMK  GEODETIC  ITiOpLKM 

The  inverse  geodetic  problem  is  the  determination  of  length  of  geodesic  and  Its 
azimuths  at  at  Its  terminal  points  by  geodetic  coordinates  of  these  points, 

This  problem  as  compared  to  direct.  Is  in  practice  resolved  less  frequently.  If. 

r. 

can  be  resolved  by  .any  inverse  formulas  of  direct,  problem,  but  the  most  rational  res¬ 
olution  is  obtained  by  the  formulas  with  mean  arguments. 

Let  us  rewrite  formula  ( 5 . 5?6  ’ )  ir,  such  a  form: 

If*  -  sc.js  A.  +  v, /’cos’ /;„  +  .,**  +  *,M»  +  «,/\ 

le  l  -  le(2L,  Hit'  Am  ice  nm  +  -L  ,r-  sin*  +  , 

4  15 

lg«  -  If /sin  Bm  +  uP  m*  fl,  +  .,«•  +  »»/*  +  »  6'. 

In  these  formulas  correction  terms  ft  ,  \  and  a  are  substituted  correspondingly 

rn  m  tti  ■ 

by  b,  l  .and  l  sin  'ft  . 

Let.  us  take  designations  according  to  geodetic  tables.  Let: 

Jgtcct  ■» IgQ, 

If  Jslfl/I,,  —  If  P, 

4lg(«co»^.)  ■  —  —  s,4*—  «,**/•— *,/*. 

A  If  (t  tin  Am)  v  /•,!„•  fl;  ^  . 

A  If  n  ■>  *,  P  cot’  Bm  -f- 1,*1  —  i)  b*P  +  »»  /*  +  «  6’. 

With  these  designations: 


%Q  -  >« +  A  ls(scos^at> 
^^->1—=- +  4^*1"  4^. 

»•  %«•-!* /*ln A. -|  Alfa  I 

*•  %U^«“l|/,-lg9  I 


(5. 45) 


1 Works  of  TbNIIGAIK.  Issue  121.  M.,  Geodezizdat,  1957,  p.  77-11?. 


(h.vo 


3.  If «  —  lg/*—  Igslii^.—  IgQ— •  Igcosd, 

A,  -  Am—-ja" 

Ai-A-+~«"±!80* 

These  formulas  are  applicable  to  distances  of  600-700  km.  If,  however  the  dis¬ 
tances  and  azimuths  are  required  to  be  known  less  precisely,  for  Instance,  a  distance 
with  accuracy  up  to  decimeters,  but  azimuths  to  tenths  of  fractions  of  a  second,  M.en 
these  formulas  can  be  applied  for  distances  on  the  order  of  800-1000  km. 

If  in  correction  terms,  the  terms  with  factors  (i  =  1,  2,  i,  are  dropped 

they  will  become  useful  for  s  s  200-250  km. 

However  In  practice  more  frequently  it  is  necessary  to  resolve  problems  for 
distances  on  the  order  of  length  of  a  side  of  1st  order  trlangulatlon.  In  such  a 
cast'  correction  terms  are  greatly  simplified  and  take  the  form  of: 

A  lg  (s eo*  Am)  -  —  ~  .  /» —  -L  v  /» sin* 

A  lg  (j  sin  Am)  —  -j-»A* p%  in*  Bm, 

Alga-  4,*'+ 

i  ? 

Consequently, 

Iga'  -  Igfslr/J,, d  AIr«" 

•eit'/ii-  igP-igQ 
Igj  -  IgP— -IgsinA.-lgQ  — lgcosd„ 

A  ■■  4»  “ 

*-  +  -5-«"±l80’ 

Krrors  in  lg  t.g  Am  are  composed  of  errors  lg  b  and  lg  l .  Let  us  consider  the 
problem  of  accuracy  in  obtaining  azimuths  by  resolution  of  inverse  problem. 

We  have 


whence 

A<4.-Alg(tg 

&» 

■i  *  ©  ♦  $ 

A  Igjtg*.)  J-  p». 

Inasmuch  as  lg  tg  is  obtained  as  a  difference  of  logarithms  P  and  Q,  then  it 
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Is  always  possible  t.o  allow  that,  the  trror  can  be  equal  to  two- three  digits  of  the 
last  sign;  rind  in  case  of  eight-pl;  oi  calculations  two-three  digits  of  eight.!:  decimal 
place.  Consequently,  If  is  possible  to  take: 


then 


4  If  If -4.  *3-!0-\ 


A  Al  *  - 


J  tn» 


Thus,  wo  arrive  at  I'onvluslon  that  azimuths  *'ron  inverse  geodetic  problems  at. 
accepted  accuracy  of  calculations  can  be  obtained  with  accuracy  of  up  t.o  O',1 '01. 

examples  of  the  resolution  of  Inverse  geodetic  problem  by  the  formulas  (b.  4ci) 
and  (b.  43 )  ••  ( n,  44  )  are  given  in  "I'ractLcuin’1  (p,  28  6  end  288)  and  in  "ueodesic  Tables" 

(p.  22  und  2b). 

In  tdils  chapter  are  presented  basic  methods  of  calculation  of  geodetic  coordi¬ 
nates,  having  practical  and  methodical  value.  1'or  application  of  these  methods  in 
practice  in  U.f :>K  formulas  and  fundamental  geodetic  tables  are  developed.  Wild)  the 
presence  of  these  tables  geodetic  coordinates  are  calculated  very  simply  and 
precisely. 

The  more  practical  for  calculation  of  geodetic  coordinates  of  1st  order 
triangulntlon  points  are  bchrelber-Izoiov  formulas.  By  simplicity  and  accuracy 
these  formulas  completely  answer  theoretical  and  practical  requirements  for  precise 
calculations  of  geodetic  coordinates  of  1st  order  triangula .. ion  points. 

Oauss  formulas  although  they  ensure  great  accuracy  and  have  simpler  construction, 
are  nevertheless  in  their  application  in  practice  are  somewhat  complicated  from  the 
method  of  approximations.  Therefore  they  should  be  used  for  control  at  second  hand, 
as  was  .already  indicated.  For  control  of  calculations  of  latitude  a.:d  azimuth  it  is 
possible  to  use  the  fundamental  equation  of  geodesic 


r,  sin  A,  —  —  r,  sin  A,  ..r  (2),eos  W,dn  A,  —  —  (■J),  cos,  fl,hn  At. 

In  transmission  of  coordinates  to  distances  on  the  order  of  500-400  km  formulas 
with  mean  arguments  in  combination  with  Sch.reiber-Izotov  formulas  should  be  used,  , 
i.e.,  for  obtaining  coordinates  for  first  approximation  Schreiber-lzotov  formula  a 
should  be  applied.  From  this  resolution  of  differences  of  latitudes,  longitudes  and 
azimuths  will  be  obtained  with  an  accuracy  of  up  to  O'.'Oi.  After  that  for  obtaining 
unknown  values  with  required  accuracy  it  will  be  sufficient  to  make  two  approximations. 
However,  euch  problems  are  met  comparatively  rarely  in  practice,  and  in  every 
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individual  cibp  met hod  of  resolution/  conforming  v«iu.  i.ne  r-vnil cements  i.f  racy 

should  l  e  established. 

The  inverse  geodetic  problem  both  for  short,  and  long  distances  (noo-yoo  km)  are 
test  resolved  by  the  formulas  with  mean  arguments . 

Method  of  resolution  cf  geodetic  problems,  proposed  by  Molodenskiy,  yields  to 
fcl’.rieber  methods  and  to  mean  arguments.  Therefore  it  should  hardly  he  r  riMoned 
for  Its  application  In  mass  geodetic  calculations.  Approach  of  M.  A.  Mo lode-os  Iv 
has  methodical  value,  Inasmuch  as  he  expands  our  knowledge  In  an  area  of  resolution 
oi'  geodetic  problems. 

On  calculation  of  geodetic  coordinates  there  exists  in  extensive  special  1  I  s 
attire,  Scientific  investigations  in  this  direction  are  sl3o  being  conducted  at. 
present.  In  particular,  attempt  is  being  made' to  apply  to  resolution  of  geodetic 
problems  the  methods  of  vector  analysis.  First  investigations  in  this  direction  re¬ 
veal  advantages  of  methodical  character. 

For  practical  purposes  tables  of  Bulgarian  Academician  V.  K.  Khrlstov  should  he 
published  with  proper  changes  and  supplements,  for  nonlogarit.hmic  calculations  of 
geodetic  coordinates. 

Contemporary  scheme  for  state  1st  order  triangulation  of  USSR  anticipates  con¬ 
struction  of  triangles  with  sides  on  an  average  cf  20-25  km.  In  other  measure  such 
distances  on  Earth's  surface  in  differences  of  latitudes,  longitudes  and  azimuths 
corresponds  to  700"-800"j  for  calculations  of  such  lines  with  an  accuracy  of  up  to 
O'.'OOOI  It  is  sufficient  to  apply  tables  with  seven  decimal  places.  Therefore  It  is 
expedient  along  with  eight-place  geodetic  tables  to  have  seven-place  geodetic  tables. 
They  can  also  be  used  for  educational  purposes, 

iluch  tables  were  composed  by  the  author  on  a  chair  of  higher  geodesy. 
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CHAPTER  VI 

RESOLUTION  OF  GEODETIC  PROBLEMS  FOR  LONG  DISTANCES 
§  30.  GENERAL  CONSIDERATIONS 

In  resolution  of  geodetic  problems  short,  medium  and  long  distances  are 
distinguished.  Usually  by  short  distances  are  implied  lengths  of  sides  of  1st  order 
tri angulation  mean  are  lengths  of  diagonals  of  one  or  several  sections  of  trlangula- 
Uon  and  long  distances  are  on  the  order  cl'  radius  of  the  Earth.  Referring  these 

distances  to  mean  radius  of  the  Earth,  we  obtain  numerical  characteristics  of  their 

2 

order.  Ratio  of  small  distances  to  radius  has  an  order  e  ,  of  mean  distances  e. 

0 

The  relation  of  short  distances  e  Is  the  value  of  first  order,  for  the  mean,  and  the 
value  of  the  second  order. 

Ir>  derivation  of  formulas  for  transmission  of  coordinates  to  short,  distances 
power  series  were  used  in  the  preceding  chapter,  i.e.,  factorization  in  series  by 
powers  of  s  of  the  differences  of  latitudes,  longitudes  and  azimuths.  Such  series 
quickly  converge  and  give  convenient  formulas  for  practical  calculations.  When 
distances,  close  in  length  to  the  radius  of  the  Earth  R,  or  great  R,  the  application 
of  series  is  practically  Inexpedient,  since  they  converge  so  slowly  that  it  Is 
difficult  to  establish,  which  terms  must  be  retained,  and  which  should  be  dropped. 
Where  >  1  subsequent  terms  of  series  by  absolute  value  can  be  greater  than  the 
first.  In  other  words,  series  by  ascending  powers  of  ^  cannot  be  used  for  great 
distances  in  resolution  of  geodetic  problems. 

In  resolution  of  geodetic  problems  for  great  distances  series  are  also  used 
however  they,  as  a  rule,  are  designed  by  ascending  powers  of  e  .  We  already 


encount  ered  t.’.e  us#*  of  sue!;  series  ir.  calculation  of  lengths  of  arc  of  t  lie  meridian. 
These  series  possess  properties  of  geode* ic  series.  They  a  re  sign  changing  arid 
rapid! -conve  rr  1 

it;  'i.is  and  preceding  paragraphs  we  consider  geodetic  problems,  in  wliic!:  s  cart 
.Tea'  ad  needed. 

i'ut  for  geodetic  targets  necessity  of  resolution  of  a  problem  for  very  ureal, 
distances  is  very  rarely  encountered.  Transmission  of  coordinates  for  ('.rent,  distance 
car  arise,  for  instance,  d  rlr:.  eorir.ee *. t or.  of  separated  geodetic  nets  of  con'  Irients , 
However  In  radar  navi ra Mon  and  rocKet.  technology  the  necessity  for  resolution  of 
ouch  problems  appears  frequently.  Ttierefore  tlie  resolution  of  geodetic  proi  lems  for 
.Tea-  dis'.ances  ins  .actual  practical  and  scientific  value. 

First  general  question,  which  appears  in  connection  with  transmission  of 
coordinates  for  great  distances,  pertains  to  the  uniqueness  of  solution.  The  direct, 
r.eodet  ic  problem  is  always  resolved  simply,  11‘  the  difference  of  the  longitudes  of 
terminals  of  geodetic  lines  are  less  than  l8o°.  This  position  is  based  on  equation 
r  sin  A  r>  c,  from  which  it  follows  that  through  every  point  on  a  spheroid  under  given 
azimuth  A  can  pass  only  one  geodesic.  At  the  given  length  of  line  and  azimuth 
coordinates  of  a  second  point,  are  determined  if  coordinates  of  first  point,  are  known. 

Tiie  inverse  geodetic  problem  is  also  resolved  single  valued,  if  the  shortest 

distance  between  two  given  points  is  determined.  Uncertainty  of  resolution  arises 
in  casts,  where  the  difference  iri  longitudes  is  equal  or  is  close  to  lBO°. 

If  a  bundle  of  geodesics  was  presented  passing  through  point  P^,  then  for  this 

bundle  it  is  possible  to  expose  an  ast.roldul  evolute,  whose  center  coincides  with 
point.  PD,  diametrically  opposite  P^,  where  coordinates  will  be: 

•»*-**,• 

ip-l,±lW. 

Kvolut.e  axes  and,  consequently,  their  vertexes  fall  onto  a  parallel  and  meridian 
of  point  (Fig.  72),  In  Fig.  72  dotted  lines  depict  evolutes  of  bundles  of 
geodesics,  emanating  from  points  with  latitudes  0°,  30°  and  60°.  Geodesics  are 
depicted  by  straight  lines,  0-180°  line  depicts  rotation  axis  of  a  spheroid  and  line 
90°-270°  depicts  the  equator. 

Outside  the  evolute  of  point,  a  bundle  of  geodesics  will  form  a  field,  in 
which  through  every  point  of  a  spheroid  passes  only  one  geodesic.  From  Fig.  [2  it 
follows  that  the  direct  problem  is  resolved  by  single  values  for  points,  located 
outside  the  evolute  of  point  P^.  However  single  value  solutions  of  inverse  problem 
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-l5l- 


Of;  Ik  gpunr  )1J 


On  »  aphftr* 


Fqm'loiis  (’-.})  '..re  the 
basic  first,  o rd e r  dl  riVrent i 1 
« ■  <  1 . i ■  i 1  on :■  for  nht  a  i  nl  ng 
lengths  of  .'ire  of  a  geodesic 
and  differences  of  longitudes 
of  it.s  terminal  points, 

However  integrals  of  these  differential  equations  are  not  undertaken  in  elementary 
functions.  They  must,  be  found  l\v  means  of  factorization  of  sub  radical  expression  in 
i  'W"f  r.'-r!  ri. . 

for  Integration  (6.3)  we  will  nc.  jn.pl  Is!)  the  substitution  of  a  variable,  i.e., 
express  u  in  corresponding  formulas  by  o. 

I.e t  us  assume  flint  geodesic  s  between  given  points  and  r’  on  ellipsoid  and 
Corresponding  to  arc  of  n  great,  circle  o  on  an  auxiliary  sphere  (Fig.  74)  is  given. 

Let  us  extend  .arc  s  and  o  to  their  intersection  with  the  meridian  at  right  angle. 

t 

Those  pol.nl  s  of  intersection  we  will  designate  accordingly  by  P(1  and  I'  5.  Latitudes 
of  points  P.  arid  P(^  we  shall  designate  by  and  u^,  n  connection  between  them  will 
be  determined  by  the  well  known  formula; 

!g«»~  V I  —  **tE0i 

i  i 

Let.  us  designate  .arc  1'^  i'()  on  all  auxiliary  sphere  by  ‘10  -  7. 


From  spherical  right-angle  triangles  PpP  P^  .and  I’^P  Pq 

eo»v,«fto»W4ln^,  "  | 

COSi  Ax  tm  Ct4>  (HO*  —  U,)CtK  i  j 


or 


further 


llflu,  — 


tin  «! 
•hr? 


(<  .4) 


(f-.h) 


(-.«■) 


From  triangle  PgP  PQ 


or: 


tot*u  «  I  —  »ln*M|.»ln*(>  +>»). 

Substituting  (6.7)  into  the  first  of  (6.3),  we  obtain: 
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(6.7) 


»**••■•***:.  -iv, 

••• 

■a 


r.vp i 2)  FlpV- O  V1^'-  V: 

•.  v.-V-V-  .»  .  V  •.  M  i.-it; 

;  *  .  ■  rr  •  -»•  t, 


‘  'WUMNNlKM 


V'-l 


■••is* 


I'll t.  ! 


fif'd  ! ;/ : i 1 1 1. 1  ng 


Wl-  III'  I.. 'I  ill 


dimmed  I  — <*-t  «»>ln'i».*iii*(?+«)  da  — 
V  I  —  f*  •  J,  ^  I  +  +  »W« 

•  V  I -r*  -  6, 


f’llm/i  ■  *, 


<i«l  /  I  +*,>in,(f  +  «M« 


("••n 


or 

Where 

«'■♦+«,  da'mda. 

Kxpresaion  (6.8)  la  a.i  elliptic  integral  of  second  typo.  Thus ,  the  length  or 
arc  or  a  geodesic  is  an  elliptic  Integral  or  second  type.  :Unoe  where  B  -■  H,  a 
variable  of  o'  will  equal  zero,  then  the  lengths  of  area  a  are  conn ldnrod  from  one 
meridian,  and  namely  eastward. 

Consequently , 

I  •  (h.O) 

Where  l'(K,  o')  are  tabulated  elliptic  integrals  of  Becond  type. 

.11*  extreme  latitude  BQ  ia  given  for  the  geodesic,  then  (6,9)  given  length  of  arc 
between  pointa  with  latitudes  ur.d  BQ,  But  If.  beBldea  B^  and  Hj,  there  la  alBo 
I*  1  veil  I  .M  tilde  B,.  then  length  of  arc  between  pointa  and  I’,,  will  he  obtained  an  a 
ill I'l'ei'enei1  of  elliptic  Integrals,  l.e., 

Formula  (6.9')  dan  only  bo  used  when  detailed  tables  cl*  elliptic  lnlegrulu  are 
available.  However  the  application  of  tables  of  elliptic  Integrals,  or  integrals  of 
Legendre,  lo  hampered  by  the  fact  that,  In  these  tables  interpolation  muat  be  conducted, 
by  two  arguments,  by  k  and  by  o',  frequently  with  four  differences.  For  practical 
calculations  this  method  of  calculation  of  s  requires  considerable  work,  although 
.geometrically  It  Is  simpler.  In  higher  geodssy  the  preference  Is  given  to  scrleo, 
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'  hiwmi  «■  *\«  i 


obt.-iltifl  ly  pneiorlzat.  Ion  Into  binomial.  Merles  '  Integral  eKprenslon  In 
|i*iri,  tit-  i.i !»•  ihiuiiliuii  l i..H) ,  !i(.rlea  time  ot  t,a  1  ii*.. .1  converge  very  rapidly  .i 
on  only  i'll*-  rK.nment. . 

MKTlIOn  WH  HKflfUiTI  ON  OV  M1HKCT 

iii:ol;i:rii'  ruop.i.KM 

K>r  length  oi‘  arc  r.  hi  preceding  •■araf/riipl)  we  obtained: 


.nr  rlgi.t 
id  depend 


We  have: 


<  l  i  ••  \  1 1 


I  |  t*  Sill*  a*  «,V. 


Y  1  |  -  1  +  ~  klnV-  ~nn‘ a*  + 


klnV  ••  -i - ~«oi2*’, 

»Wi*  |‘  -  - j-  CM  V  +  -j-  coi  V, 


wf-  obtain: 


'leu  ly.nat.e: 


('.oiniequyntly , 


Y » +*wtv  -  (i  +  -"** -•-—**) ~ 
— L  .  ,  , 


rf-i  +  T*.--^*  •  •  • 

•  •  • 

c  JH_ 

lit  ”  '  * 


>-|J\i4  —  flcwli'  — 3Cco»4i’  I 


.  .  .Mf. 


Making  term  by  term  Integration  by  the  i'ormuluui 

»• 

f  cok3i’i«' «  -i  (kin  2t'  —  atit  8i*|  « kin  i  tut  (3»  *  •}, 
~(nln4i'— kln4*J|  —~kln3»cok(4k 

we  obtain 

«  t  (<4  •  —  B  kin  i  e*  (St  +  * )  —  C  »ln  9»  kin  (4  k  +  8  •)! 


('>. in) 


(fall) 


-154- 


-  Mil-;  ;•  M.^-V-’err  ,  ..  JJ  ,,,  ■■••«/  ■  .  ■  .. 


t. 


o  r : 


J.  +  i"»lnjcus(2}  1-0  |-~-j>"mii2j  c..s(4H-2:) 

M  r  <4  <4 


(1  .1?} 


£ 

? 


Wo  di*s  Ir.rialt.': 


+ pain  oeoi(Sj  +  «)+■  j»ln2Jcoj(4  >  +-2a). 


('-.I'-) 


(f  -I't) 


) 

i 


11 )  is  used  In  resolution  of  inverse  p coddle  problem  and  famuli' 

(n,M)  in  resolution  of  u  direct  peodetle  problem. 

Hoi. 1 1  by  the  formula  (o.U),  and  by  the  formula  ('-.1.4)  It  Is  expedient  to 
yalruiafe  necordliifi  to  the  method  of  consecutive  approximations. 


From  second  equation  (h.'i) 

- - •  .1  ,  i<  .  i*  rt»*  it 

|/  l— **cus*u  «  l  —  — cu»’«— yc01  - fj-~’ 


(n.lh) 


s 


from  ( i « . P)  and  ((>.4) 


Integrating  (n.2o)  and  taking  into  account  (a)  and  (b),  we  ot  tain 

/  •*  m  —  <*c«M«.|/ra  ■(-  H'% iiiac«'(2f  +  «)  +  ~  sin  2  ocas  (4? -f  2s) j . 


r,.| 

Or,  designating  n'  --  /IV’,  (!'  >■  H'r-i',  we  have  finally: 


/  =  <*  —  cos«,|»'a  +  (»' sinacos(2»  +  e)  +  ~'sm2ocos(l?  +  2s)),  ( ?p) 

e”  4 

The  final  term  of  thin  formula  can  be  a  maximum  of  T777-  sin  u^,  and  il,s  numerical 
value  is  always  less  than  u'.'OOOp.  Therefore  it  can  be  dropped  In  further  reckoning, 
in  solution  of  inverse  problem  t  is  Known,  therefore  cj  is  determined  by  a  method 
of  approximations  by  the  formula: 

«  •« /+  COSI/0[l's  +  i>*MII8CUS(2y  I  «)).  P.3) 

by  tne  formula  (",?3)  it.  is  also  expedient  to  calculate  by  a  method  of  consecutive 
approximations , 

Formulas  (i>.l4)  and  (n.P?)  are  basic  ,*n  resolution  of  straight  geodetic  problem 
by  t.he  hessel  method.  In  derivation  of  these  formulas  we  did  not  impose  any 
limitations  on  s  with  respect,  to  its  length,  therefore  they  are  applicable  t.o  any 
distances  between  points  on  a  spheroid, 

1  1 

hessel  composed  tables  for  values  of:  ,lg  u,  lg  fci,  lg  y,  lg  a  arid  lg  |3  ,  where 

the  tables  of  values  lg  a,  lg  (3  and  lg  y  ix-e  composed  by  argument  that  Lg  k  -  ig  e 

1  1 

sin  ut,  and  lg  0  and  gl  (3  are  by  argument: 


lg**  _  ig,  »ln  «> 

/  i-o,r$g 


1  1  • 

in  our  designations  u  ,  (3  and  y  are  functions  of  k.  Therefore,  selecting 
1  ,1  1 

lg  a  ,  lg  (3  and  lg  y  from  tables  by  argument  of  lg  k,  it  is  necessary  to  add 
constant  value,  equal  to: 


<• 

1  -e,rw 


Besides  the  shown  BeBsel  tables,1  in  19 53»  V.  P.  Morozov  Doctor  of  Technical 
Sciences  composed  tables  on  Dimensions  of  Krasovskiy  Ellipsoid  by  an  argument,: 
cos2  u0  or  sin2  AQ  for  a,  p,  y,  a  ,  and  0  . 8 


lF.  V.  Bessel,  Higher  geodesy  and  method  of  least  squares.  Edited  by  (J,  V, 
Bagratuni,  M. ,  Qeodezizdat,  1961,  p.  27?. 

*V,  P.  Morozov.  Formulas  and  tables  for  resolution  of  straight  and  inverse 
geodetic  problems  on  the  surface  of  earth's  ellipsoid.  (Publication  of  Military- 
Engineering  academy  imeni  V.  V.  Kuybyshev,  1958.) 
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A 


,  f 

professor  ti.  A.  IJ rainy  ev  made  his  own  t.nblec,  composed  for  k  and  k  according 
t.o  arguments  by  Bessel  they  are  Intended  for  nonlogarlthmie  calculations  and  require 
pan  bo  lie  iril.erpolat.ion.  These  tables  are  very  compact,  and  (..ike  up  only  a  quarter 
of  a  page,  but  are  somewhat  inconvenient  for  interpolation.  As  Bessel  tables, 

Urmayev  tables  are  .applicable  to  any  reference-eilepsolds. 

i  i  i 

Expressions  for  coefficients  A  ,  B  ,  C  .are  somewhat  simplified  if  r  is  expressed 

i 

by  e  by  formulas: 


l.liens 


#+»• 


-*»  +  «*+«*  +  .  .  . 
I  — 

# 

Vi  -  k 

»+  — 

V»-#* 


Consequently, 


A'«- 


»+*' 


/  #»* 

K  -  —tln'u,— —  »ln4«, 

C*«  ■?—  «In‘«. 


—  »ln,B«+  — fV«iin«u. 


♦+»* 

„  «•#*'  /V*  ,  , 


(6.211) 


(*•25) 


In  resolution  of  direct  geodetic  problem  according  to  Bessel  method  it  is 
expedient  to  hold  to  the  following  order. 

1.  Calculation  of  reduced  latitude  of  first  point  by  a  given  geodesic: 

tgfln 

2.  Determination  of  auxiliary  values  uQ  and  cp  by  the  formulas  in  (6.4)  and 
(6.5). 

i 

3.  Calculation  of  arguments  k,  k  and  selection  from  Bessel  of  Urmayev  tables 
of  lg  u,  lg  p,  ie  y,  ig  a’,  lg  e*. 

4.  Calculation  of  spherical  distance  a  by  the  formulas  (6.14),  where  for 
reduction  of  quantity  of  approximations  the  first  approximation  should  be  calculated 


*N.  A.  Urmayev.  Spheroidal  geodesy.  Editorial-Publishing  Department  VT5,  M. , 
1955. 


1 


457- 


by  the  formula: 

*i  ”  j- 

WMT.:  1',-KUF  cus'fi)  io  ’  .krn  from  geodetic  fables  for  Pj , 

‘..  Resolution  of  spi  urinal  triangle  Iff  (Fig.  74b)  by  Napier ' s  analogies 

J-  i 

f  lad  I.:-.,'  of  hr,,  u..  and  'Ju. 

1  ,  !>-i-i;-.|f  ioi  I’via  ■!  -mil  o'  ■  v  ;  .  : •  iii  A  by  to mini  as : 

I'l-V 

I  —  <•  — cosi/,|*'»  +  ?'»injft»(29  +  *)+  .  . 

In  rt-solution  of  the  direct  problem  by  Bessel  method  a  necessity  arises  for 
de i.enai nation  of  quarters  for  auxiliary  values  <»  and  u^.  For  that,  data  In  Table  *j 
can  be  vised. 

fable  _  §  33.  FORMULA 53  OF  PROFESSOR  A.  M,  VIROVETS 

Ai  ••  •  From  preceding  paragraph,  it  follows  that  Integration  of 

•>  «■  equations  (i';.3)  for  spherical  arc  leads  to  Bessel  formulas. 

9*»  II,  «M* 

IHil*  ini)*  _  u 

STu*  uo’-a,  9ii*  1  however  tills  Is  no;,  the  only  way  to  integration  of  these 

equations.  Integration  can  also  be  accomplished  by  reduced 
latitude.  For  that  it  is  necessary  that  do  and  doj  be  expressed  by  du  according  to 
corresponding  formulas. 


We  nave 


From  (''.?’■) 


From  (o.2)  and  (6.27) 


A  -d»CQ5  A, 
cosuslnA  —  c  —  coju* 


,0 . 

«N« 


(0.2) 

(o.?r,) 

(b,27) 


Further 


ra+u-i*  • 


tfaco**»dtiln  A . 

Substituting  value  of  sin  A  from  (6.26)  and  do  from  (6.28),  we  obtain! 

*• - ■«*  ....  . 

«•«  V  <«•'  k  -  r* 

Replacing  do  and  du>  by  (6.28)  and  (6.30)  in  (6,3).  we  obtain 


('••'28) 

('■•29) 

O.iW) 
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fa  m  *  t'l -<■*■*«  «»***» 
jt  *  v* i— !*««'»  *« 

cn>  Inl'l-I1 


(■■.31) 


We  obtained  differential  equations,  in  wMlc!  rip;! ; t  side-function  are  only  u. 
nt  miration  ot*  t.i<ese  equations  is  carried  out  by  means  of  factorization  in  scries: 

'/  1  —  C*  COs*a  mm  1  —  ,iicOS*U  — j-  f*CIS4U—  —  f'  COS*  II  ...  ('  .  *.f») 

f  $  16 

Kepl'iclng  in  (I. .31)1^  I  —  e’ cos’ u  by  series  ('',32)  and  being  limited  l-.y  terms  wit!- 

,'i 

e  ,  we  arrive  at  the  following  integrals  for  s  and  is 


a  f*f  gj* _ \-t*  t  tofu  <lu 

l)  S  J  fauU-i* 

•i  *< 

— Le>  ? — —  > 

I  J  | 

,..l?_$L=r_±,?_S 

I  J  nn  Icm'u-  t*  2  J  l  ci 


(-.33) 


CO)  II  rftl 


COa*  II  —  C 1 


«• 

_  P  tefudu  > 

I  J  I '"eo*1  v  —  c*  J 


(6.34) 


Substituting  |/’cos,w --t» « *  these  Integrals  are  reduced  to  tabular  form, 
We  have: 


t 


V; f ■  have  alee 


sic  U  —  tent 

ttinu  -  -'-ft*»in2»  / 

*  .  (.  •  -''i 

—  J-**sin?»sin** 

Jill -si.i  tut. lug  M:«  value  *>!'  integrals  In  taking  Into  account  '>>>).  (•  .17) 

and  (■  . 1H),  we  on  tain: 


a-H,- 2.*  i  V*)J(»,-»1*  + 

+  [y<*<l  - r»)  +  -i- r*(3  +  2r’ - .V)j(>in  2,. - >in 2s.)  ; 
+  J-~-c*(l  — c*j]f*in?i,sin'  »,  —  sill? i, si«i*a,)  J . 

i  -  <3,  -  ?,> + <  j  [4-  <■ + <-4  (' + «*>]  <*, - ».)  - 
~  [i'' (l  ~  (sin  2  a*  - sm  2  **> }  • 


(.".1.0] 


In  expressions  i’or  s  and  l  terms  with  er  are  dropped,  which  gives  an  error  for 
s  less  than  0.1  in  and  in  i  less  than  Ol'OOl, 

Formula  (m.19)  is  applied  In  solution  of  inverse  problem,  for  solution  of  the 
direct  problem  it.  Is  necessary  to  obtain  from  this  formula  (u^  - 


<*.-  hV’  ~  -  -£■  *  [l  +  ~c*(l  +  c*H-  (7  +  1 0c*  +  7c')]  - 
—  «*)  +  +  2r’  — 9c')J  (sin  2  a*  —  sin  2a,)  — 

—  p''|yp«4(l  — (•)*]  (*in2«,sin,»t  —  sin  2i,sin*»,).  ('  •  41) 

From  (••.>')  and  {■•.<») 


but 


ctgii  cos  A, 


el*u 


d|  It 

Vtt' 


where  B  is  geodetic  latitude,  therefore: 


-f 

Formula  (6.42)  is  applicable  to  any  point. 

For  r1 

I*,.-,  giAjaA.. 


('..42') 
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««*»-— 7=^.  -• 

V  i 

Angles  and  f3?  in  accordance  wilt:  ( >'  .  *7 )  -in 


determined 


1'rom  C'l’j.'i  1 1 1.  L  es : 


Hu.  T*>. 


t«?,  -eelc*,  l 


(6.4*) 


Hci'inM  rlc  values  of  [j^  and  arp  shown  in  rig.  !'•. 

1,;  resolution  of  direct,  problem  it  in  necessary  to  determine  r<?  a  rid  A.-,, 
i-rom  (f, and  (0.7>8),  omitting  details  of  computations, 

tgu  ■-  —  |/ 1  — t'&in? 


Igfl  —  —  |,-l~c*  tin  3. 

,  < 

Formula  (6.44)  is  applicable  for  any  point  on  a  spheroid. 
For  points  Pj  and  P2  we  have: 

»({«.-  4- 

V  i-T7* 

igfl.- ~!7^sin?* 

*  Vi-*> 


hence: 


Tom  (6.27) 


_J -  - 1  +  t«M 


(6.44) 


(6.40) 


•B"  —  — ===T 

Prom  (6.46)  and  (6.36)  it  follows  that: 


hence  in  points  and  Pg 


- - — . 

VTTh 


H^-r^Sas— i- 

yi-<*  nasi 

--===• -1- 

Ms, 


(6.46) 


(6. 46') 


-a*.. 


Consequently 


ws .  .1 1  c ; 


1  tin  at 


(■  .47) 


Hy  the  formulas  of  Professor  A.  M.  VLrovets  straight;  geodetic  problem  In 
resolved  in  the  (VI  lowing  sequences 

1.  t-tma,- . . . fl|  sin  At 

V  l  — 

2-  *8  >i  -  ■/*"'-  «*  K 
Vi  -** 

3-  <*«  —  *«)" “P* —  *,)c.>i(i,  -f  j,1  4- e(?ij  —  ii, ). 

(j^  -  u^)  is  obtained  oy  means  ol'  consecutive  approximations. 

«•  *i  -  >i  +  (*»  -  *«>. 

5.  tg3,  -COSU.ctRl,, 

6.  Ig?,  —  cosh,  etc 

7 I-  t'4  —  3<)  i  fl'cos«t(a,  —  a,)  +  r‘  c  sill  (a,  —  a,  1  cos  (a,  +  a,). 

sin  Pi 

9.  If./IJ-lcA,^. 

'  1  alii  a. 

In  these  formulas  following  designations  are  taken; 

jl+-j-‘VI+«.)  +  ■J+\0c*  +  7<'H-  .  .  .j 

•  •  • 

r  ““p"  (lF  •40~c,)+  ...  j 

m,  m  sin  2 1,  sin*  a;  m,  »  sin  2  a,  sin*  a, 


(«■.*») 


Given  formulas  in  somewhat  different  way  were  first  obtained  by  Professor1  A.  M. 
Virovet3  in  1935. 1  If  t.hey  are  compared  with  Deanel  formulas,  then  it  iu  possible 
to  expose  the  following  coincidences: 

»•  •  - 
fc  - - 

3.  a, « t0*-<  f, 

4.  itnmwcMUi,  T.  a.  mak90*—«w 

*  P--f. 

e.  «.«*. 

The  more  essential  is  the  fact  that  series  by  BeBsel  are  constructed  by  powers 
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?  1  2  2 
(,!'  k  •  r>  r.  In  u.j,  whereas  by  A.  M.  Vlrovets  by  powers  of  e  .  Put  thi  is  el  reams  t  rince 

!  'if.  li.er.  i '-  »•  i '  I  ’i  ni  *  •:  1 1.  '•  1  than  prat  1. 1  cal  Value,  since  the  difference  in  series  Is  t-cyi  *r'.il 

I, he  limits  ol'  accuracy  for  unknown  values,  which  is  considered  in  calculations. 

For  calculation  by  the  formulas  of  A.  M.  Virovets  detailed  tables  and  instructions 
wr  composed  by  the  .author  in  1Ti3.  Tables  contain  natural  meaning  or  values  p, 

i  i 

q,  q  ,  r  and  m.  Instructions  and  tables  are  published  in  works  of  TsNlitiAIK,  issue 
No.  In  the  same  text  resolution  of  inverse  problem  which  will  he  discussed  in 

?>  37  was  developed. 

investigations  in  recent  years,  among  them  those  of  an  author  show  that  in 
appllc  i Lion  of  formulas  of  A.  M.  Virovets  and  tables  for  them  It  is  expedient  to 
make  :i  number  of  changes  for  the  purpose  of  excluding  negative  arcs  as,  for  Instance, 

-  (rij,  -  n^),  —  (p?  -  (3^),  i.e,,  a  formula  should  be  transformed  for  them.  Tills 
requirement  lead3  to  another  composition  of  formulas.  It.  Is  possible  that  It  In 
hotter  to  have  tables  by  argument  cos  u  .  These  problems  require  special  Inver, •  Iga* 
Lion  with  which  the  author  is  occupied  at  present. 

Mlmple  comparison  of  formulas  of  liessel  and  A.  M.  Virovetn  leads  to  n  thought: 
that  they  .are  invariants,  since  in  basis  of  their  derivation  fundamental  equation  of 
geodesic  is  assumed.  It.  is  necessary  to  consider  that  other  variants  of  these 
formulas  are  possible,  which  will  be  obtained  by  integration  of  basic  differential 
equations  (6,3)  by  means  of  replacement  of  «  variable.  In  the  following  paragraph 
results  of  investigations  are  presented  of  certain  foreign  geodesists  concerning 
this  question, 


Lnere l ore : 


Hh'..  7«*. 


+  t*  Co&M,  »lli*a  rf  o, 


Ht'iv  in  ri  !  rl  1 l.;ine  e  from  oijirilor  1i'  IMII’  »••*!  1 1. 

point  on  auxiliary  sphere  along  the  arc  or  great  circle, 

oorinuponulng  t.o  ('.foilt’a li:  on  a  spheroid: 

/*  . — *  ~  1  -  1  -»*  -»• 

1  +  e‘‘  coi*  <1.  tin* »  —  I  +  ~  cu,Mtdt;*» — -  cot*  At  tin1  a  -f 

•f  ~«'*co»*4,tln*9—  .  .  . 

Iv 


*  —  *  cosM.>lu‘  >  +  ~-#‘,cojM.fln,ojtf«| 


Lot.  uu  designate: 


donaeiiuent  ly 


f  CO.'  A.  m  **, 

Y  J  »lnfi  •»  J$, 

-j*  |  tin1#  it  9  «.  J%t 

{ 

~jr  j ,ln''  “ J* 

-«+***;,  ,  ,  , 


i — ™ *»"'  «#  *  (»• 


2,  It,  IS,  .  .  1-2,  t,0,  ,  ,  .K 


•I,,,  J(| ,  i)1%  an'  Wallace  Integra in , 

Ail,,,  A»l ^  and  Ad (  are  dU'ferencuii  of  these  Integrals, 

Tables  of  VJuiincit  integrals  were  composed  and  are  need  in  Prunce,  They  are 
uimpler  than  Legnndre  table*  of  elliptic:  Integral* ,  sine*  they  are  compos  ad  on  one 
arguinwjit.  Tables)  enable  to  obtain  correction  t«rm»  of  formula  (L.'jO)  with  precision 
ol‘  0,0001.  In  USOK  tiiH*t*  tables  have  not  born  used  up  till  now, 

Integrals  J  sin"  odo  (it  1,  ?,  5  ...)  can  b«  expressed  i>y  forinuLuai 
°i 


.  r ..  ■  V  *  - -Vv r  <-;**  * ? 


therefore 

*•  *>  *■ 

I m  *»  —  *ln  A,  j  J  A‘d  <i  ■—  B'  ct)'1  A,  J  iln’srf  »-|  C'  c«wM#  J  mii*  a  if  1 J . 

•*  •»  •» 

Or*  ;tc  coir.pl  laMrift  t.r»rm  by  t.erm  we  oM.iiln: 

I!i' re 


M  |  'I  ' I 

Cona birring  former  ti.'jt t f.ii-*i t  Ion  k'  ■  e  '  mu'  A  )(  we  have: 

f  “  •  ~*»ln  4,(4“  •  —  8**' i /, 4- C*' i /«),  (i 

V/llOI'e 


Kormulnii  and  are  obtained  In  nucli  a  form  by  !,’i*r*n«j|i  I a i 

brvillola  and  Dupuy  ( V  ] .  *  Here,  ait  compared  to  !'*’«»«*  I  and  A.  M,  Vlrovei.it  rormu  *  A, 
a  now  Item  In  the  In'  ro*lu»  tion  or  Wallace  IhtOKralii.  Wlt.h  avnllahll  l  f.,y  ol'  Wall'  ■" 
i.alilou  of  lnt.'i'raln,  this  method  can  hr  used  on  a  par  with  ’Art) cel  and  Vlrovrl.tl 
method.! , 

§  V,,  HKt.MKRT  Ml'Tllon 

Krom  prrrinlliw/.  account  li.  lu  clear  that  sorted  for  a  aint  l  by  Heiidel  an) 
LrvaUola-Dupuy  |?  ]  work  on  ascending  powers  of  k  •»  r*  sin  u  }  »  a'  ecu  A^, 

I'herefore  from  the  point  of  view  oi‘  convergence  theme  series  an*  mpiivnlrnt, 

llelmert,,  for  nccelerutlon  of  convergence)  of  eerie*  and  convenience  of  solution 
of  inverse  problem  Introduced  parameter  k^  Lnstea.'  of  It,  which  lie  determlncil  the 
following  manner, 

bet  ua  ase.ume  that 

tgi**, 

tht.’i 

<«,4***#»*  <‘».‘>7) 
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on 


4  «  r  Cl  l?K 


(■•.'•7') 


I  Mi  lli'liniM’i,  p.'ii’Miiu- lor  t,l  u*  <1 1  ri'eriM'i.lnj  of  m  rc  of  gooden  It-  from  (o,  4)  will  i  nkr 


i*-B  f«|cuk  a  «'</«•. 


Integral  ol’  lengths  will  b<*: 


,..i£=2 


fir 


i  +*;  +  j*'cu>2»’  «*•*. 


<  4">.  •  lt4) 


Wll.li  iviipt’t:  I.  I.o  geometric  Value  of  it  it.  nliould  !»•  noted  t.liiil.  t.l .  ,v  .  <f  tin 
Pi'i'.'it  nlrrle  on  n  itphrrc  and  ;i  geodt'olo  on  an  cllipiiold  have  two  ciwiract.orlntle 


On  n  iptu*['i}  to 

p 


on  n  nph«r« 


^  J 


(k)  ^ 


point, o,  point  fit’  Int.ortn'ct  lon  with  equator, 
in  which  the  ar.Lmnth  1b  equal  to  A(),  mul 
point,  of  intersection  with  meridian,  when' 
ni’. Imut.li  lu  equal  to  «io0:  Uie  Ini, or  one  han 
maximum  lat.l  t.drte  along  t.ho  entire  e„t.ent  ot' 


In  our  <leB  Ignat, lonn  the  maximum 


vD/  lhUliuiiSB  u0  lire  on  tt  upbore,  nml  P()  In  on, 

Pip.,  77.  . 

n  opherold, 

Arc  o',  nt  in  Hesaol  mothorl,  it  counted  from  point  l'0  (Fig,  7?a  and  b), 

‘IV  nil  by  term  integration  fnct.orlS’.ed  in  binomial  nerlen  of  nub  Integral  exprettnlnri 

('*.*»•>>  given t 

1 "  *  I*’ +  (t  *'  *  r*  *•"<*’  + 

+^.*l*i!,ef*+  ,  ,  ,j  (M*>) 

Equation  gives  distunes  of  point  i'roin  point  ls0  along  th«  geodetic. 

:ir  we  apply  (<i,(iO)  to  two  points  of  geudsslo,  w#  will  find  the  shortest  distance 
between  them,  the  geodesic  *ro,  Lsaving  assignation  ■  for  this  urc,  wo  obtain  by 
(f,.60)t 


I  +  J.tf  |  /  (  v  i 


■f  ■jj-*feo»fli„»lii3t  J, 


whor^: 

+«;> 

In  riuiolut.  Ion  of  ’In'  illi’i'i’l.  prol'lnm  u  Is  ur.in  I  ly  unknown.  Ilrlmrri  mcnnii  of 
•i  ft.  1  !'  I  r  1  -i  I  l  r,u’:‘.form,i  l  loti::  with  i  nr  nr>lp  (r.MOl  rictorml  non  .'Vlirm.'l  t. 1  r.'i  I  1  y  till 
tlrrl  Vn  1.  iol.  Oulu'  i  11  Iwl  in  l.hr  !\  1 1  t 1 -w  i  up, , 

Will  i|rp  ip.tvit 

*d  + 

i'  _ _ , 

M»  -I 


(•'.'■I) 


i!ont:i'()urnl.  ly . 


for  oum'iiL  point,  of  grmlrtflc  IIHmirt.  find as 

*j-*i -•—»})  iittJi;  f"*?»in4«;—  .... 

wli'  i’n  >j  Mti>t  •iC"  i.’ount.i'J  from  polut.n  ;in<l  1'^.  Taking  il Iffort'iiurM  of  =ij  nnd 

i  i  i 

°i-l'  wu  °klnln  ai'berieai  iliatunce  bot,ween  poiut.n  1’^  and  i'j,. 

~~i* »)  co»>»;  tin  »•  +  c«»  9< 1 .  (n.f.:o 

iir  rr 


•;-i.  («;+»;) 


l-o runt l -*i  l:i  ii'ifil  for  ri'imlut.lon  of  illivri.  I'rodol.li'  prolili'ini  wlirri',  np  mr 

i 

In*  o»<rii  from.  (t'.n;’).  for  t.h«  drt.rrmlnnt.loii  of  o  ihr  mrUiod  of  approximation!:  lit  not 
rrqul  I’l’ii , 

Kor  dlffiiponeou  of  longlt.utlro  by  muuns  of  Bubut, ll.ution  of  vnrlnblru  u  mul  m 
from  (t',<)  Wf  ohtilni 


_ ,  f  ti,  lYJ) 

1  —  lU'  v «  wt*  f 1  •  1  ' 

OmlULng  drt.nl  In  of  oompututlons  of  lnlrgrut, Ion,  from  (('.,*•„')  for  l  with  llnlmorl 
jmrnmetirr  we  hnvai 


I •  i  —  J.  «<e«  «,  ( (l  +  ii  -  *±4,  -  -1*IK  - 
— -*pi,eo«8t^»ln*'  +  ~*feoi4»^»ln  J**). 


(tn6)|) 


In  ( 6,  (>4 )  following  U  t.nkcni 


Mam- 


+•;)••  i-L2~Lt-. 

.Sequence  ol'  resolu  t.l  on  or  the  direct.  p  rob  lorn  no  nerd  Inf,  to  iielmert  iiif’thod  to 
;ip|i rox lin-'itnly  the  same  ns  the  I'eaael  motl.od. 

1.  <1  i  loill.'il.ton  Of  U  given  I  -I  I- It:  I'll'  Ivy  rile  1'0  mu  1 M  ! 

tgu, «.  Y  i  -«* i|>fl,, 

! 

f*.  Onion] mi. ion  of  auxiliary  values  uQ,  unci  from  solution  of  spherlca  I 

i  i  i 

i- r.l  mi  ip,  l.i'  1‘^i1  l'j  by  the  formula:; : 


tf«;  - — 

*  1  »«»i 

CM  U,  m  COS  U,  tin  At 

1 

cmu,  ) 

I’or  oont.ro),  the  following  formulas  should  be  used: 


**••»  I 

?,  Calculation  of  n  by  the  formula  (6,6?).  Where  this  calculation  it; 
conducted  in  the  following  sequence. 

I'lNit  a'  is  obtained  in  degrees  by  the  formula: 

w-ik' 


fl  “  llt’l 

,+t5 

cl  *  T  p  1  X, 

*  * 


Having  s'  and  a|,  we  obtain  Bg  and  s^. 

After  that  apply  formula  (6. 62)  1b  used  in  the  formt 


••  a  »‘  +  Q(  enJi^iln  f  +  Qf  cM<s^iln2»'  J  <J,coi6j;sih3i’i 


coefflclente  Q^,  Q.&,  Qj  are  equal: 


••  •• 


;  .»?  f  jfiVi--- 


a  t' 

Coefficients  k., ,  1“.,,  Uj  »  0.,  iiul  ■ire  taken  from  the  tables.'  Tables  for  TT, 
are  (•<)!!![)<.  sf-j  for  each  ellipsoid  and  IV...  '.L-,  and  are  taken  as  fun*'  t-lonr  of  , 

Coilf  iy ,  with  aval  lab  I  1 1  ty  of  table  for  k^  tables  for  C,'^  ,  Q0  and  Q  ^  arc 

applicable  i\,f  any  rcfereticc-i'l  1  Ipsold. 

!t .  Calculation  of  latitude  IV,  ana  tack  azimuth  A„. 

i  i 

After  find  lilt  ■'  calculate  i  .  Vy  the  formula: 

I>  Is  for  the  determined  with  control: 


c mu, 

lint! 

coiw,  - - * 

Unit 

co»A, —  tg«;w«« 
KfB,- 

V\~+ 


h,  Calculation  of  differences  of  longitudes  by  tnc  formula  ((>.64),  For 
.practical  application  this  formula  la  recommended  to  be  transformed  thus: 


where : 


/  -  \  —  co»u,  (P,  o'  —  Rt  c(» 2>^ sin  j’  +  Kt  coi  kin  2»‘  , • , , . ), 


*. 

*. 

8* 


*  P  4  ,»  f 


»  7 


*2 
*  p 


C».(>7) 


Coefficients  11^,  R?  ami  are  taken  from  tables  and  also  by  argument.  TT^,  Hy  t.hu 
formula  (ti.f>4')  l  Is  obtained  In  degree  measure. 

In  resolution  of  geodetic  problem  difficulties  arise  In  det.enninat.lon  of  the 
sign  and  quarters  for  auxiliary  values  \  and  o'.  Table  0  gives  orientation  for 
determination  of  quarters. 


4Shown  tables  are  composed  <  .  dimensions  of  liayford  ellipsoid  by  Herman  geodenis 
Baudmuller  (?)  and  are  found  in  Las  work  on  "Formulas  and  tables  for  calculation  of 
direct  and  Inverse  geodetic  problems  for  long  distances  for  International  ellipsoid. 
Munich,  1955. 


Th t  ie  <■ 


Methods  preserved  In  preceding.  paragraphs  do  not  exhaust.  ill  poHRi.lillit.irr.  for 
resolution  oi'  problem  by  equations  ('•■3).  They  differ  rssent.  1  n  1  ly  ly  a  mr-t.hod  of’ 
integration  o  P  equal. lone  ('•.?)  :md  modification  of  series  for  i;  ind  l  by  men  nr.  rf 
introduction  of  parameters  k  or  k^ .  Differences  In  methods  of  Bessel,  A.  M.  Vlrovnr. , 
Levnllols-Dupuy  (?)  and  Helmert  with  respect  to  accuracy  and  speed  of  resolution  can 
appear  imperceptible,  if  nil  possibilities  for  simplification  of  calculations,  taking 
Iril.o  account  peculiarities  nnd  structure  ol'  formulas  are  fully  used, 

On  a  basis  of  considered  in  this  chapter  methods  there  is  Ulalraut'a  (?)  equation 
and  ensuing  from  it  position,  that  for  every  geodesic  on  a  spheroid  there  corresponds 
a  definite  arc  of  great  circle  on  a  sphere  of  arbitrary  radius  and  correspond  Ini' 
points  of  this  arcs  of  latitude  are  equal  to  reduced  latitudes,  and  nr. limit  let  to 
azimuths  of  geodesics.  In  this  interpretation,  first  determined  by  Beusel,  tin;  mu  tor 
la  not  about  the  presentation  of  a  spheroid  on  a  sphere,  ns  It  is  incorrectly  treated 
hy  certain  authors,  and  all  the  more  so  not  about,  spherical  resolution  of  a  problem, 
but,  about-  a  very  important  interpretation  of  geometric  properties  of  geodesic  on  u 
spheroid.  The  shown  property  of  geodesic  leads  to  the  fact,  that,  if  one  were  to 
connect,  two  pairs  of  mutually  corresponding  points  on  u  spheroid  and  a  sphere  with 
northern  poles,  a  mutually  corresponding  geodetic  nnd  spherical  polar  triangles  will 
be  obtained,  which  will  be  right-angle,  when  azimuth  in  one  of  n  pair  of  point. o  is 
equal  to  90°. 

Front  the  point  of  view  of  rapidity  of  convergence  of  series  and  uniformity  of 
resolution  direct  and  inverse  geodetic  problems  by  Helmert  method  should  be  given 
preference  to  one  before  the  other,  if  sufficiently  detailed  tables  for  coefficients 
TTj#  l’?>  Qj,  Q2i  Qj,  Rjl*  Rs  and  Rj  are  available. 

§  56.  INVERSE  GEODETIC  PROBLEM 

Transmission  of  geodetic  coordinates  for  distances  of  thousand  kilometers  up 
till  now  is  used  in  world  practice  of  geodetic  work  only  in  particular  problems, 


T  if  rvr’nri-  t.’.eti.odc  ,.f  ta-Si' I ‘it.  i  i -u  i.h;.-.  jr.it.  1 1 1  rij  ir.  (•  r**i*fi  1  iif'  pa  rap  rapist 

i.  iVc  Co  f  ir  only  t  ht-o !*■  •  I.  1 1-  1 1  Vil-ie,  wi.lcl.  allows  Itvpcr  study  of  /'■•olsiel.ry  hi'  Un* 

:-« i r- t srrectrlal  spheroid. 

H.iwi-vr  r  resso  t  at  1  nil  nf  lnvrsi-  geudet  j  o  proli  I  •!  .ii'lc  nnin'ii  ion  i>f  'it  at  *i  iu:  * »  and 
: i .•  i n.u t.l in  ■ti-eor-llng  to  coordinates  of  two  points,  li.'ic  both  Uiooret lea  1 ,  'imJ  prat:  flea  I 
V '  *  1. !  *  *  • .  i  •■•Vi- 1  -i  j  •.  of  ivckt-t  i.t.-jiiiiolUfjy,  radar  in  vlga  L 1.  on  ,  In  l.t*  i'ij.-i  t  Iona  1  b  fo.'idea;;  I  l  up; 
'in  I  'i  I  r  navigation  rr.ji !  r.  r.  iri  ■  r;:. !  i;  a !  oil  if  d  I  1  ■  •  ••  ■  viT'.y  <  i  ] : ;  t  .’■■,!  point.'. 

of  t  ifi  i. . . .  '1 1  re.1 1. ;  unit  bei-wian  these  |ol>its.  J  t.  lr.  true,  now  these 

i-i  qi.i  is  jin  i,i  i-  i.-  hi  t.r  :j.i i. Is fii;d  ey  me  thuds  of  uppruxiiuuLiuii,  but  it)  Lillie.  when  ;i  single 
W'>rll  j'.rn.lrl  |e  :  i » •  t.  will  In'  ()  r< :  :i  l.i-.l .  ry  n1!  rrSOl  t;t,l  our.  of  t.lsli;  problem  will  be  needed, 
f  or  trio  last  IK'-l'":  years  In  IJSGiv  unit  abroad  significant  sc  l < -t 1 1- 1  No  1  nv*-!! I- 1  p.a I.  lonii 
were  eondue  t  od  ’itiil  (''.till  l  utioil  In  Bering  of  workr.  in  an  area  of  resolution  of  this 
P  re  tier,  of  spheroidal  t-’eoder.y.  In  tlirse  works,  part,  of  which  will  he  considered 
fi.Ti., iim',  new  ir.**  I.l  n  >;  1 o’’  resolution  of  the  problem  were  offered,  they  we  re  I  lives  tl  pa  ted 
•uni  evaluated  on  the  basis  of  contemporary  requirements  for  ideas  and  methods,  by 
t.lie  greatest,  geodesists  of  the  past,  century. 

In  eonneo 1  Ion  with  •  I e v* ■  1 1’ | M.ien t  of  computer  tei’lino lof.y  a  . . sully  appeared  ft 

creation  of  methods,  useful  for  application  of  ”!eot  ronle-compui.cr.". ,  In  l.hlr.  ease 
Uie  more  import. ant  Is  not  quant. I  ly  ;i  r  1  ;.i  in  «-•  t.  i  -  •  n  5  ac  foils,  but  couvenl  enoe  of 
programming.  in  other  words,  iti  splietv! n l  giv  y  necessity  arose  for  creation  of 
met  hod:!  1 1 ,d  formulas  for  reo'ilul.  Ion  of  c.ia'  te 1. 1  e r<d' I. i-mr,  with  t  he  In  Ip  of  new  means 
of  computer  techno  lopy .  'll',  is  e!  in.lnat  .on  ne>'rcsl  !.V  for  spretal  geodetic  i  ah  ten,  all 

resolution  lr.  reduced  to  composition  id'  prof  ram  for  the  computer. 

Hut.,  of  course,  from  this  It  does  not  follow  that  it.  J »  yet  necessary  to 
completely  depart  from  former  approaches.  Well  develop. eil  former  methods  will  he 
used  for  a  long  time  and  In  certain  particular  oases  curt  be  the  most,  practical, 

$  )7.  IKViiHSK  I'KOI'LI’M  BY  THK  BESSEL  AND  A.  M,  V1H0VKTS  EOIIMULAS 
1*ijbsi  1  did  not.  leave  any  1  nut. rue t ions  for  resolution  of  Inverse  geodetic 
problem.  The  method  of  reeoltit.lon  of  geodetic  problem  was  developed  by  honor  I  under 
t.he  following  circumstances,  lu  lrilH-1854  Bessel  and  General  1,  Ya,  Payer  (V)  carried 
out  Prussian  measurements  between  Trunta  and  Memel1,  wheae  elmrnct  erlut  lc  peeul  I nr  1  tpy 
was  in  the  fact  that  it.  was  conducted  Indirectly  in  regard  to  the  meridian,  I'cs.iol 
posed  a  probletnj  whereby  the  length  of  geodesic,  astronomical  azimuth  and  latitude 
of  initial  point  he  wao  t.o  calculate  geodesic  lut.it.ude  and  azimuth  at  terminal  of 
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■  — — 


Uif  arc  ( Metin' P)  and  t  < .  compare  U.t>  **.*i .Ttm  1  values  with  t.hone 

obtained  for  that.  point,  by  .astronomical  obsrrvut  I  uiw. ,  of  habitude 


KIC.  7«. 


ana  (iiiimut.li.  from  difference:;  of  these  valuer.  !i r-  obtained  cerreo t. ! on 
A  lor  semi. axis  of  ellipsoid  mid  compression. 

(liven  below  is  a  method  wbleh  is  a  combination  of  different 
proposals  for  application  of  Hessel  formulae  to  resolution  of 
inverse  geodetic  problem. 


The  simplest,  way  of  resolution  of  a  Kivee.  problem  Is  composed  of  the  follow  Inf, 


•to  1. 1  one : 


a)  from  |*1  yen  geodetic  latitude  and  convert,  to  correspond! nr,  reduced 
lat.i  i  tides  i 

b)  taking  in  the  first,  approximation  to  «=  t ,  resolve  auxiliary  spherical  trlnrigli 

tii 

1*^ !’  i',,  (I'Lr.  7f')  and  dot. ermine  approximate  values  and  A  A 


Wl  th  the 


s e  o0  and  A  ^  again  calculate  by  the  formuli 

«*» -  | +s* «,  eo»u,. 


i  i  i 

obt.al  nlng  ou ,  repeat  resolution  of  triangle  l-hl.1  and  find  morn  exact  value  of 


and  ,  Having  latest  values,  calculate  anew  the  u>  by  a  complete  formula 

•  - 1  +  CM  lit  (•  *•  4-  fuln  JC0i(2*  4- 1)„ 


(f'.Tj) 


iluch  approximations  depending  upon  required  accuracy  of  resolution  arc  made 
several  limes i  but,  not  more  than  three.  After  obtaining  precise  values  a,  Aj,  A,,, 
u0  and  «i>  by  the  formulu  (t.li),  calculate  s.  By  this  method  unknown  valuer,  can  be 
obtained  practically  with  any  degree  of  accuracy. 

(liven  scheme  of  resolution  of  inverse  problem  is  applicable  for  formulas  of 
I’rofosaor  A,  M,  Vlrovets. 

From  triangles  ' Pq  arid  PgP ' P,!,  (Fig,  7L>)  we  haves 

coip,  ~  tgW| clgifo,  (a) 

cwfc- »8«i  *»#«..  (b) 

Kxcluding  from  these  formulas  cotangent  uQ  and  constituting  derivative 
proportion,  we  obtain: 

-  {<l  A±A-  M  n  Jt t=A, .  listed:  «t». .  (ii.f'iS) 

Formula  (6.68)  can  be  used  with  the  method  of  approximations,  in  the.  first 
approximation  Pg  -  ■  -t,  let  ua  find  first  approximation  for  and  Bg  and  thsn 

by  (a)  and  (b)  determine  u^.  With  these  values  6^,  and  uQ  calculate  second 
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IV?  .• 

I-': '*■  , 

•  v,  ...  ‘vti-.j'  -.rc.ruj;.' 


ihV/iTXf'rfita1 

...  s,  -f. . .  ‘  *  ’  ■,,*’*i*  ■  V.-,  Jmvii  !■>.%  *.J»  "./vkWjVilhlHji 

'*  . •  v:‘ 

•  "  '  i- -V: ,  ./  V  ■  ■■■  • 


■  i }'i •  rvx  1  l*i-i  i  1  mi 


Pi~ Pi  •»/  —  *' (»,~»,)CUMV 

van-  r<- 

if  a,  *.  to»«,t(gp„ 

!«•,-  CM  «,Ctgp„ 

Pt-P.  +  Pt-Pl). 

A  l  •  t  ■  r*»  »x  I  »>! .  *  I  i»n:*.  1 1  h/  upon  r*  .j;i  i  rrnuMit  :i  fur  t'.'nW  of  ri':u»  1  u  1.  ion  trr 

t.isl  i’m ?•  • 

Afi'-r  «*M  *  1 1  =  1  *  1 1 '  V\  ii*?  I  v*»!'ir:i  •».jt  p,  t|  r  unknown  f*  t  A^  .•  1 1 1«  I  A,,  Mr*1 

p  1 1  «••.  I  •«  l  ♦*  i  |.y  M:»*  fonnu  1  ns: : 

(<»«  —  •,)  —  « >ln (a,  —  i,) co» (>,  +  i —  r <m,  —  m,)l,  ( ’ • . '  -n ) 

Ig  A, «-  ctg  u,  eoscc  «,  \ 

t|Ai  -  clgu,cw«  j,  } .  (t.'./iM 

A,  Ai±m‘  ’ 

Aoi'or*  1 1 1 ij-1.  i.ii  Hi* Lou- rt.  method  Inverse  problem  la  resiolved  In  Mu*  sinmo  iieqiioiu'i* , 
.■in  by  t.iir  l*i*na**l  nul  A.  M,  Vltwetn  rormuMui. 

1.  M-n'KInr.  .*-1  .1  i;m;i  I  I I  e  by  inorillii-it  «*n  Mir  given  polnln  wIMi  ■n*i*i  i  rat'y 

i 

ni‘  up  io  oil**  degree  hi-  . . . .  remove  I'rom  tills  map  1.1  n*  value  u  (  and  ■'  ,  the 

api.i-rl im  1  *-l L u i  •  between  point. u, 

?.  utit. nlo  firm.  approximation  |iy  throe  values 

in,  •*  M-  (i  «)  j  ei>*  i/„  a 

t‘t||'t  ht»r  itnleulnt  i-  vn  1  tie  \  nnil  V,. 

-  n^aatti-jjaJ ,  (i-./n 

I  ■  >  H»I«|-«|I 


>,„«  t  +  m  St;  kill*-  +  #,  con  4»;»lti  J>').  (I'nTM 

t’nlculiii.lon  by  Liit*  formula  ( i . 7 3 )  ia  repeated  if  great  miuuniuy  of  muni  it  Ion 
La  required.  .towever  In  overwhelming  majority  of  c-meo  Mila  approximation  In 
sufficient 

4,  Having  calculate  unknown  A1 ,  Ap  and  u  by  the  formulas 
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c<t  A,  «•  tgu.iln*;, 

+  Q,  co»  2«;  tin  «'  +  />,  cot ««;  tin  2»\ 

Wl  If-1  *•*»! 


Met  i. ml  of  approxl  lii'il.  lour,  I  1 1 1<-  mun  i  uni  vcr:"i  l  In  ri'.'lnlM!  I. in  ,if  lnviirc  )•  in  •(  I  >  • 

for  long  'I  I  ,;l  -•mi*  *  ■ :  l<  In  l.o  llinli  quantity  of  approximation:.,  rotir.  I  .|<H  i:('  i.-.ai 

Wl  ii  •  iv  ■  3.»'ji'n0  km  flral  .ippi'vx  I  illation  -  a\)  givey  rnvr  In  I  •'  In:,, 

uecoiiU  >i;  >  l.o  Uh'  in  fiii'i  third  in  ft.  ?  m.  In  other  words,  •  M  ni  .*ipp  r»*x  f  nri  i  inn  In 
pi’iclco  Is  fully  sufficient-,  for  precise  resolutions,  In  approximation  ri  IcnlnMOnr 
1 1  In  nu  I’l'l  o  I  flit,  to  do  ,|ui>t  t.h<-  nrcond  approximation, 


ii  „‘iH,  MKTIIOIt::  OK  HKDlItVl'JoN  01-  ylJANTll’Y  OK  AITIi-'XiMATI-’NO 
An  Gin  hr  ocr-n  from  the  tihovr-,  In  resolution  of  Inverse  prol-U-m  Mu-  him  lit  factor 
l.u  finding,  X  n  difference  of  longitudes  on  auxiliary  sphere,  Kir  reduoi  Ion  of 

approximations  in  determination  of  \  Uoi.li  graphic,  and  nnaiytlo  meihods  -••n.  he  . . I , 

l-'i'om  graphic  method,  first,  of  all  use  of  maps  of  different,  scales  is  roeoiwiiinded 
on  which  tin-  ,;Wen  points  are  marked  by  coordinates.  On  these  map:-,  ran  be  fonn-l 
approximate  value:)  of  a,  Aj ,  A,,,  and,  consequently,  u0  It.  Id  t.ben  ponnll  I"  t.o  proceed 
1  iiiincdiai.ely  wlt.h  calculation  of  second  approximation. 

It-  la  possible  also  to  use  the  following  graphic  method. 

On  tracing  paper,  at  determined  scale  draw  a  bundle  of  geodesics  and  linen 

i 

a  ••  const. i  on  the  same  scale  on  usual  drafting  paper  draw  a  graticule.  On  the 
graticule  place  two  given  points,  l-'or  determination  of  u0  and  sj  put.  graticule  on 
a  tracing  paper  in  ouch  a  munner  that-  Image  of  equators  coincides.  After  Mint 
determine  approximately  the  position  of  the  geodesic,  pnsfllng  through  the  two  given 
points,  and  thus  find  uQ,  ( aa. )o*  ^°S^0  ,vnd  °0'  ^  thes#  data  approximations  by  the 

formula  ((>.73)  are  carried  out. 

Analytic  methods  of  acceleration  of  approximations  are  more  universal  and 
person."  grrat  poectlblil ties .  Let  us  consider  some  of  them, 

We  will  convert  Becond  equation  (A. 3),  replacing  in  It  the  reduces  latitude, 
of  geoieaic, 

We  have! 
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i*  -  dv, 


(’  .  i>\ ' 


V  w  k'j  +  , 

'•!  I-I.virv  1 1.  •  ••(*  r  .  i  ( •  .VI  »  '•  'I'.I  1  l.>'i  fi'Ili  :il  o'tt  I', •■ill  V.'ilm-  riii-t- 1-  i .  m  ,  Wo  oil. .'ill 

••  rtv  ((,,7H') 

''  *  * 1 1  *  11  ! !;'  !  !  1,1  lj  :  11  ; .  1 1- 1  •»  lo  rnx  1  m;*  1  »■  I  t  'iko 

;  !.  »»:=  fMpl  f  i  * 


«)  vi  .  |/>r».  #  Wiu,  (s,  +  aj, 
•)  Vi  -  -J tvt  +  v*  v, , . 


,l:'"  K'‘JI  - ».'•  I :»  Hi . .  1  i|n |  v-'i  l •i|>i>i\<x Ini-ii  r  formula:!  for  (••« l i*u i  >»i.  1  «>m  « » r 

1 1 1  I  >'i’"hi'r  of  1 1 'i if*  I  l.ii  lr:!  on  *i mx  j  1 1  m  t*y  ;:ji|ii'ri* : 


B'-tVi 

B"  m  IVi 

-  .vi 


(<  .7'<) 


!-o  rum  In  :i  ( ‘  •ip!>i  u'-ii  1 1-  |Vr  1 1 ;» •  .•itjftMs  on  u,f  onier  ,.|  lo.  •  ■  k  u.  h.f 

i|  I ;;  i..‘i  i  u*  Uii’.v  f.lvr  ttoo<l  I'lrin.  •  t  j>]  •  rox  l  mu I  on ,  which  for  t’orii'.Mpoii'l  I  nf,  ri,i|Mli*i,» 

iiicnt.o  for  •iii:iii,.,ii,,v  of  <'«ili"tl:it  Iohm  In  fully  miff  |c  I  cm  ,  i<or  /*r»,,i: 

•I '  I- •  t  Is#*::*'  fn  rnm  appl  |i':ih|  i>  for  <vi lou I -i 1. 1  on  o f  flrnt. 

■’tp.oox  I  mu  1. 1  on. 

In  iWmul'i  iltvp  t  hr  t.»* rn'.n  wti.li  •  >  * 


Wllt’l'l 


ii  -  approximate  value  o 

b'rom  triangle  !',V  IV,  (Pig,  7'1) 


*-*• 


( 1  ■ .  r*  f  * ) 


tin  A,  -  cot  v,  *  . 

1  Ilnr  '  tlno' 


KuiM.li«?r 


coin,  ~  com,  tin  4, 
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r1 


- . u/tif*.r .  n 


_ _  tin  I  cm  a,  torn, 

cot  Ut  - - > - -  , 

Una' 

’>ub.J  Ul.Ul.1  Ilf.  (|..7Y)  I’l'f  (<,7,<')»  Wi  vM,;i !  n 

com,  co*  M,tln  I. 

\  l’t"n  ‘  l  1 1.  !  !‘i;>  Vililr:'.,  i'IVi'Ii  III  TMli  7. 


(  '  .  '  ■ 


(■  .V:-\ 


r.'it- 1  >■  7 


t. 

•* 

ft* 

m* 

.  0* 

1,00 

6o* 

(.91 

110* 

9.1*4 

10 

1,00 

TO 

1,10 

tto 

Ml 

m 

i.w 

*1 

(.49 

l» 

9.H 

ao 

1,04 

90 

1.6? 

no 

»,«*l 

*0 

1. (A 

(00 

1 ,77 

15(1 

m 

1.14 

■n  I’ri'itt  ' 

r*if*i  »*  7. 

for  tilt: 

t..'inCf:s  up 

1,1, 

i"i!(  km  'in 

•  •  n  l  *,•«»  I M  1. 1  mi:*.  I’Oi'lTti:  I  rut,  k(l  '  3.  Kor  Vsi  i.mhc  «'s: : 

fpoB  6000  8000  x.ti  k,>*  1,5, 

«  8000  •  10000  •  n,m  3.0, 

«  10000  •  12000  »  i.:—  2,5. 

«  19000  I  13000  >  lt  ~  3,0. 

.‘.plierl  i,,i  I  (|!  itt..,itti>«>  i  l*o  r  ilrt.p  rmi  lift  t.1  »n  of  K()  nm:ti.  !■('  known  vrj  'ippruxtmit  i  I;/, 
will  ■iivut'.'n'.v  >t|'  to  1°,  for  wiilt’li  It.  Ir.  poar.Ulv  t.o  tine  i\  m>tp. 

l-or  til  lU.ntH'fii  np  t.o  (iou.)  km  formultt  ((>.7B)  cun  h<-  r.impl  I  find  hy  iiirin::  of 
t’l'p I in'ninnitl.  of  p.Ivimi  1iii.tt.nrlp  py  (T.i'otirn  1  t*o  t.o  t.nkf  r'  ♦-  1\i  (iterr  n  -  pomp ri'!ir, lot 

of  *‘l  1 1 puolil ) 

Wv-<  +  » tin /cot  8,  cot  8,,  (o.Yh1) 

wltPt'i' : 


Va  a667‘', 


•lv  » /  +  667"  *,tln  ( cot  a,  cot  8,.  ('-.76") 

In  Table  H  data  tire  given,  which  presents  the  nccurncy  of  l'ormuluo  and 

(<>.7»). 

Tnble  B 


8S8 

tr  tr 

•*41*1  PM* 

(0  Oil  40 

lew 

61  43 

to'*)*  icoo’ 
Ott  »l  tto  31 

-49'iet3* 

It)  <■!  33 

MM 

1 400(1 

t?  A 

1828 

oil 

N  Ut 

44  P  33  01 

30  H  ISM 

-tM  11  44 

IU4  17  6I 

.1*^ 

IBCT'AVi'WfiS4' 

PIS' 


I'rom  this  table  It  follows  t.iiut  formula  (fj.781)  gives  better  first  approximation. 
Therefor c  it  should  be  used  for  resolution  of  inverse  problem  for  long  distances, 
especially  during  approx!  a.  lion  calculations. 

Having  obtained  cu,  it.  is  possible  to  calculate  A^,  A ^  and  o'  by  di.J/rent 
groups  of  formulas. 

I'lrst.  group  of  formulas: 


I  I  I 

Unknown  distance  between  given  points  P^  and  !'^  after  obtaining  a  ,  and  • > 

can  be  calculated  by  the  Helmert  formula: 

m  -  •*  +  Qf  cos (2s J  +  Osin i‘  +  Ptfr* (la;  -f  2a') sin 2a'  + 

+  Qg  cos  (G?'(  +  3a')sin  3a'. 


Values  4^,  P,,  and  Q^.  are  taken  from  the  tables  by  argument  for 

•  v 


During  recent,  years  scientific  investigations  appeared,  directed  towards 
substitution  of  approximation  method  by  finding  X  by  a  straight  line  resolution  of 
the  problem. 

dohemutieally  tills  way  of  resolution  of  the  problem  can  be  mown  in  Ihe 
following  manner. 

Let  us  assume  that 


*-/  +  *. 


where : 


and : 


Consequently, 


but 


*4-tt,(u„  rf.V 

Therefore: 

*- /•<*..« ►  *!>. 

but: 


or: 


Thus,  finally! 


■**+*)• 


American  geodesist.  K.  Godatio*  by  means  ol'  very  compllcai  eci  analytic  t.rans  forma 
tions  managed  t.o  obtain  u  formula  for  X,  which  does  not  require  method  of 
approximations.  God.ano  formulas  are  still  very  complicated  for  calculations,  they 
resolve  question  only  in  principle,  but  for  practical  calculations  are  not  useful. 

In  spite  of  abundance  of  printed  matter  on  resolution  of  geodetic  problems  for 
long  distances,  this  problem  cannot  be  considered  finally  solved.  Inasmuch  as  at 
present  time  mainly  approximate  solutions  of  problem  are  required,  then  depending 
upon  requirements  for  accuracy  different  methods  can  be  offered,  basically  leaning 
nn  s I  r 1 1* i  methods  of  resolution,  the  main  ones  ate  presented  in  tills  chapter. 
Mathematical  and  geodetic  bases  of  resolution  of  these  problems  are  founded  on  Hess 
met, hods,  -compared  to  their,  remaining  proposals  are  only  modifications,  essentially 
simplifying  calculation  and  Improving  convergence  of  used  series. 

Numerical  examples  of  resolution  of  geodetic  problems,  direct,  and  inverse,  are 
given  according  to  Bessel  method  on  p.  202-296  cf  "Practicum  on  higher  geodesy" 
and  by  the  formulas  of  Professor  A.  M.  Virovets  on  p.  20-21  Issue  93  Works  of 
TsNllCiAiK, 

‘U.  V.  Bag  rat uni.  Review  of  methods  of  resolution  of  Inverse  geodetic  problem 
for  long  distances  from  material  of  General  Assembly  of  International.  Geodetic  and 
Geophysical  Union.  Tzvos tiyn  MHO,  i960.  No.  4, 
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I  MAGE  OF  A  TE  R REG TRIAL  SPHEROID  OM  A  SPHERE 


§  39.  GENERAL  BASES  OF  IMAGE  OF  C-NE  SURFACE  ON  ANOTHER 
To  depict  one  surface  on  another  means  finding  a  law,  in  accordance  with  which 
each  point  of  one  surface  should  correspond  to  a  fixed  point  on  another  surface. 

In  other  words,  in  projecting  surfaces  an  established  point  must  conform  to  both 
surfaces , 

Let  us  assume  that  coordinates  of  points  of  first  surface  are  expressed  by 
parameters  u  and  v,  and  second  -  by  u'  and  v',  then 

Since  the  image  should  satisfy  definite  geometric  conditions,  then  function 
and  fjj  cannot  be  arbitrary,  their  form  is  determined  by  assignment  of  conditions 
to  the  image. 

From  equations  (7.1) 


(7.2) 


Let  us  find  geometric  values  of  partial  derivatives  (7.2).  We  will  not  disturb 
generalization  of  reasonings,  if  we  assume,  the  correspondence  between  two  pairs  of 
variables  (u,  v)  and  (u',  v')  Is  established  on  the  same  surface.  For  this  surface 
the  square  of  lineal  element  in  Gaussian  form  and  curvilinear  coordinates  (u,  v)  and 

,i  i . 

(u  ,  v  )  have  the  form: 
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—  -  'fc'IVfr'V.  V’.w  ...  •-  Yy; 


y— ■'*■  •y.'**.. j 


dt*  -  Edit  +  It duto  +  Gift*  \ 
A*  -  E’diS+2F 'Ai'A'+GWl 


(7.3) 


Itoih  Fig.  ti'J  it.  follows  that  through  every  point  1’  pass  four  parametric  lines, 
for  which  u,  v,  u  ,  v  are  corresponding  constants.  Elements  of  these  lines, 

corresponding  to  dif ferentials  du,  dv,  du'  and  dv', 
are  equal 

VEto.  ]/6to.  yidu\  yTto'. 


Let  us  draw  from  point  an  arbitrary  direction 
P^N  and  designate  angles,  formed  by  these  directions 

t  i 

and  coordinate  lines,  by  a,  p,  a  ,  (J  ,  and  cooidtnate 

i 

angles  by  tu  and  os  ,  We  drop  from  point  P0  a 

i 

perpendicular  PgPg  on  line  P^N  and  find  its  length. 

Projection  of  broken  P^AP^Pg  and  on  Line 

t 

P^Pg  are  equal  among  themselves  and  are  equal  to  the 
length  of  the  perpendicular,  i.e., 

}t  du  *ln*  +jTi  dv  tin, Jr.-  |  'E’du'  sin  i'  + 1  'C*  dr'  >in  V.  (7.4) 


••-.a4-.*. 


Obviously, 


Additionally  we  designate  p  -  a  =  y,  then: 


•  <»  0  —  m  »»*'  +  »  —  ■ 
0-»'  +  7 
0'-*'+-' 


)• 


We  will  copy  (7.4),  expressing  In  it  a,  (J  and  p  by  a  .  y,  w  arid  at  by  (7.'i), 


then 


r®rf»>ln(*'  +  7— •)  + 
+  l/ffdb’»ln  {»•  +  «•** 

Replacing  o'  throughout  in  (7.4')  by  the  formula 

y_»', 


(7-4*) 


we  obtain: 


Vita  lin  O'  +Jf- -—•■)  + 1  TT*t»ln  O' +  :—•')  -  I  Tavmi.  o  -  «*)  + 

+  W  *!*»»»?'. 


(7.4") 
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ill  m: Mon  i’^N  Is  selected  absolutely  arbitrarily  and  equalities  (7.4')  and  (7,V) 

» 

oi'V  i  i  isialy ,  do  not.  depend  on  It..  Therefore  we  can  take  for  ( 7 .  U  ' )  a  -  0,  and  for 
(7. *'('')  |l'  -  0.  Consequently, 


■iHE' du' %ln  tu' m  YE dusln  ( ;)+  I'Gjfofin (-'  —  I  wlicn  jj'  0, 
»in  •/  —  Yi  du  sin  (f —  »)  -f  VU dv  sin  ■;  "n*u  «* 


du 


Vi 

••-/y  ■*£?•■*+ 1  rl 


V  r  » i«. 


From  comparison  (7.2)  and  (7.o)  it  follows,  that: 


iil .  £«!■<<*■  + «*- 7).  «*j‘  1  '  Q_  >la(-*  — 7) 

h  I  f‘  •In***  ’  tv  |  £  tin*-' 

./ T  »ln(T  --)  tv-  ^  .  /"o  »ln  f 

**  V  0‘  it nZ  to  y  a* ‘ubJ7 


(7 


) 


y  i  •  < ) 


Knuutions  (7.7)  are  Justified  for  any  system  of  curvilinear  coordinates. 

I  Q 

However  the  more  important  is  the  case  of  orthogonal  systems,  when  cs  «  u>  =  90  . 
besides : 


Excluding  from  these  equations  sin  y  and  cos  y,  we  obtain: 


^FC£-/«f£ 


(7.8) 


liquations  (7.8)  are  fundamental  relationships  of  the  theory  of  Image  of  one 
surface  on  another;  they  express  point  conformity  between  two  surfuces,  Jf  systems 
(u,  v)  and  (u',  v')  are  referred  to  different  surfaces  and  give  transformation  of 

,  i  i 

curvilinear  coordinates,  if  systems  (u,  v)  and  (u  ,  v  )  are  selected  on  tr.j  same 
surface.  These  equations  we  will  subsequently  use  very  frequently,  since  they  give 
general  solution  of  the  problem  of  one  image  of  one  surface  on  another  and  transfor¬ 
mation  of  curvilinear  coordinates  on  a  given  surface, 

liquations  (7.8)  by  their  construction  resemble  known  conditions  of  Cauchy- 
Klem;inn  (?).  In  fact,  where  E  =  T  =  e'  =  G  -  l  from  (7.8)  it  follows  that: 


(7.8') 
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Equations  (7.8)  or  (7.8')  possess  the  property  of  symmetry,  i.e.,  they  are 
equally  suitable  for  resolution  both  of  direct,  arid  inverse  problem  of  linage  transfer 
of  surfaces  and  transformation  of  systems  of  coordinates. 

Equations  (7.1)  conclude  all  possible  images  of  one  surface  on  another.  In 
spheroidal  geodesy  such  Images  are  used,  they  preserve  similarity  of  geometric  figures 
in  their  infinitesimal  parts.  Such  images  are  called  conformal.  Similarity  of 
figures,  us  it,  is  known  from  geometry,  have  a  place,  if  lines,  forming  arbitrarily 
small  figure  on  one  surface,  are  proportional  to  corresponding  lines  on  second  surface, 
and  Use  angles.  Included  between  the  lines  of  the  first  surface,  are  equal  to  angles 
between  corresponding  lines  on  second  surface. 

Inasmuch  as  the  simpler  surfaces  are  plane  and  sphere,  then  in  spheroidal  geodesy 
conformal  projections  of  a  spheroid  are  used  mainly  on  a  plane  and  a  sphere.  Conformal 
projection  of  a  spheroid  on  a  sphere  is  used,  as  noted  in  Chapter  V,  in  resolution  of 
direct,  and  inverse  geodetic  problems.  Very  frequently  the  conformal  projection  of  a 
spheroid  on  a  sphere  Is  used  as  a  step  during  complicated  mathematical  calculations 
on  a  surface  of  a  prolate  spheroid,  furthermore,  with  the  help  of  the  image  of 
eLllpsoid  on  a  sphere  there  is  established  a  degree  of  geometric  proximity  of 
terrestrial  ellipsoid  to  s  globe. 

ilnuss  war,  the  first  to  develop  the  theory  and  practice  of  conformal  representation 
of  an  ellipsoid  on  a  3phere  for  geodetic  purposes  in  his  work  "on  research  in  higher 
geodesy."1  Gauss  approach  even  now  did  not  lose  its  value  In  spheroidal  geodesy. 
Although  wo  now  have  many  other  methods  of  resolution  of  this  problem  and  thorough 
supplements  to  Gauss  theory  at  our  disposal,  his  work  in  this  area  still  remains  a 
classical  heritage  in  spheroidal  geodesy. 

§  40.  CONFORMAL  REPRESENTATION  0E  ELLIPSOID  ON  SPHERE  BY  UAUSU 

In  presenting  the  question  about  representation  of  an  ellipsoid  on  n  sphere 
Gauss  applied  a  theory  of  analytic  functions,  specially  developed  by  Mm.  Here  a 
somewhat  different  mathematical  approach  is  applied,  in  which  elements  of  the  theory 
of  analytic  function*  are  absent. 

Square  of  lineal  element  of  a  spheroid  will  be  ex -rsssed  as: 

M,4B,  +  Nt  cu»'  B4L • .  A -W  ft  /  JE41L  +  <&*) . 

\  ft*  601*  O  / 


1K.  F.  Gauss.  Selected  geode t! works.  T.  N.  M. ,  Geodezlzdat,  1918,  p,  9J-91. 
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and  .‘jn'ilogously  for  sphere 


--  R'dir1  -l  K’c.is WJi’-  k'-c»W 

where  K  —  radius  of  n  sphere  (while  undetermined), 

U  —  latitude  on  h  sphere, 

A  —  longitude  on  a  sphere. 

Lei.  us  Introduce  the  designations: 


i w 


tMB 

MtfUb 

*u 

totV 


t’i-  ) 


P 

-  *Y. 


(7.0) 


then 


it-Ntw*B(df  +  dL')  \  -  (7  td) 

d*~/lt*»tU(d4‘*  +  dil)i 

If  you  compare  (7.30)  with  general  recording  of  the  square  of  lineal  element 
by  0 hiss,  it  would  be  easy  to  establish  that  in  our  case  F  --  0,  F.  =  <!.  Curvilinear 
<  .ordinates,  for  them,  F  =  0,  E  =  G,  are  called  isometric  ("uniform")  coordinates. 
Thus,  (V',  L)  are  isometric  coordinates  on  a  spheroid  and  (i)/' ,  A),  on  n  sphere. 
Isometric  coordinates  on  given  surface  form  a  network  of  squares,  if  coordinate  line 
u  -■  const  and  v  =  const  are  broken  down  in  uniform  sections  Au  =  Av. 

i 

Values  i’,  V'  ere  called  isometric  latitudes  on  a  spheroid  and  on  a  sphere 

correspondingly. 

From  (7.9) 

.  r  M1B  r  < I  —  r»)  wa  ^  Al  -  W-«»ro«»  0)  dtt  _L 

y  J  tfto »3  J(l-c,iln<B)«wB  “  J  (I  —  »■  kin*  £)«h  u 

H  f  <fl  _  f  I’m  Bit H 
j  ml  J  1  —  B' 

For  reduction  of  second  integral  to  the  right  part  to  the  tabular  form  let  us 
Introduce  a  new  variable  under  condition: 


Then 


Consequently, 


rct» 8dF  -  cotf m«  I  —  <*tln*£  —  eOi'f. 
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or: 


*  -  In  If  (45*-  A)-  In  If*  (<5“  +  y) . 


therefore 


* -"■*'(«  +*)(- {?3f)  * 


(7.11) 


(7.11>) 


t-  Iti  the  left  purt  of  equation  (7.H1)  is  the  base  of  natural  functions. 
For  a  sphere  where  e  =  0  from  (7.11)  it  follows 


V-1»l<(45‘+^).  (7.U") 

Values  V'  and  V'*  are  Shown  in  special  tables:  for  instance,  in  Cartographic 
tables  of  TsNHGAiK  for  1°;  in  Cartographic  tables  of  the  Hydrographic  administration 
VM:5  are  given  for  l*.1 

Let  us  apply  to  lineal  elements  (7.10)  equations  (7.8).  Assuming  that: 


We  have 


EmQm  iv  —  L 


It-JlL 

#♦  *L 

- ik  ' 

W  At 


(7.10) 


(7.1?’) 


where: 


I 


(7.1?0 


For  Integration  of  equatioro  (7.121)  It  is  necessary  to  set  definite  geometric 


*In  worK  of  Danish  geodetic  institute  Geodetic  Tables  on  international  ellipsoid 
difference  (B  •  ^)are  given  six  decimal  placps.  Copenhagen,  1958. 
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'con'll t. ions,  which  simultaneously  will  determine  the  form  of  functions  f  ^  and  f?. 
Our  •  ■  i in  is  to  obtain  conformal  image  of  ellipsoi,  on  a  spherp.  Let  us  set  n 
condition,  tint  parallels  on  .an  ellipsoid  corresponded  to  parallels  on  a  sphere. 
Then,  Tor  strength  of  conformity,  meridians  of  an  ellipsoid  must  correspond  to  the 
meridians  of  a  sphere.  This  means  that 


*-/,<£>/' 


(7.13') 


Tup  simpler  solution  is  obtained,  when  arbitrary  functions  f^  and  f,,  possess 
eipia  I  l.o  themselves  arguments,  i.e., 


1- l,lL)m  Lf 


(7.1V') 

r.uch  approach  is  expedient,  !f  It  is  required  tc  transfer  all  surface  of  an 

ellipsoid  to  a  sphere  which  is  done  in  resolution  of  various  cartographic 'probtenisv - 

In  resolution  of  geodetic  problems  only  comparatively  small  parts  of  the  surface 
of  nr.  ellipsoid  studied.  In  these  cases  it  is  more  profitable  to  introduce  indefinite 
constant  coefficients,  with  whose  help  it  is  possible  to  use  the  image  of  3mall  parts 
of  the  surface  in  the  most  profitable  manner. 

Let; 


). -/,(!)- *1. 


(7.14) 


where  «  is  a  constant. 
Consequently, 


ax 


■  •»  * 


at 


*♦ 


«o 


(7.14 >) 


Under  these  conditions  from  (7.12')  it  follows  that: 


ay  . 
H  * 


or 


Without  disturbing  the  generalization  of  resolution,  we  assume  that: 

C-.», 

k  is  also  a  constant. 

We  have! 


(7.15) 
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*.  s  v; 


1  riVFT " - - .  -  -I  i - rri-iiniiiiiiaii 


Formulas  (7. 14)  and  (7,1^)  give  the  law  of  transfer  or  transformation  of 
i  some  trie  coordinates,  of  n  spheroid  to  Isometric  coord  1  natei;  of  n  sphere  In  conformal 
project. ion  op  first  to  a  second. 

Krmulns  (7.14)  and  (7. 19)  contain  two  arbitrary  constants  and  K.  Furthermore, 
r  of  a  sphere  R  remains-  unknown.  The  honor  of  artificial  selection  of  constants 

telongr.  to  Gauss ,  wtio  proposed  trie  selection  of  constants  in  such  a  manner  that,  the 
scale  of  1  maple  rn  deviated  from  -i  unit,  by  a  small  value  of  third  order,  not  counting 
the  far  tor  ee, 

_ In  conformal,  projection  scale  in  =  does  not  depend  on  direction  arid  is  a 

function  of  the  lat.lli  les 

« -m(0)-n|fi,  +  (fl  —  0,)|.  (7.16) 

Applying;  Maelaurin  series  to  {7. Ik),  we  obtain: 

+  +  .  .  „ 

where  U,  —  t.he  latitude  of  central  parallel  of  depleted  port  of’  ■:  surface,  ml  ~ 
d  *  m  1  11 

— -r.  Derivatives  m.. ,  m  ,  ...  are  calculated  by  latitude  R,. 

For  determination  of  constants  fo  R,  a  and  k  let  us  set  the  following  conditions: 
let  scale  m  on  central  parallel  be  equal  to  one,  but  on  other  parallels  it  deviates 
from  one  by  values  of  third  order,  considering  difference  (P  -  p  )  a  value  of  first, 
order.  Then*'  conditions  analytically  are  expressed  by  equal  lens: 

1.  ft.-  I  . 

2.  m*  —  0  |  (7.17) 

3.  ft>0) 

and 

m"|+y4r‘-m';+  ■  • (?.3R) 

F.lement  of  parallel  of  a  spheroid  Is  equal  to  N  ere  P  d  I,,  and  the  meridian  — 
MdHj  these  elements  on  a  sphere  will  be  K  cos  UdX  and  RdU, 
by  condition  of  conformity; 


A  to iUL 


Nvat  ' 


(7. 10) 


hence; 


-m* 


i»w*tl 

Amt  ' 

ttoMU  ,  MrinS.Mtft 
AtmUM  *  M*m*ri 


(7.19*) 


o  r : 


m'-  ,|nt/ +*""*'*; . 


? 

By  condition  in0  «*  0 
consequently, 


.  „  **»«»  t/.»lnt/.  _j_  Mi  <«  t/,s!n  8,  ^  q 
m{  co*’a,  «J  na 


>sin(/t—  sin  fl,. 


U 

In  order  that,  mQ  =  0,  would  be  sufficiently  needed! 


4r-  (—  *  sin  V  +  sin  B)  m  0, 


or 


-»  C0*tf.-g-  +  cosfl,- -.*  -^.'£2^  +  cos  a,, 


Consequently, 


A(|  cot*  L\  w 

*‘*=ST-e“* 


or: 


«*C0**y, m  *♦■■**■  ■■■<l-s»Hn«Wcw»<.  . 

■  M,  I— l* 

Hut  by  the  formula  (7.20): 

»*  -«*— sin*  fl* 


therefore; 


»» -  sin*  A,  +  -  «  +  ~~  - 1  +  e'Wfl,. 


Finally: 


e«./l+f',eos‘ar 


(7.m) 


(7 .?0') 


(7.21) 


By  equation  (7.21)  where  a  given  BQ  determines  dj  from  (7.20)  find  Up.  Having 
Bq  nnd  UQ  by  the  formulas  (7. 11), and  (7.11')»  we  determine  f  and  i>' .  With  if/'  anc 


a  rom  (7.15)  we  find  second  constant  of  projection  k  by  the  formula! 


•  T 


(7.22) 


from  condition  n.  «  1  it  follows  that: 


•  ftrMl't. 


Btm  B, 


hence,  taking  t.o  account  (7.20'), 

*'1 
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■'  ~ '■  -  . -  -• 


■ew—Mi  itiewi,  b  am  jsam 

■  .  •  •  .  ’'V-  — t.  W? 


*  4  t'JP  ?  •  ♦  . 

fsipiwPl.  frwftnrtofe.  •;vn_c‘*-v^  <«  .«?•**  •. 


_ .  a'-5?b>-..  «,  yAv\t,. 
mm*  l/A. 


(y.rM 


cot  fit 


Thus,  radius  ol"  sphere  K  ^  Is  equal  '.o  mean  radius  of  curvature  of  spheroid 
at  1’ii.luide  of  central  parallel  h^ .  frequently  tnc  latitude  of  the  central  parallel 
Is  called  normal,  Inasmuch  as  central  parallel  can  be  selected,  consider! ng  tne 
benefits  of  the  resolution  of  the  problem  on  hand,  it  is  better  to  call  It  standard 
parallel. 

Omitting  details  of  calculations,  let.  us  record  the  approximate  value  of  third 
■h'rivalivc  of  the  scale  by  latitude: 


Jr»(l-r*)»lnJA,  , 

in.  ■»  ■  '  ■  *— •  •  •  •  +  •  • 

•  <i — <*  ii#*  a,)* 


Consequently , 


—  _  ■  «*<■- *")  Cn  ?fl,  ,o  e  ,i  ,  ,  ■ 

+  *  *  •+,*‘ 

Kor  numerical  calculations  this  formula  can  be  used  In  the  form: 


<n  -  I  —  r.  Jin  ?B„  (B  -  fl,)>  +  /,. 

3 


(7.24) 


(7.24’t 


Where  Hq  -  4 *3  •  differences  (B  -  B0)  =  l/40,  which  will  correspond  to  di fferencen 
of  latitude  approximately  by  l0.^ 


tin  2fl,  (fl — B.J5  a - ! — — 

»  a.l50.«0.40.*J 


I 


JS*  10*  ■ 


Hence  follows  a  very  imrorlant  derivation  that  If  a  maximum  distortion  of  lineal 

elements  la  allowed  by  the  value  of  -  »r  at  the  edge  of  a  belt  three  Octrees  wide 

3’10‘ 

along  a  latitude,  then  the  scale  within  the  limit. s  of  tills  belt  can  be  considered 
constant  and  equal  to  1.  In  this  case  It  will  not  be  necessary  to  Introduce 
corrections  In  the  measured  elements,  i.e..  In  lengths  and  direction.  Thus*  we  see 
that  sufficiently  significant  parts  of  u  surface  of  a  terrestrial  spheroid  can  be 
replaced  by  spherical  with  the  help  of  a  properly  selected  radius.  As  can  be  .seen 
from  (7.2?)  this  radius  should  he  the  mean  radius  of  curvature  of  an  ellipsoid  on 
the  standard  parallel. 

As  a  result  of  cited  Investigations  the  following  plan  for  the  solution  of 
geodetic  problems  Is  obtained  from  givtf  geodetic  coordinates  of  the  first  point  of 
triongulatien  we  convert  to  spherical  coordinates  by  the  formulas  (7.14)  arid  (7.15);  If 
the  triangulation  is  located  within  the  limits  of  a  three-degree  latitudinal  belt,  thm 
it  Is  taken  as  lying  on  toe  surface  of  a  sphere  arid  having  the  same  angleG  and  sides. 
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•!",  osi  in  ellipsoid;  by  tnesf'  data  we  calculate  the  la  1.1  ludc  and  longitude  or  pi- inn: 
of  irla.’ii'.wlai.j  on  on  a  sphere;  then  from  them  we  convert,  t.o  geodetic  coordinates  of 
a  spl  ernld.  Transition  from  geodetic  coordinates  t.o  spherical  and  conversely  s.-omI'I 
ho  accomplished  with  help  of  special  tables,  Gauss  composed  such  LuLlt-c. 

Illicit  method  of  calculation  ol’  geodetic  coordinates  was  applied  in  the  past,  in 
ifh!i;:in  in  accomplishment  of  land  exploitation  work  in  Transcaucasun ,  At  pr<v:ej.t 
i.hir.  met. hod  does  not.  have  practical  value,  but.  presents  a  method  leal  In’  cri.-s  t  for 
spheroidal  geodesy  it.  gives  clear  example  of  geometric  approach  to  resolution  of 
geodet  ic  problem,  benefits  of  such  approach  become  perceptible,  wt.e.u  ti  e  dimt'u:; Lo:,.-. 
of  depicted  territories  are  such  that,  within  its  limits  the  scale  of  image  can  he 
taken  as  e-quel  to  one  and,  thus,  eliminates  the  reduction  problem. 


§  >U  .  APPLICATION  OF  CONFORMAL  REPRESENTATION  OF  ELLI PLOT D  ON  A  SPHERE 
TO  RESOLUTION  OF  DIRECT  GEODETIC  PROBLEM 

in  preceding  paragraph  it  is  shown  that  in  the  part  of  a  surface  of  a 
terrestrial  spheroid,  limited  by  parallels,  whose  difference  of  latitudes  does  not 
exceed  j5°  (with  accuracy  up  to  1«10“  ),  it  can  be  taken  as  spherical.  Radius  of  a 
sphere  is  equal  to  the  mean  radius  of  curvature  of  a  spheroid  on  t.he  staridu rd 
parallel.  Using  this  important  derivation,  it  is  more  expedient,  to  resolve  spherodnl 
problems  by  means  of  representation  of  a  spheroid  on  a  sphere,  using  the  sphere  as 
an  Intermediate  instance  in  mathematical  derivations. 

Area  of  application  of  this  method  is  quite  extensive,  but  for  the  illustration 
of  basic  idea  it  is  sufficient  to  consider  one  classical  example,  solved  by  Gauss, 

We  have  in  mind  a  derivation  of  formulas  with  mean  arguments  for  resolution  of  the 
direct,  geodesic  problem  for  distances,  not  exceeding  25-50  km.  In  this  case  the  area 
oi’  representation  by  latitude  will  be  less  than  1°,  and  the  scale  of  the  linage  will 
be  equal  *o  1  everywhere. 

Therefore: 


I.  MiBmMV  | 

J.  ost/j  ’ 

Changing  from  differentials  dB  and  dU  to  *'lnlte  differences 
current  parallel  by  the  standard,  we  obtain: 


We  haves 


AU-AfWi  | 


(7,25) 

and  substituting 

(7.25’) 


.201 


kin  fl,-«  tin  V,, 


(7.30) 


!-'q  —  latitude  of  median  poln*.  o(‘  arc  s  on  a  spheroid, 

U.  +  »0 

l!0  —  mean  latitude  on  a  sphere,  equal  to  -■  — g  ■»*■'  =  Up  =  ll  . 

From  (tj.lB)  it  follows  that  ( PQ  -  P^)  is  small  value  of  the  second  order;  with 
accuracy  up  t,o  values  of  third  order,  it.  can  be  taken  as; 


l.if—a-H-  .  .  .+  /, 

2.  Nm tta B„—  «F, coj U„  +■  .  .  .+  /,  ‘ 

3.  ilnfi.  -  »vlnt’.+ 1, 

On  a  sphere  polar  spheroidal  triangle  PjPPg  (Fig.  6la)  will  correspond  polar 

iii  iii 

spherical  triangle  P^P  l’?  (fig.  8lb ) ,  Applying  to  spherical  triangle  P^P  P? 

Gnuss-Delcmb re  formula,  we  obtain: 


(7.37) 


Arranging  nines  and  cosines  of  acute  angles  in 
series  and  retaining  in  them  small  values  of  third  order  inclusively,  from  (7.37) 
we  obtain 


« 

t. 


1 ,~?k)*'A--"mU-(,-!Z-) 

'(-f )('-= f-T) 

C-^)(-f)-(-^)C-f) 


(7.27') 


In  all  correction  terms,  in  parenth’scs,  with  error  in  values  of  fourth  order 

2 

it  is  possible  to  accept  that  a  -  1. 

From  the  last  equation  it  follows  with  the  same  accuracy,  that: 


(7.28) 

Substituting  by  the  formulas  (7.2G)  spherical  elements  by  spheroidal  in  (7-271) 
and  expressing  differences  of  latitudes,  longitudes,  and  azimuths  in  seconds,  we 
obtain; 
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*" - — -  p~co'  1.(1  + 


15/' 


—X 

Si/'*/ 


r-  — - — t"i\n  AmacBm(\ - 

"«  \  54/**  !«/'*/ 

\  */*•  I!?"*  15/**/ 

Introducing  known  deslgnut.ions: 


*•  nm 

(i)a  <«**.•*{&. 
(2)Mi»in  AMMcBa  -i*. 
(2).s*in 


after  transition  to  logarithms  we  obtain: 

igr  -  igt;  +  y  < + -7  < — ~  < 

In  formulas  (7.29) 


(7.29) 


•I  It  t»  II  H  II 

In  correction  terms  it  is  taken  that  b  «  (3  .  I  =  anl  t  t  . 

m  m  m 

Formulas  (7.29)  were  already  obtained  in  Chapter  V  under  number  (f>,27).  Here 
the  object  was  to  show,  how  the  problem  in  question  can  be  resolved  with  application 
of  conformal  representation  of  an  ellipsoid  on  a  sphere  according  to  Gauss. 


§  4?.  CERTAIN  OTHER  METHODS  OF  REPRESENTATION  OF  AN  ELLIPSOID 

ON  A  SPHERE 

From  p  seeding  paragraphs  of  this  chapter  it  follows  that  for  representing  an 
ellipsoid  on  a  sphere  we  are  free  to  select  from  three  parameters  or  constants,  one 
of  which  Is  the  radius  of  a  sphere.  Frequently  in  representing  an  ellipsoid  on  a 
sphere  for  geodetic  purposes,  it  is  expedient  to  take  a  aphv  e  with  unit  radius, 
but  with  remaining  two  parameters,  to  act  in  conformity  with  problem  at  hand.  It  in 
absolutely  clear  that  the  variants  of  representation  are  many  end  the  problem  will 
consist  in  selection  of  the  most  suitable  Per  a  given  purpose. 

Let  us  consider  the  more  important  and  simple  in  geodetic  sense  of  representation 
of  n  spheroid  on  a  sphere  of  unit  radius. 


-203 


•  S35T  ■ 
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1 .  cipher  leal  hepresentatlon 

Le'.  ns  assume  that  on  a  sphere  oi‘  : i r  =  1 1.  radius  the  geodetic  coordl  nates , 

■I  1> -i La-Jt:  of  pi. i  a!.;-.  c-i - i r,. :  i •  i—  wil  l:  geodetic  coordinate:;  of  a  spheroid,  L.t: 


l.-.t  L'-ude 


U  mm  B 

l-L 


(7.?o) 


Then  scales  ol'  r«?:j*;ri  t.-t  L  Loni 


(  4-  -  oi>  parsiW, 

I  | 

#»l  —  ?  —  —  on  -j  1  *»?  : , 

(  ii!!d .l  *)*!.-  —  Wi  (.lie  direct  ion  with  azimuth  A, 

N  At 

where  N  —  radius  cm'  curvature  o*'  first  vertical, 

M  —  radius  of  curvature  of  meridian. 

<a.:ue  Inverse  to  scale  of  representation 
N  —  on  parallel, 

M  —  on  meridian. 

I 

iViinM'+AfcosM'  —  by  direction  with  azimuth  A  on  G  sphere. 
Let  u-  designate; 

d;.  -  element  of  geodesic  arc  on  a  spheroid, 
drt  —  element  of  great  circle  cn  a  sphere. 

Consequently, 


I 


or! 


— Hr- 

d»-  -(jV$ln,/4'  +  /Mcos*/l')do. 

But,  as  it  is  known,  on  n  sphere 


(7.11) 


*lnA'- 


*>< 

eaaS  * 


Aa  —  azimuth  ol  the  great  circle;  arc  at  point  of  its  Intersection  with  equator. 
Further, 

U-  *  11  «(l  — 

i — 

Substituting  these  values  in  (7.31)  and  converting  to  integral,  we  obtain: 

•* 

+  J-AL. 

% 

r-*«.l  +  -i»,»bi,B  +  -H-«**ln4S+  .  .  • 

Introducing  this  expression  W’'1  for  integral  and  satisfying  integration  with 
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■  v;--*  *.  ?**• 

r;'\ ;  '<&?. 


U:>-  i.c-l(  of  Wall  ice  integrals,  we  obtain- 

i->aO-MM4»  +  3r,*Air'1+  is»,tir,  +  35»*ir.+  .  .  .5.  (7.  <? 

Sifn  : 


*r, 


I.pi.  us  rips IgriM l.e  elementary  arc 
do  —  parallels  on  a  sphere, 

do  —  meridian  on  a  sphere. 


d3(i  -  parallels  on  a  spheroid, 

—  meridian  on  a  spheroid. 
We  haves 


d«M*=m,ds,:  d  s„ 


*«.*«:  **  ;  mm 


M' 


On  sphere 

it,  —  da  sin  A\ 
dtm<m  dacosA’, 


On  ellipsoid 

ds,  —  dsiln  A, 

dt,  ,  «.  dtcosA. 


Therefore: 


o  r : 


(7.33) 


lly  this  very  simple  formula  we  calculate  azimuths  of  arcs  of  the  great  circles 

_o 

on  a  sphere  of  normals.  Value  V  by  argument  01  given  latitude  can  be  taken  from 
geodetic  tables,  where  lg  V  are  given  with  a  large  number  of  decimal  pieces, 
i'rom  (7.33)  with  accuracy  up  to  small  values  of  the  second  order  we  have: 


<4  -  AT  as  r  y-  «•*  a  »ln  3A 

(4  -  AX* fl  ss  666", 7  s=  n\| 


(7.33') 


-805- 


i'  uua  I  -ilpac  lng  Representation 


2. 


Element  of  parallel  on  a  sphere  ■  •«  cos  u  <i>- . 

:  !  . I.  uf  parallel  oil  ■;  spnerei J  !!  COO  !:  Jl. 

Consequently,  n  =  |  jjf  *  g  g  -  1. 

Consequent. ly ,  condition  of  equal  spacing  along  parallels  Is  contained  In 
equations: 


1.  \tu-V  I  — 

2.  1-1 


}• 


(7.34) 


where  u  —  given  latitude. 

The  first,  of  (7.34)  after  differentiation  gives: 

*m  I  l-»>  I 


4$ 


IT 


nn  nn  ellipsoid: 


'n  •;  sphere: 


wlie  re: 


««*- 


Km  Ml 
KUB 


matt 
'  4m  ' 


(7.513) 


(«) 


cosu  — 


m$ 

r  • 


(b) 


(c) 


From  formulas  (a),  (b),  and  (c)  it  follows,  that 

lj  *  “  V1  Ig  A. 

With  accuracy  up  to  small  values  of  the  second  order 


(7.56) 

(7.36-) 


W - 1 •&«  - 1‘ ’  ~  -  “  **  333”,3  5.6. 

•  I  no* 

Wc  find  expression  for  length  of  arc  of  a  geodesic  through  arc  of  a  great  circle. 
Element  of  geodetic  longitude: 

on  a  spheroid  on  a  sphere 


*-•—  sia*Mc0,  dK«-iS-*ln«i*cii. 

m  # 


Consequently, 


ft  yiHm»4»% 
44  IsmmtlmA 


(7.37) 


But  K  cos  B  «  a  cos  u,  therefore: 
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? <■» 


•  k' 


•  r. 


"HT  .,V* 


(7.  '7 *i 


Arranging  y’l— In  series  and  integrating  term  by  term,  we  obtain 


“  —  F#  o  —  F,  slmjcjs(2i,  +  »)  —  F,sin  2a  cos(4a,  +  2j). 


(7  A3) 


lie  re 


'-I-T I 


(7.44) 


i'\>r  coefficients  i\,.  i.,  !•,,  special  tables  can  be  composed  by  argument  Ks ,  they 


will  have  the  same  form,  as  tables  for  Et-sse 


1  tn&>  I  l  ■<  t/1 


3.  Understanding  of  Aposphere 

In  representation  of  an  ellipsoid  on  a  sphere  geodetic  problems  are  resolved 
Klmi'ly,  if  small  parts  of  a  surface  are  depicted.  In  this  case  the  scale  of  image 
is  close  to  a  unit  and  the  question  about  Introduction  of  reduction  does  not  arise, 
in  representation  of  significant,  parts  of  an  ellipsoid  complicated  reduction  problem 
Is  lnevltabe.  In  connection  with  this  a  new  problem  appeared  about  representation 
or'  an  ellipsoid  on  such  a  surface,  where  reduction  problem  wus  also  simply  resolved, 
as  in  representation  of  small  parts  of  an  ellipsoid  on  a  sphere. 

In  1947  English  geodesist.  M.  Hotine1  proposed  to  use  an  Image  of  an  ellipsoid 
o.a  uposphere  for  geodetic  purposes.  Aposphere  Is  the  surf  ice  of  n  prolate,  whose 
■axis  coincides  with  the  axis  of  rotation  of  an  ellipsoid,  but  meridians  are  determined 
from  an  equation: 


•*  “K*»ch*({.  +  c).  (7 .40) 

* 

where  r  —  radius  of  parallel  of  aposphere;  ip  -  isometric  latitude;  sell  -  hyperbolic 
secant;  K  ,  a  and  c  —  cons:  :*»t  Images. 

For  determination  of  constants  conditions  arc  made. 

1.  On  central  parallel  of  depicted  territory  radii  of  parallels  of  a  spheroid 
and  aposphere  are  equal,  i.e., 


r*mr+ 

2.  Geodetic  latitudes  are  determined  from  equation 


(7.40) 


(7.47) 


AT.  Hotine.  The  orthomorphic  projection  of  the  Spheroid,  Empire  Survey  Keview, 
1946-1947,  No.  62-bb. 
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are  -a so  are  equal.  Consequently,  a  spheroid  and  an  aposphere  along  this  parallel 
have  general  meridional  tnngency  and  radius  of  curvature  of  the  first  veri  leal  N. 
Curvatures  of  meridian  sections  along  thia  parallel,  equal  to  ^  are 

identical,  therefore  t.angency  occurs  botli  along  meridian,  and  parallel. 

* 

These  three  conditions  ful.lv  determine  R  ,  ft  and  c.  Omitting  details  of 
calculations,  which  on  the  whole  coincide  with  analogous  calculations  in 
representation  of  an  ellipsoid  on  u  sphere  by  Gauss,  give  following  final  results: 

1.  1  +  «**  eo>*  B,  | 


3.  %fhj  (■}»  +  f) «  sin  Bp  } 

. ign  "o"  Indicates  that  corresponding  values  are  referred  to  latitude  of 
central  parallel, 

i'Tom  characteristic  function  (7.4;i)  of  aposphere  ensue  the  following  properties. 

1.  Qauao  curvature  of  aposphere,  equal  to  ~  ,  is  constant,  for  utl  points 

tr*  w* 

on  the  surface,  therefore  it  may  be  developed  Into  n  sphere  of  radius  il  without 
dl3t.ort.ions  just  as  cone  and  cylinder  on  n  plane.  Equation  of  this  sphere  can  be 
represented  in  the  form: 

r*-*«cH,  (-M9) 

V'(,  —  Isometric  latitude  on  a  sphere. 

Parametric  lines  of  aposphere,  meridluns  and  parallels,  convert,  to  a  sphere 
without  distortion. 

?.  Isometric  coordinates  of  a  sphere,  as  in  the  case  of  representation  of 
ellipsoid  on  u  sphere  by  Gauss,  are  determined  from  equations: 


«,-*<•>+*>  r 

tUnce  scale  m  Is  constant  everywhere,  then: 

mr*  m  «  mr. 


(7.50) 


mr'rntmr.  (7 .  ‘>1 ) 

From  formulas  (7.50)  and  (7.51)  it  follows  that  any  expression,  determining 

projection  of  meridians  and  parallels  of  a  sphere  of  radius  R  on  a  plane,  as  function 

of  values  X  and  yc,  In  accuracy  Is  applicable  for  projection  of  an  apoBphere  on  a 

plane,  If  is  oubstltuted  for  y  and  X  for  X,  This  position  Is  equnlly  applicable 
c  c 

with  respect  to  both  lengths  and  angles.  Character  of  projection  from  nuch 
substitution  is  not  changed. 

J.  Main  radii  of  curvature  M  and  N  at  any  point  of  aposphere  just  us  on  a 
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■■‘T 


i;. 

£ 


& 

r. 


spheroid  (with  the  exception  of  poles),  ure  not  equal.  Therefore  selection  of 
constant  K*,  ot ,  c  cnn  te  carried  out  so  that  where  Insignificant , areas  the  scale  will 

r  t  -  til  • :  iii  factual  ly  const,  ant  and  close  t.o  u  unit,  i.elf  at  points  with  equal  values  of 

•« 

r  and  r  will  be  almost  equal. 

After  projection  of  ellipsoid  on  an  uposphere  Lt  is  possible  t.o  resolve  geodetic 
problems  on  the  uposphere.  However  this  problem  was  not,  developed  in  detail  up  till 
now.  Hut.  use  of  nposphpre  as  Intermediate  Instance  during  projection  of  an  ellipsoid 
on  a  plune  renders  geometric  clarity  of  resolution  of  the  problem,  in  this  cast 
proceed  thus. 

1.  Depict,  surface  of  an  ellipsoid  on  uposphere  which  is  reduced  Lo  determination 

■ 

ol  constant,  parameters  K  ,  u  and  c. 

Apoaphere  ia  developed  on  a.  sphere,  i.e.,  the  law  of  t  ransition  of  isometric 
coord tnat.es  ^  and  X  ol  uposphere  to  and  \c  of  u  sphere,  is  established, 

i.  Project  sphere  on  n  plane  of  u  ch.oaen  projection.  With,  suitable  selection 
of  parameters  scale  cl'  the  Image  at,  any  point  will  be  little  different  from  the  scale 
of  the  image  of  .a  sphere  on  .a  plane.  Therefore  reduction  in  angles  and  lengths  will 
hr  small. 


CHAPTER  VIII 


GEODETIC  PROJECTIONS 

§  43.  BASIC  POSITIONS  AND  DETERMINATION 
Engineering  geodetic  works,  intended  for  geodetic  guarantee  of  construction 
of  tunnels,  irrigating  systems,  thermal  and  hydro-electric  stations,  airports, 
ml; roads,  highways,  superhighways,  bridges,  industrial  and  agricultural  pro, lee  is 
and  so  forth,  are  as  a  rule,  executed  in  a  comparatively  small  areas,  State 
topographic  surveys,  especially  large-scale,  being  developed  gradually,  also  embrace 
in  every  stage  only  small  parts  of  the  terrain. 

Gystem  of  coordinates  and  mathematical  treatment  of  materials  of  limited  geodetic 
nets,  made  for  Indicated  purposes,  have  to  be  of  the  simpler  type.  For  engineering- 
geodetic  work  it  i3  inexpedient  to  use  a  system  of  geodetic  coordinates,  In  spite  of 
the  Pact,  that  they  nre  general  for  all  the  surface  of  the  terrestrial  spheroid,  since 
they  are  obtained  by  means  of  relatively  complicated  calculations  and  moreover  are 
in  arc  form,  but  linear  values  of  arc  units  change  with  change  of  latitude  of  the 
place.  The  simpler  form  is  the  grid  system  of  coordinates  on  a  plane,  which  however, 
is  not  directly  connected  with  the  surface  of  terrestrial  spheroid.  Investigation 
of  curvature  of  the  surface  of  a  spheroid  shows  that  only  very  small  sections  of  It 
can  be  taken  as  a  plane.  Thus,  for  instance, ‘if  one  were  to  determine  lineal  elements 
of  geodetic  nets  with  accuracy  of  up  to  0.4  mm,  then  only  a  section  of  earth's 
surfac*  of  [:  km  radius  can  be  taken  as  a  plane.  Therefore  application  of  plane  grid 
coordinates  in  geodetic  work  is  only  possible  by  means  of  projection  of  parts  of  the 
surface  of  n  reference-ellipsoid  on  a  plane.  Selection  of  projection  for  converting 
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"n(,s  t.r-.n- 1.  loii  from  t-llips.J-i  :.»>  plant-  pr.  nt.s  i.i.co re '  ica  11  y  .and  practically 
i;n  important  problem  for  spheroidal  geodesy. 

I'rc  jcc tlor.;:  of  rcfcr'-noe-e  11  ipso!  d  on  pianos,  taken  for  conversion  and  t  f**ri  I  iH**n • 
of  geodetic  measurements ,  are  nailed  geodetic.  In  distinction  from  cartographic 
r '..ions ,  where  the  main  problem  consists  of  representation  of  earth's  surface 
mi  -  | ■  i •  r*  (plane),  geodetic  projections  give  methods  of  exact,  conversion  of  elements 
of  surface  of  an  r-Lllpsoid  (line:;,  angles)  to  :i  plane.  Many  cartographic  •■mu  geodetic 
projections  can  be  offered.  In  selection  oi  geodetic  projections  Initial  conditions 
are:  amount  of  distortions  and  simplicity  of  their  circulation.  It.  is  quite  clear 
that  the  less  the  distortion  In  a  given  projection,  the  greater  the  territory  where 
it.  can  be  applied.  However  minimum  of  distortions  and  simplicity  of  Lliele  calculation 
in  general  are  Incompatible  In  geodetic  projections.  Characteristic  peculiarity  of 
geodetic  projections  is  in  the  fact,  that;  for  translation  and  treatment  oi’  every 
geodetic  net  the  whole  process  of  application  of  projection  is  wholly  repented. 

Distortions  are  inevitable  in  any-projec tion,  therefore  the  main  requirement 
in  selection  of  geodetic  projection  should  be  con  ildered  the  ease  amt  convenience 
of  calculation  of  distortions.  However  this  requirement  still  does  not  determine 
the  character  .and  form  of  projection. 

Uuodetlc  construction,  nr  a  rule,  is  developed  by  means  of  measurement  of  angles 
of  geometric  figures,  and  linear  measurements  are  made,  for  Instance,  in  triangulation 
only  for  assignment  of  scale  of  the  net.  Thus,  In  selection  of  projection  a  condition 
should  be  set,  that  angles  of  geodetic  nets  during  their  translation  from  an  ellipsoid 
to  a  plane  of  projection  preserve  their  values,  dueh  projections,  where  equality  of 
angles  is  observed,  are  called  equiangular  or  conformal  In  mathematical  cartography. 

For  geodesy  conformal  projections  possess  a  very  Important  property,  they 
preserve  similarity  in  infinitesimal  parts.  However  there  is  an  infinite  number  of 
conformal  projections  of  an  ellipsoid  to  a  plane.  Problem  In  general  consists  in 
selection  from  them  of  one,  that  best  satisfies  the  geographic  disposition  of  a  given 
area  and  Is  convenient  for  practical  calculations. 

Territory  of  the  Soviet  Union  extends  approximately  45°  in  latitude,  and  nearly 
150°  in  .longitude.  Mathematical  cartography  recommends  in  general  that  in  represen¬ 
tation  of  a  territory,  stretched  along  longitudes,  the  use  of  conical  projections. 
Therefore,  it  would  seem  that  for  geodetic  worK  in  USSR  one  should  take  some  conical 
conformal  projection.  However  Investigations  show  that  transition  from  ellipsoidal 


i  )•:!.•  I-,' .•  •.  pi -imp  la  very  complicated  In  coni'1  ,1  pro,!  pc  I  .lc.no.  !-rr. !  ti  c c'r.i  f:! 

|.  irilJel  or  nn  .'iron,  whose  linage,  as  a  rule,  in  taken  for  i.ne  axis  of  ordinal  rs.  in 
conical  projections  will  be  a  circumference.  Due  to  this  it.  Is  necessary  ;o  divide 
1.)  f-  depleted  area  by  meridians  int.o  smaller  sections,  within  the1  limit.!!  of  whir!: 

•  :.»•  representation  of  a  central  parallel  can  be  taken  for  a  si  ■  might  line.  This 
produces  i' rent,  inconveniences,  particularly  In  significant,  removal  from  ’he  cent  ml 
(serldi  ■  of  the  country.  As  own  tie  s.ten  from  preceding,  chapter  constant,  conical 
projections  change  with  the  change  of  central  parallel. 

The  above  fundamental  considerations  formed  the  basis  for  select  ton  of  geodet  ic 
projection  for  the  USSR,  Selection,  in  1928-1930  fell  on  Gauss-Kruger  conforms  I 
project t, Ion,  whicti  up  to  that  time  had  comparatively  small  application  in  geodetic 
work  in  tlDDK  and  .abroad. 

(iaucc-Kruger  projection,  initially  called  "Method  of  Projection,  Hanover  State 
Survey,"  was  developed  and  Introduced  in  thirtieth  years  of  the  past  century  by  Gauss 
during  survey  of  the  Hanover- Duchy.  However  during  his  life  Gauss  did  not  publish 
tills  work.  Ideas  and  individual  Investigations  of  Gauss  in  the  form  of  miscel laneous 
notes  were  revealed  in  his  literary  heritage  by  Kruger  and  published  in  IX  volume  of 
the  works  of  Gauss.  All  this  material  Is  translated  into  Russian  language  and 
publish, ed  in  the  second  volume  "of  Selected  geodetic  compositions"  of  Gauss,1  Kruger 
service  is  in  the  fact  that  he  developed  and  systematically  expounded  the  theory  arid 
practice  of  this  projection  in  his  work  "Konforme  Abbidung  des  Erdellipsoids  in  Her 
Kbene,"  (Conf.n  mul  representation  of  terrestrial  ellipsoid  on  a  plane.  Leipzig, 

1012). 

Gauss -Kruger  projection  (transverse-cylindrical  for  a  sphere)  is  used  in 
separation  of  the  surface  of  a  reference-ellipsoid  into  coordinate  zones,  bounded  by 
meridians  and  spreading  from  North  to  South  Poles. 

Gauss-Kruger  projection  is  determined  by  the  following  conditions; 

1.  Gauss-Kruger  projection  is  conformal,  i.e.,  the  scale  of  the  image  is 
constant  at  a  given  point  and  consequently,  depends  only  on  coordinates  of  a  point. 

2.  Axial  meridian  of  each  zone  is  depicted  on  a  plane  by  a  straight,  line, 
taken  as  an  axis  of  abscissas. 

Origin  of  coordinates  ir,  each  zone  is  selected  at  a  point  of  intersection  of 

*K.  F.  Gauss.  Selected  geodetic  compositions.  Vol.  II,  "Higher  geodesy." 

Edited  and  with  introduction  by  0.  V.  Bagratunl.  M. ,  Geodezizdat,  1958,  p.  149-171. 
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'-he  Image  of  the  axial  meri-Hun  with  t.he  image  oi'  the  equator.  Axis  ol’  ordinates 
coincides  with  the  Image  oh  equator. 

’.  The  scale  oh  the  image  on  axial  meridian  is  equaL  to  1,  i.e.,  nxi.nl  meridian 
is  depicted  on  a  plane  in  i‘nl 1 -nine.  Thus,  for  points  of  axial  meridian  the  abscissa 
are  equal  to  arcs  of  meridian,  counted  from  equator. 


nfttrh 


Fig,  8?. 


Width  of  grid  coordinate  zones  is  established,  proceeding  from  values  of  linear 
distortions  and  taking  into  account  the  convenience  of  practical  application  of 
formulas.  In  US:'R  two  systems  of  coordinate  zones  are  used:  six-degree  and 
three-degree  zones  (Fig,  8?).  Axial  meridians  of  six-degree  zones  coincide  with 
central  meridians  on  map  sheets,  scale  1 : 1,008,000  and  ordinal  number  of  a  zone  is 
determined  by  the  formula 

n-W-30, 

where  N  —  number  of  column  of  map  sheet.  1:1,000,000. 

Longitudes  of  axial  meridians  of  six-degree  zones  are  determined  by  the  formula 

L  <■  Bn  —  3. 

Within  the  limitr  of  USSR,  abscissas  of  Gauss-Kruger  coordinates,  counted  from 
the  image  of  equator  to  north,  are  positive,  ordinates  are  also  positive  eastward, 
they  are  negative  westward  from  axial  meridian.  In  order  not  to  deal  with  negative 
values,  at  points  of  axial  meridian  ordinates  of  500,000  m  with  obligatory  indication 
ahead  of  a  number  of  coordinate  zone  are  conditionally  added. 

System  of  three-degree  zones  is  used  for  large-scale  surveys  and  treatment  of 
materials  of  numerical  surveys.  Axial  meridians  of  three-degree  zones  are  selacted 
bo  that  they  either  coincide  with  central  meridians  of  individual  meridians  of  map 
sheets  of  1:1,000,000  scale.  Coincidence  of  central  and  axial  meridians  occurs 


i 


through  every  three-degree  zone,  therefore  half  of  them  colnc Idea  with  eentr.il,  and 

sheets,  Usnpi  tnrlen  or  r« a l  :>  1 
formul.-i 

k  -  number  corresponding  to  three-degree  zone. 

In  three-degree  zones  rule  of  signs  for  abscissas  and  ordlrnt.es  is  the  s-irr.v. 

■s  Lri  six-degree  zones,  hut  conditional  Increase  of  ordinates  Is:  not  applied. 

.'.yt’Jern  or  coordinate  zoi.ee  in  geodetic  work  of  U.\>."U<  is  firmly  fixed,  rum!  err 
and  ax.idl  meridians  are  predetermined.  In  Table  9  all  data,  pertaining,  *o  coord i us te 
zones  of  USSR  on  Gauss-Kruger  projection  is  given. 


1  f  v!lM.  Individual  meridians  of  the  1: 1 ,000,000-m:i{> 
meridians  of  three— degree  tones  are  determined  by  ti.i 


Table  9 
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Fig.  11?. 


preceding  account  it  follows  that  of  Gauss-Kruger  projection  allows  to 
uniformity  In  calculation  of  plane  conformal  coordinates  for  all  of  the 

USSR,  but  these  coordinates  are  calculated 
in  a  definite  zone,  where  each  zone  has  lt.s 
own  system  of  coordinates.  Tnerefore  in 
their  practical  application  it  is  necessary 
to  recompute  coordinates  from  one  zone  to 
one  adjacent  to  it.  In  connection  with  IhlB 

i 

in  USSR  overlap  of  zones  by  37.5  In  longitude 
is  established:  each  stx-degre  western  zone 
overlaps  eastern  by  30 * ,  and  eastern  the 
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«  fcWrwffi'-r'tj1 1  *■  /vjt  »4  •. 


Consequently!  coordinates  ol'  points  or'  geodetic  r/  ts 


western  —  by  7.b  (Fig.  83).  1 
located  In  at.  overlap,  band  are  given,  In  a  system  of  two  adjacent,  /.ones. 

in  geode t to  won',  at  .ipr-e  i  .1  ass  1  gnu *nt ,  for  ir-rmnue  In  a  survey  of  cities, 
cun.,  t  ruction  of  tunnels,  construction  or  industrial  .arid  agricultural  piojeots  and 
30  forth,  for  the  purpose  of  decrease  or  exception  of  influence  of  distortions  of 
pro,.-.  ..*t  ion,  deviation  Is  a  It  owed  from  conventional  scheme  of  application  of  projection 
and  coordinates  of  aiiiss -Kruger.  In  these  cases  the  origin  of  coordinates  and  .axial 

o 

meridian  arc-  selected  in  the  center  of  the  object :  however  coordinates  of  points  of 
hurtle  I'l-ciri  ne*  j’.  also  V  c  csluul a  tod  In  corresponding  six  or-  three-degree  zones. 
In  selection  of  sectional  beginning  of  grid  coordinates  and  sectional  axial  meridian 
they  should  be  so  calculated  so  that  distortion  of  projection  would  not  be  taken  into 
consideration. 


P.-tslc  designations  and  '/-.lues,  used  In  transition  from  an  ellipsoid  to  n  plane, 
In  causa -Kruger  projection  ire  shown  below  in  an  example  of  translation  of  a 
t  r langul atlon  triangle. 

In  Mg.  84  Is  axial  meridian  of  a  zone;  P.P  Is  a  meridian  of  a  point;  F. ; 

P^T  is  a  geodetic  parallel.  P^PM'^  is  a  triangulation  triangle,  whose  sides  s, 

and  sp  are  geodesics;  A  in 


Or  it  plan* 


i«n  ft  »phano!d 


Fig.  84. 


Fig.  8r>. 


azimuth  of  a  geodesic  s;  t.  Is  a 
geodetic  convergence  of  meridians 
on  an  ellipsoid;  1  Is  difference 
of  geodetic  longitudes,  Geode! Ic 
coordinates  of  point  P^  (P  and  L) 
are  considered  given. 

In  Fig.  85  a  geodetic  triangle 
PjPpP^  is  depicted  (Fig.  84)  on  a 
plane  of  Gauss-Kruger  projection. 

OX  is  image  of  axial  meridian; 

t  t 

PjX  is  meridian  of  point  P^{ 
Straight  lines,  connecting  points 


P1P2P?  ls  an  imug<?  spheroidal  triangle  PjPgP^ 

tit  _i 

I*1#  P0  and  Pj  are  chords  of  images  of  geodesics  s,  and  s?;  PjT  is  a  line. 


lAt  present  zone  overlap  is  established  at  1°  along  longitudes  western  and 
eastern  zones  are  mutually  overlap  by  V)  . 


;.aral  h- 1 

to  axl' 

il  wrldlaii.  I’ 

ue  to  conformity 

the  angl 

es  la 

M.wee/.  !.r 

ie  correspond!  n; 

!  1: 

i  : ;  ‘ 

i  plan'- 

■  are  preserver! 

.  therefore  .angle 

::  a  t  ve  r 

t.f>  K*a! 

]  :1’ 

aril  or  '■>» 

!  i 1 

1  tri  an 

;gle  nre  emir  1 

to  angles  of  a  pi 

'me  trln 

ogle 

1  1  t 

W 

for. in-  1  !■;,  <■  irv 

by  i:i.-. 

of  the 

sides  of  a  triangle  on  a  plane 

Angle 

between  the 

eiiord  and  t:  e 

i  iiit  « 

pa  f: 

.llol  L 

o  mericii 

fin,  is  called  d  1  rev  „  i  ona  1 

aitftj 

l.e  (grid 

•ir.  imut.h ')  or:  a 

;  1  'ini' 

•n  j  f  i 

is  des 

ignated  a;  it 

is  counted  off  by 

the  same  ru] 

le,  as  az 

imuth:  ti.i 

•>np  1  >■ 

between  tn 

rigent  to  image 

of'  meridian  of  a 

given  pi 

oint 

rind  line 

,  parallel  tc 

•iXt-.l 

i!  ;**ri 

,-i  i.an. 

ir  called  Pans 

c-  convergence  of  i 

•ieridiin 

c-  or 

conv^ry.c 

are  of  !!i»-ri  11::., 

on  'i  plane  nnd  is  designated  the  angle  between  chord  and  image  of  geodea!" 
e.'iil-'J  correction  .for  curvature  of  image  of  geodesic  or  redan  v  Ion  of  direction  wi 
is  designated  6;  these  corrections  are  small,  but  are  computed  with  great  .•iccurae.v 
(to  o.OOl). 

Difference  7  -  t  is  small  value  of  fourth  order  and  is  equal  to:  +2/3l^')2 
sin  H  eosc  P  +  , . . 

Order  of  translation  of  support  geodetic  net  from  an  ellipsoid  to  a  plane  in 
Ouuss-Kruger  projection  consists  of  the  following  stages: 

1.  From  geodetic  coordinates  of  initial  point  of  a  net  convert  to  Ga'iss-Kruger 
grid  coordinates;  simultaneously  calculate  Gauss  convergence  of  meridians  v. 

?.  From  length  of  geodesic  and  its  azimuth  at  Initial  point  convert  to  leiagU 
and  directional  angle  of  the  chord. 

3.  From  angles  between  geodesics  convert  to  angles  between  chords  of  their 
image  on  a  plane. 

Satisfying  these  actions,  obtain  geodetic  net  of  rectilinear  triangles  on  a 
plane,  then  equate  it  by  a  method  of  least  squares  and  calculate  grid  coordinates 
of  all  vertexes. 


§  44.  MATHEMATICAL  BASES  OF  GAUSS-KRUGER  PROJECTION 
To  depict  conformally  the  surface  of  a  terrestrial  spheroid  on  a  plane  -  means 
to  establish  regular  conformity  between  points  of  a  surface  and  a  plane  In  such  a 
manner  that  the  corresponding  angles  of  small  geometric  figures  of  a  spheroid  and 
a  plane  are  equal,  and  the  sides  are  proportional.  In  theory  of  geodetic  projections 
the  main  object  is  the  establishment  of  an  indicated  point  of  conformity,  i.e.,  in 
determination  of  coordinates  on  a  plane  by  geodetic  requirements  and  conversely. 
General  equations  of  point  conformity  can  be  expressed  by  the  following 
functional  dependencies; 
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*-/•</».  4  \ 
r-M«.  L)  | 


(8.1) 


,  i.  t'.-tfii'"  t  1 1  >.v  vu ,  !_!.»■  lat-ifadc  and  longitude  of  ..  depleted  pci:, i, 
arid  x,  y  -ire  Its  grid  plane  coordinates  on  selected  projection. 

In  O.-iuss-Krtiper  projection,  where  depleted  port  of  h  surface  of  «  spheroid  Is 
broket i  down  Into  cones.  It  is  expedient  to  replace  geodesic  longitudes  in  (8.1)  by 
differences  of  longitudes  of  given  and  axial  meridian,  designating  them  by  Z  =  L  -  Lq 
mathematical  reckonings  are  simplified.  If  geodetic  latitude  I1  In  (8.1)  is  expressed 
by  Iso  ait  trie  latitude,  designating  1 1  q.  Dependence  between  q  and  i.‘-  is  Obtained  in 
preceding  chapter  by  the  formulas  (7. 11)  and  (7.H1)- 


bet  us  assume  that  indicated  transformations  are  already  carried  out,  then  the 
equations  (8.1)  will  take  the  forms 


0 


(8.2) 


.jyt’.tem  of  coordinates  (q,  t)  on  ellipsoid  possesses  a  property  where  dq  -  dt 
Uie  surface  is  broken  up  into  a  net  of  infinitesimal  squares.  Areas  of  these 
squares,  naturally  are  not  equal  among  themselves,  since  they  Depend  on  position  or 
squares  on  the  surface,  whose  curvature  changes  from  point  to  point.  Such  coordinate 
net.  is  called  iaomc.  rlc,  and  the  system  (q,  i)  is  isometric  system  of  coordlnat.es  on 
a  spheroid.  Only  grid  coordinates  on  a  plane,  being  also  isometric,  create  a  net, work 
of  equal  squares. 

Isometric  coordinates  possess  symmetry,  i.e.,  its  permutation  of  coordinates 
l3omet.rlc  network  does  not  change.  By  means  of  conversion  of  equations  (8.2)  will! 
respect  to  q  and  L  it  is  possible  to  arrive  at: 


v) 

i-t  (*.  D\ 


(8.3) 


liquations  (8.?)  and  (8.3)  express  in  general  form  the  point  conformity  between 
surface  of  a  spheroid  and  a  plane  and  determine  grid  coordinates  (x,  y)  by  required 
(q,  Z).  Form  of  functions  (8,2)  and  (8,3)  is  determined  by  required  conditions  which 
should  satisfy  the  image  of  a  spheroid  on  a  plane. 

From  equations  (8.2)  and  (8.3)  by  means  of  differentiation  we  obtain 


(8.4) 


I 


i'-; r»  i -•!  1  derivatives  In  (8.4)  and  ( b .  ^ )  have  r.o  satisfy  fundamental  cr,:.-ai.lo:.c  cl' 
t. raiis format Ion  in'  coordinate.-.  (7.8),  which  were  obtained  In  preceding  chapter.  ”tir,y 
i.'iVi.-  the  form: 

VErC—~V^,a~ 
yFE-^-.-Vvc^- 

I  I 

Mere  E,  h  ,  0,  U  are  coefficients  of  first  quadratic  form  of  '.leusa  on  i  r-;;;; :  r,  X 
two  surfaces  (u,  v)  and  (u  ,  v  )  are  curvilinear  coordinates  on  these  surfaces,  bet 
us  consider  equations  (ft. 6)  between  isometric  coordinates  of  spheroid  and  a  plane. 

Square  of  lineal  element  of  a  spheroid  has  the  following  form  in  geodetic 
coordinat.es : 


(«.7) 

(P.8) 

r 

Let  us  assume  that  system  (u  ,  v')  coincides  with  system  (x,  y),  i.e,,  E  —  Cl 


di*  -  Wrffl*  +  r*dP  t  r'ldtf  +  dP). 

,  »un  ,  r  Ai.m 

dq  —  — —  when  q  —  l  — —  . 


=  1,  and  system  (u,  v)  —  with  system  (o,  l),  hence  E  =  C  =  r  ,  then  from  (8.8)  for 
our  case: 


JjL.JL 

tq  *i 

iL _ JL 

*  «l 


(8.9) 


Let  us  assume  now  that  systems  of  coordinates  (x,  y)  and  (q,  l)  correspondingly 
coincide  with  (u,  v)  and  (u',  v'),  then  from  (8.6)  we  obtain  absolutely  symmetric 
(8.9)  equations  in  the  form: 


i>  * 

JL _ JL 

•r  * 


(8.10) 


Equations  (8.9)  and  (8.10)  are  fundamental  equations  of  conformal  transformation 
of  isometric  coordinates.  Their  integration  is  made  under  initial  conditions,  which 
are  set  for  representation  of  an  ellipsoid  on  a  plane  or  conversely.  Tnese  equations 
are  called  conditions  of  Cauchy- Riemann  in  the  theory  of  analytic  functions;  they  are 
fundamental  interrelationships  as  in  a  theory  of  analytic  functions,  just  as  in 
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•  «<  *t 


conform!!  representation  of  !  ui'I'.wpe, 


1 .  formulas  for  '.;.-ilcul.uUtni  of  times -Kruger  Coordinates 
1  y  iieuUe1  !u  Coordinates 

In  Cfi’iss-Kruger  projection  the  axial  meridian  Ls  depleted  by  ;i  st.r.a i ght  line 
into  h  natural  vaxue,  i.e.,  for  points  ol'  axial  .'-eriuxan  abscissas  are  equal  to  arcs 
<d‘  merldi  an,  but  ordinates  are  zero.  If  we  designate  t',t  are  oi‘  meridian  by  X,  then 
tor  points  oi  axial  meridian  where  t  -  0  we  obtain: 


0  I 


(8.11) 


In  ■•ddition,  positive  (  has  t.o  correspond  to  positive  y  and  to  negative  l  lo 
negative  y;  to  positive  «nd  negative  l  only  positive  x  corresponds.  These  condition 
fully  determine  Gauss-Kruger  projection. 

following  power  series  satisfy  the  set  conditions  for  Gauss-Kruger  projection 


*  ■*  J!  +  e,/*  +  Oft*  ■+•  otl*  ■+■  • 

t -V  +  W  +  W‘  +  W’+' 


(8.3?) 


where  a^,  a^,  ...  b^.  b^,  b^,  b^  ...  are  functions  of  geodetic  latitude  of  a 

given  point. 

From  (8.1?)  where  l  -  0  we  have  y  -  0  and  x  =  X;  with  negative  value  of  l 
ordinate  y  ls  negative,  and  abscissa  x  is  positive.  These  conditions  are  fully 
sufficient  for  Integration  of  equations  (8.9)  with  the  help  of  series  (8,3;'), 
From  (8.1?)  it  follows: 


it  -  £.u.i«ifiL  +  +  +  •  •  • 

*  *  T  <f«  +  M  +  <««  + 

+  ^  +  •  •  • 

A-»,iJ.+/.A  +  /.A.  +  rA+..  . 

&--bl  +  3bf+&btl*  +  7tf  +  •  •  • 


(8.1.7) 


For  determination  of  coefficients  a?,  a^,  afi  ...  hj.  by  btj  ...  substitute 
obtained  partial  derivatives  (8.13)  in  (8.9). 


We  have: 


(8.14) 


V.  in  'ire  of  meridian,  whose  element  Is  dX  =  MdR 


U:rr,: 


there  I’nre 


_  tut  ^  tx 

*  ftntg  *  t 


4X 


(H.1M 


r  —  radius  of  parallel. 

dX 


Wi  l.h  tills  value 


di 

Derivatives  — r  (i  -•  1,  2,  $  . ..)  have  the  following  values: 
dq 

1.  Jt-  m-NeosBUnP 

4f 

2.  •»  —  /V COS*  0(1  — /*  -{  if) 

3.  —r-A'  coi»  0  sin  fl(5  -  f  +  #».*  +  4t,*j 

•T 

«.  ~~m  N ecu* 8  (5  —  18/'  + /«  +  14»,* — 38%*/*  +  13tf  -  64 1)*/’* 

•r 

5.  ~  -  — /Vcos'fl  tin  fl  (61  -  68 1*  + 1*  +  2J0  V-  330  r‘|*) 
•r 

6.  «  — /Vco»’fi(6l  —  479/*+  I79l*  — /*) 


(«.l?) 


Here,  ns  before,  t  ■=  tg  B;  q* 


1 2  2  ' 

e  cos  Bj  e  are  second  meridian  eccentricity. 


d^r  4  d5r 

In  value  — i-  terms  with  t)  are  dropped,  and  in  — fr  terms  with  q“  are  dropped, 

dq5  ,  dq° 

Subst.lt ■".ting  values  of  derivatives  — r  in  (8.16),  we  obtain  the  following  system  of 

dq 

formulas  for  coefficients  of  power  series  (8.12): 

«»«•  ixBiInfl 

«,  „  JLfSfilL'l'UL  (5  _<•+$,•  +  4s*) 

«,  -  .glWfifti.  (61  -  6»f  4- 1*  +  VO  V -  330  iff) 

no 


6,  <■  At  cos  £ 

•~~-t5-18(»  +  <«  +  14V— UV<*  +  I3V-64  »,«(•) 

W 

6,  ■  -479C+ IW/*-!*) 


Consequently, 
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nulns  (8.14)  will  take  form: 

*1  -f. 

- 

2a,  m  —  — 

,2°»* 

(O.in) 

i 

66,  -  —  ~ , 

£ 

>• 

s** 

• 

SWOA,  — 

8 

i~x+  ~~N  cos  fl  tin  B+.V-~-*in  flc<n*B(5- /•  +  9t,'  4-  <»,*)  + 

nr 

+  ~~~  Nt In  fico»*  0(61  —  53 l*  + 1*  +  270 330  V‘‘) 

TH*** 


(».!») 


#“  -£  WcmB  +  A'  »'  +  ti*)+ — '  .co»»fl(5—l8f'  + 

»*  iwp* 

+  f4  +  I  ■•’**  •—  S8 t,*  <•  4-  1 3»/  —  61*,*  (*)  -f 

+  — ^—.vcos*«(«i -mt*+  179/*  —  r»).  (tf.i'O 

Formulas  (fi.Jti)  and  (H.:ly)  possess  iilgn  accuracy  anti  can  lie  applied  for 
Uirt't reiices  ol‘  longitudes,  I.  <*  1-4°,  J.c.,  lor  a  system  of  aix*degroe  /ones. 

N’t i..i ra  1  ly ,  for  three -degree  zones  these  formulas  can  he  s imp  1 1 1'leil  namely!  in  formula 

It  it  i'  1 1  o  y 

for  x  terms  /.  i|  anti  I  and  for  yi  terms  with  /.  i|‘  and  l  can  he  dropped,  then  for 
Such  a  i  use  wo  ItaVe! 


JtmX  +  ~-  Vntn/lCOhfld.  -d-  sin  «  cos*  U  (f.  —  f  •  +  0V) 
V  .  sip* 

1 1-4  A’  cos  U  +  IV  coP  »(!-/'  +  VJ  + 

»  V 

+  I#/*  +  /*} 

!*»>■» 


f* ,  Formulas  fur  Calculation  of  Geodetic  Coonl Inal; wn 
ay  linuss-kruger  t'otvxlTiia1  1 

In  order  to  obtain  formulas  for  calculation  of  geodetic  coordinator)  by 
ilatinn-Krup.i*  r  coord  I  na  ter  ,  It  It!  necessary  to  Integrate  differential  niual.lonr  (ft. 10) 
under  following,  nltiui  conditions:  wi  th  y  0  should  lie  l.  •-  o,  x.A  «  X(1  and  t]  *  (|t). 
C!oiinldrrlii|-  tin.*  symmetry  of  projections  wl  tu  reaper t,  t,n  axial  meridian  and  the  fact 
that-  sign  l  always  recta  S|*i'iidii  U>  sigh  y  and  with  any  sign  of  ,y  value  q  Is  positive, 
wr  haves 


it*  + .  ■  •  i 

+  +  •  •  •  }* 


(8. 19') 


Here  coefficients  agih,'(,  n^,  b^,  bj,  b,^,  are  functions  of  latitude  of  the 
base  of  ordinates  y.  Let  ua  deoignafe  this  latitude  by  1^,  It  is  obtalhfid  by  required 
x,  il’  X  is  considered  tui  arc  of  uxlai  meridian,  H0  la  calculated  by  x  according  t.o 
tables  for  arcs  of  morldiuns. 

From  (ti.191) 


■■  •  "■■■  •  -=?  f 

’iyi  Vif ■  _■  ,  \ 


,fliw:.r  iiwiaa*  . 


...  ..  ••  *>«N>  • 


—  ■  +  +  .  .  . 

<1  T’  A  *  <1  r 

+ 6a;  /  +  ■  ■  . 

i.,4+^+,A+.. 

~  «>]  +  36j  jf’  •*•  y*  +  •  •  • 


(ft- ?0) 


in  accordance  with  equations  (8.10)  and  (8.?0)  we  have  the  following  equation:-. 


for  determination  of  coefficients:  L *  (i  -  l,  2,  . 

-*;+ 


+  3*;i»*  +  56;id  +  7fc;/+  .  -  • 

*  J!ti_  +  ?  *L  +  /  Jii  +  *.  j!?L  . 

9  **  r  <<  Tr  4*  T*  4* 

-—<a«;  *+<«;¥* +&»;«•  + . . .), 


whence 


Alt  before, 


»;-■$••  »■ 

H— g- 

*•: — -S- 

»;-#■  >• 

(8. 20') 


<*.  . 


algn  "0"  here  designates  that,  the  corresponding  values  are  referred  to  latitude  P0 
bane  of  ordinate  y. 

Consequently, 


#•««  9% 


7T 


t. 

i, 


-j- 

*• 


*-*(*). 


r|  i  /»!»•  #■ 


(8.21) 


6.  720o: 


1 1±_) 

t  240  1  it 

(— v  + 

!  VixJ 

•  rj  V  it  It) 

(  it '  jo  + 

(±.\ 

l*L)’+  “If 

Jt\1 1  <Pr  \  _ 

\  it  /• 

U).+  ,J  [ 

it  /o  /« 

t#t\ 

/dV\  10  / 

£).(£).~3t 

(*•)• 

(i*/,  ,*‘l 

but  dr  -  -M  sin  lidl'.,  dx  =  MdR,  therefore: 

( ■£).—>"• 

*(£)i 

m+ 

+  4*  S.  (■£l(£!‘l  + 

In  derivatives  —41  (i  »  3,  2,  3,  »,  r>)  and  ^  (n  =  1,  ?,  3,  *1 )  have  the 
dx  dx 


(8.2?; 


I'o  l  lowing  va.l  ue3 : 


\*t  ft  t 
(*B\  w« 


/  tB\  *»  '  (8.23) 

Ur),--- + 

(~£r)„  “  ('+/;  +  H  +  5^  o 

Last  derivative  is  taken  in  "spherical  presentation,"  i.e.,  in  its  calculation 
It;  iy  taken  *  const. 

,.ir 

Calculating  derivatives  -i-4  by  (8.23)  and  substituting  them  in  (8. Pi),  for 

dx 

coefficients  of  power  series  (8.19)  we  obtain: 

I  _  MCfl, 

1  “  f,  m  ft.cotS,  "  N, 

K — ^rti+aj+tf 

•It  A. 

K -  I»xf  <* +' » »I +  Ml 't +  6t.;  +  H '» 

”*•  t  R  oJi  \ 


•• - sr 


(8.24) 


ts»  + 18°7»  + 12°<5  +  «iij  +  «,; 


Substituting  these  values  of  coefficients  in  (8.19),  we  obtain 


# (5 + «/* + ^  -  4r,y  _ 

-/  ~~T  (6*  +  IM'J  h-  ISO/;  +  4&2  +  «»*;  :»>.  (8. 20 ) 

•  ‘ - 1*—5  f* - ?  •^rti p*d  +  *:  +  + 

+ ^  Sf  p*  <s + 28  'I + 54  'S + «*!  +  «'i  o-  ( • '  .''•■) 

formula  (8.2/.)  is  final,  and  rormula  (8.25)  must  be  converted  in  such  a  wa.v 
tl-ni  from  ,|  and  q(J  we  shift  correspondingly  to  E  and  1?  .  We  have: 

fl-flfo).  ) 

We  designate: 

Aq  ---  qt—q. 

then: 

-  <c-27> 

where: 

(fl 

(0).  “  ' “*  B*Iln  fl«(l  +  4l&  +  *lJ)* 

Substituting  value  Aq1  and  £-£  (i  =  1,  2,  J)  from  (8.25)  and  (8.28)  to  (8.27), 

dq1 

for  unknown  latitudes  we  have: 

*’  +  ^S*P+  3/*  +  *$- **  /»>  - 

,*(BI+W/«+45<J.  (8.29) 

We  designate: 

then:  i.  —  »*(•»+ «0/J  +  «lp. 

(8.29') 

Formulae  (8.18),  (8.19),  (8.26)  and  (8. 29')  resolve  direct  and  inverse  problems 
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of  'J.-1USB -Kruger  projection,  11'  It.  is  understood  tnat  by  direct,  problem  the  determina¬ 
tion  of  x,  y  by  r  .'i rid  l,  arid  under  inverse  the  determination  h  and  1  by  x  and  y, 
obtained  formula;;  appear  very  bulky,  hut  their  right  parts  are  functions  of  either 
i>  p  Therefore  wit!,  the  presence  of  corresponding  tables  for  coefficient r, 

■  >  o* 

.a  a.  ,  ~H .  -  ,  i,y  b-o  b,  .  bj,  h',,  b,!  the  problem  of  calculation  of  x,  y  or 
i .  i  to  resolved  rattier  simply.  Such  t.at>les  exist,  in  tt.ifcdi  both  tor  logarithmic 

calculation  O’.  '*.  Kr.asovsk.iy  and  A.  A.  Ir’.otov  Tv.hles),  and  for  non  logarithmic 
calculation  (i).  A.  burin  Tables).  Practice  of  calculations  with  these  tables  will 
be  discussed  In  ;•  tl  / . 


3 .  Convergence  of  Meridians  on  a  Plane 

Convergence  of  meridians  on  a  plane  or  Gauss  approach  In  Gauss-Krug „*r  projection 
Is  called  an  angle  between  tangent  to  linage  of  a  given  meridian  and  a  line,  parallel 

t.o  image  of  axial  meridian. 

a/f*  From  elements ry  triangle  (Fig.  8o)  with  sides  dx  and 

I  WH'  dy  we  have 


From  (8.1?) 


i.  **  H 

^  *  4  Ji, 


A.  »  4,  +  3 bJP  +  SbJ*  +  •  • 


(«.U0) 


(6..M) 


Fig.  e< 


Consequently ! 


Breaking  down  last  factor  by  binomial  and  retaining  email  values  to  fifth  power 


inclusive,  we  obtain? 


Substituting  vtilues  a^,  n^>  a^#  b^,  bj  and  b^  from  (8.17’)>  we  obtain: 


IgT  —  /sin 04-  -i-jinficos*fl(l  +  i*  +  3r»  +  J> .*)/*  4- 

3 

+  -^*'nflcos*fl<2-H<»  +  2/«  +  l5i)V*  +  -  •  • 

Convergence  of  meridians  v  s  3°,  therefore  for  calculation  of  this  val 
I'Xpvi: I '-ii  1.  t.o  i'**p;.-icp  tangent  of  a  small  angle  hy  an  angle  in  M  e  formula: 

7~*gl  —  y*Esl--  •  • 

'  jn-.llv  wp  obtain  in  seconds 

-c  -  rsinfl  +  -i  -Pe°i'~  (1  +  3V+  2V) f’  + 

+  ^  —  7“^- (2 -  fl  +  IStf-  M/*  ».*> r*. 

We  designate: 

<T|  «=  sin  fl 

c  »  *ie^{,+3,.+2r/) 

3  V 

«.  -  ~  (2-/»  +  15 v-  I5»//*) 

then: 

T«*i  t  +  ef+cf. 

Formula  (8.35)  by  its  construction  coincides  with  formulas  (8.i?),  All 
are  convenient  for  nonlogarlthmic  calculation  with  tables  of  coefficients  a, 
In  resolution  of  inverse  problem  of  projection  y  can  be  expressed  as  a 
of  grid  coordinates  (x,  y).  From  small  right-angle  triangle  PFl'"  (Fig.  88) , 
sides  are  elementary  arcs  of  meridian  and  parallels,  we  obtain: 


From  (8.191): 


Consequently, 


<«T~ 


nil 

mq 


m  * 


%T  — 


4|  « ^  a  4§4 

*  +»*  a  *• *+••• 


■ic  i  1.  i ;; 


f 'r . 


(8.  ) 


of  them 
l)  and  c . 
rune  l, .ion 
whose 

(8.3') 
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or,  considering  ( >; we  cibi.il!: 

te  - .  _  »* + »*  -<-  -  •  a 

»;  +  *;*»+»;»«+  .. 

ii'v/iK  i  tig  down  last  factor  with  negative  power  by  binomial  theorem  and  retaining 
•.  :ily  '!;••  1  »- Will.  y  ,  w--  !  Ivin 

I  T  I  T  »  T 

intf  v  i lues  -xpt  b^,  b.. ,  bL)  from  ( o ,  ?4  ] ,  we  obt./ 

,6._  J»  +».;+^'ii)y1- 


Gubsti  tut. 


l.n 


ISA  2 


(H,  -17! 


'.’hanging  from  tangent  to  angle  by  the  formula  (8.33),  we  obtain: 

1 "  ir'~  ^(l + ,l + 

+  ■“j-P  +  5<»  +  3^;  +  2,:  + 


(8.18) 


.'ilgn  "0"  means  that  corresponding  values  pertain  to  latitude  of  the  twice  of 
ordinate  y.  We  designate: 


e". 


1  *•  * 


then: 


« i  —  -h-0 

- -^-P  +  S<!  +  3<:  +  »nl  +  n!  tp. 


t“ei^  +  *»**  +  «;**+• 


{«.  *0 

formula  (8.39)  is  applicable  in  resolution  of  inverse  problem  of  projee Uun, 
but  in  its  resolution  we  at  first  determine  R  and  I.  by  x  and  y,  therefore  y  ran  he 
calculated  by  (8.3b)  after  calculation  of  R  and  l.  This  approach  is  recommended  by 
D.  A.  t.nr.1n  in  "Tables  for  Gauss-Kruger  coordinates."  With  such  procedure*  necessity 

•  i  i 

for  tables  for  c c,  and  c1)f  is  eliminated,  this  leads  to  decrease  in  volume  of 
tables.  However  it  must  be  borne  In  mind  that  in  this  case  all  errors  in  det.ermLnuth 
of  R  and  l  will  in  the  corresponding  manner  reflect  on  determination  of  y  and  there 
will  be  no  control.  Therefore  it  Is  expedient  to  preserve  independence  of 
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j'  i'  rr.Lr.-i' Ion  of  f*.  i  and  y  1  n  resolution  of  inverse  problem  of  projection. 

i  ■  i  „ 

i"  ' ry  '  o  add  i  1.  lon-i  L 1  y  place  tables  for  c„  ,  r,  arid  >'.k  Into  Taile:'.  >•;' 
fin  i.i.-.-Kriger  it  id  L),  A.  Larin  coordinates." 

Cause,  convergence  of  meridians  tables  are  necessary  for  transition  from  azlmu'l 
A  of  a  given  direction  on  an  ellipsoid  to  grid  azimuth  on  a  plane. 


A— i— *  \ 


(f. 


dC’, 


1) .  Scale  of  Image 

Lot.  us  assume  that  ds  is  lineal  element  on  an  ellipsoid,  and  eJJ  —  on  plane,  :.i. 
scale  of  image  is: 


Hence: 


rfS 

it  ’ 


*•  r*(rfa*  I  *<’)  t « 


•(*)■ 


On  ellipsoid: 


II  * 


thi refore: 


--;H(-lr)’+(v)'| 


From  (8.1?) 


•=— V+W+  .  .  . 
+  3*I»  +  M^  +  .  . 


Retaining  small  values  to  l  , 


(£.)*.  *,?.+  ,«1V,|.+  .... 

(■*■)*  -  **, + »,  V + »W +»?'+.. 


Consequently, 


( 8 .  >*  1 ) 


(8. Hi') 


O 

Substituting  values  b^,  b^,  b^,  a?,  (by  8.17')  in  expression  for  m  ,  we  have 
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*»'-  H  ^  cot*  BP+  iy-?(2  -  /*  +  6t,»  -  7**/*)  8; 

wit:.  >.:  *■  s  nr."  i'V-.'r-i'-’y  after  eyi  rmUni:  of  square  root  b.y  mean;-:  of  f-ic  I  i.r  i t  i  ot, 
In  I  isi-.il  series  by  the  formula 


we  uni.-iin: 


l/: 


1  tits  t.  •«[!>.•  t* : 


/  I  +  *  -I  +  y-y  +  .  .  . 

^*(5-4|*+H»»-28t, */*)/*+  ...  ( 

!••  -  terms  wl  tit  |‘  in  (8.4?)  art-  negligibly  small,  for 

£jl£(14»,‘  —  28t,*i*)/‘<  l  »0_*. 


Dropping  terms  with  in  (8,4?),  we  obtain: 

m»l  +  rsL?/.  +  i2l®(ii_4<»)l.+  .  .  .  (8.43) 

*  #4 

Designating: 


we  finally  have: 


d i 


j  m'l 

-ayc- 


V. 

■*!*». 


m  m  I  ;  dtF  i  dtl'  4  .  .  ,  (8.44) 

l-or  calculation  by  formula  (8.44)  It  is  necessary  to  have  tables  1'or  and  r.1^ 
by  argument  of  latitude  );. 

In  pr-ict  i-.  «  (.he  more  commonly  used  is  the  scale  formula  -"tc  a  function  of 
Ouuss-Kruger  grid  coordinates. 

O  ii  p  h 

For  obtaining  t. he  shown  formula  let  us  express  in  (8.43)  t‘  and  l  by  n  .arid  y 
hy  mentis  of  (8.08)  then: 


"I 


“! 


n  +  *  •  • 

Further,  omitting  details  of  calculations: 


(8.4'  ) 


i  +  ~r+  •  •  •  ) 
*  *  ’ 


(8.40) 


?.  .4 


Substituting  (8.4rj)  and  (8.46)  in  (8.43)  and  dropping  terras  with  t|‘y  ,  we  obtain 
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W\ 


■r; 


1 

,i  s.  — ?r,  therefore  with  uccepi.ed  accuracy 


'"“‘  +  -4-  i--^T+  •  •  • 


IP.  471 


li'n  "0"  :is  before  means  tiiat  these  values  pertain  to  latitude  of  base  .at' 
or.llmte  y.  Per  symmetry  we  designate 


j'  |  j.  I 

•  »;*  <**;■ 


then: 


m  m  I  +  rfjv*  +  i/jv*  4-  ... 

1  ri  conclusion  of  paragraph  we  give  summary  of  formulas  for  resolution  of  inverse 
problem  of  Gauss-Kruger  projection. 

Direct  problem.  Given:  B,  I  and  A;  determine  x,  y,  and  m: 


1.  s-X+af+af-raf 

l  d-t.l+V-’W 

a  i-t,i+t,p+</ 

4.*-l+rf,P-r4^ 


( B .  r)0 ) 


Inverse  problem:  Given  x,  y,  o;  determine  I,  y  and  m: 


I.  B  *■  8,  4  ojf  4-  our*  4-  io«Jf* 

*•  f-ty+qiP+W 

3. 

t  3.-14.^  +  ^ 


(8.W) 


Formulas  (8,50)  and  (8.51)  are  symmetric  with  respect  to  l  and  y  and  are  very 
convenient  for  nonlogarlthmic  calculation.  Tables  for  calculation  of  Gauss-Kruger 
coordinates  must  contain  coefficients  of  these  formulas,  depending  on  latitude. 
Coordinates  are  calculated  with  accuracy  of  up  to  one  millimeter,  latitudes  and 
longitudes  up  to  0''0001,  and  y  up  to  O'.'OOl,  Seale  of  image  is  calculated  for  one 
unit  of  eighth  decimal  place.  Such  accuracy  of  calculations  are  ensured  both  by 
reduced  formulas  (8.80)  and  (8.81) »  and  by  existing  tables. 


§  45.  REDUCTION  PROBLEM  OF  GAUSS-KRUGER  PROJECTION 
Reduction  problem  Is  understood  to  be  translation  of  distances  and  directions 
from  ellipsoid  to  a  plane.  Reduction  of  distances  consists  of  finding  the  difference 
of  the  length  of  geodeBic  and  chord  of  image  of  geodesic,  connecting  two  adjacent 
points  of  triangulation.  Reduction  of  directions  consists  of  determination  of 
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correction  l'or  curvature  of  conformal  image  of  geodesic  on  a  plane.  After  introduc !  i 
of  these  reductions  In  measured  values  we  obtain  a  triangulution  network,  reduced 

fro::,  *'|1|  (.sold  to  ■  i  lane. 

In  order  to  t  nve  clear  concept  about,  the  reduction  values,  we  will  first  find 
their  approximate  nnnl.yt.lc  expressions  and  numerical  characteristics.  I,et.  us  assume 
that  as  before  ds  Ls  the  element,  of  arc  of  geodesic  on  a  spheroid;  d:5  is  the  Image 
ds  on  a.  plane,  then: 


MS 

m  —  si. 


dS  am 


whence: 


tr.  —  scale  of  Image,  which  ls  the  function  of  coordinates  of  a  given  point. 

Value  of  settle  changes  from  point  to  point,  this  change  In  small  sections  is 
comparatively  small  and  ciult.e  regular.  Therefore  on  the  basis  of  Legendre  theorem 
oti  mean  values  we  can  accept: 


S-«M.  (H.'if) 

where  mc  is  the  value  of  a  stale  at.  a  certain  point.  Intermediate  between  given  ones, 
In  our  case.  Knowing  the  character  of  change  m,  v:e  can  take  m  for  median  point  wr 
for  point,  with  mom  latitude  I--  .  The  later  Is  convenient  for  practical  uppl  IcaM.ai. 

l'y  (8.4?) 


m 


l  +  _£L  +_*!_ 


In  accordance  with  above  we  can  take: 


— *  is  Gaussian  curvature  at  a  point  of  mean-latitude. 
Rm 

From  (8.52)  and  (8,55): 


(H.L'O 


Formula  (8.58')  is  (approximate  and  gives  main  term  of  reduct  ion  of  distances. 


2J2- 


v  ■  * v*  ' 

.  «ir  ’  •  -  * 


JMI 


1  r-f  *• 


.gfc  -  . .  - 


*.  +  *.-r"-*Fa'¥.. 


!'[•, ’!<’!■  uu!  ’•.,  In  ji rrci'ii i ng  rrprnot Ions  11.  la  iifrostm  ry  lo  uiict<>rn'...'in<l  tiiolr 

ubSol  III''  Value, 

Cons  Uteri  hr  h.  and  »■.,  a r,  correct  tonr,  and  taking  approx  l  matr-ly  h  ■■  h,,  a,  w»- 


i  l)t..-,ll,! 


»'  ~#»  ('i  ~  'll  u 
tv'*' 


{it, 1  >4 ) 


Where  l/m  m  800  KM,  Mt  —  Mt  m  90  r.*mi  R  -  0400  ** 


Tima,  i  In*  wan  value  of*  reduction  of  direction  al.  the  edge  of  uix-dt‘grre  Horn’ 
in  Iri  order  t  rlaiif'iil  it  l»n  la  leu;)  limn  .i'i", 

An. op  <  ut«is»*  i»  «*«•  1 1  mi  nary  eatculai  Iona  lei.  tin  lurn  to  cirri  vai.l.un  of  formula!!  for 
eu  I  filiation  of  reduction  of  ill  ret* l. Iona  an<f  leagUm, 

j .  Derivation  n|'  Kirmnian  for  Keduel.lon  of  Dlmnnceu 
l.ri.  ’.in  a  turnin'  Unit,  in  Kir;.  8\*  iu  an  imago  of  geodetic  arc  on  a  plan**i 
<1  —  .’lioril,  cub tending  blits  art;;  a  on  an  angle  bn. worn  chord  anil  Initial  •.  Irmrnl  of 


arc  Ajl'j  *  then: 


4  m  JtMkdS, 


According  to  preceding  caltuT-  r.ion,  i*  l««a  than  iV,  therefore! 

e"l*l-T-‘-rfe+  *  *  ‘ 

Kith  error  In  value  of  —  &  —  it  j  a  poHO.Lblt;  m  l.nkn  coo  h  »  3 ,  them 


*  *r.> 

8C.  Tti-ls  iti  a  very  Important  derivation,  allowing  that  where  distances  are  on 

the  order  of  a  side  pf  1st  order  trlangulnMon  difference  d-d  can  bn 

l 

disregarded  in  any  precise  calculations. 

From  (8.4l) 


(B.'i'.i) 


i4o.  •.*>**C 


'  ■  ■ v' 


r>:  yl^T. ;  /»  v ;• ;  y: 


!‘ron»  (ft, 1*7)  for  current,  point,  with  ordlnnt.e  y: 


7T*1  ixT: 

and  y  prrr.nl n  to  current  point  whose  latitude  ip  P. 
Wr  il(lVf)! 


*'  *! 


t.lirro  I’oros 


(P.57) 


I'urtner: 


Hm'  ft+Silnml  j 

hubetltutlng  (8.57)  a"1!  (8.58)  in  (8.58),  wu  obtain: 


(8.58) 


j_ . ,  _  iiL+iiiZ /j  -  jHasai.  1,?  <A . 
-  «*f  \  *>  7 


±~K+s»t  +  s*t+s% 


where: 


(8.59) 


*•—• Tr+aP't'. 

*1  *1  (8.60) 

.figi+A-asiisssi,,,, 

■*i  *T 

v*. 

Here  t4  «  t.g  Bj,  «  e|8  eosS  and  sign  "l"  means  that  these  values  pertain 
to  latitude  B^i 

Subetitutlng  (8.59)  in  (8.55)  and  integrating  term  by  term  from  0  to  S,  we  obtain: 
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jpnws?*’ 


-Jf^SSjWjaPiN.w  -  - - 


'•J  .. 


rorinuln  (8.<1)  c.in  i.i-  oi>>  -••  Sn.-J  1-y  sornt?wh-. i  >1!  I'lVi'cnt  means  from  (8,‘iM)  in  i  he 
following  manner: 


•  or  In  i  MM  point  where  i«»0,  —  «»  4, 


lor  median  point  where-  5  —  —  _ 1  _ »  i  1  *  •  l  S*  , 


+  V 


for  fin l  ».**  point  where  S-S,  -L  „  *.  + 


(fi.fo) 


tt  4 


.rir  1 { 


1 


i-  — -f  -i- + _Ll 

s\«.  «.+  «,/’ 


(8.-1-) 


oubst.l fating  values  and  -j~  from  (8.62)  in  (8.6l»),  we  again  obtain  (8.61), 

formula  (8.0I')  can  be  obtained  by  (8.47),  by  passing  calculation  of  coefficients 
’V  K1,  k2,  k^,  i.e.,  proceeding  from  (8.61'),  considering  that: 

(„1-lilr4+_4. 


**i  **i 

«,-i. j1+_jL 

substituting  value  k0,  k^.  k^,  In  (8.61)  and  replacing  in  them: 

S»in«,  —  y,— y„  5cot«j  • 


we  obtain: 

tmsll-  rf  +  »>h  +  lt  . 

I  «i  «i 

If  however  Rj  is  replaced  by  R  by  t.lie  formula: 


~  *1  M»*  +  >»  4-8»j) 


} 


we  obtain: 


Mm 


<»i  1  ».•>.  +  »?>  ■  (*»-*!  )(>*-!>?>  .  j 
l  Mi  T  M»  V,|* 


(B.6j» 


(8.65) 


Tliis  formula  possesses  high  accuracy  and  can  be  used  for  8  t  75  ^m  and  ,y  300  km. 
In  practice  such  cases  rarely  occur;  for  usual  sides  of  triangulation  this  formula 
should  be  simplified. 


-2V>- 


•••'»•«■  re  x?  -  Xj  =  40  km,  y?  -  y4  »  50  km,  y^  **  24‘.„  yg  =  .77 f  ,  f|«  -  O..M;**.  ;-n|  * 
'  -i kill  tin  end  term  of  formula  (8.  tVj)  is  less  than  0.1  nun.  iiierH’ore  fi.r*  ucniil 
aloes  o.'  first-order  trianguln tion,  i.e.,  where  s  --  20-26  km  for  mu  1  i  { K.  ■i*>)  should 
he  uried  in  t.he  form:  .  . 


or,  considering  that: 


*r.  K,-y«+  *f  +  iiJ-M+-^ 
*  2 


(R.. Si-,) 


jL+ 

**i+ 

M*i/ 

(p.,;7\ 


Designate: 


(•hen  from  (8,61') 


bS-Igt-r  -V-*S  +  -VA^. 

3*i  24.V1 


(8.--.S) 


%S  -  Ig  *  +  -i  <lg  m,  +  4tg  m’m  +  It  mj.  ( 8 . 69 ) 

formula  (8.69)  possesses  both  high  accuracy,  and  convenience  for  calculations, 
but  in  practice  formula  (8.681  is  applied  more  frequently.  For  2nd  order  trlungulatl 0 
and  lower  it  is  recommended  that  the  following  formula  be  used: 


w-**+Tffcf- 


C8.ro) 


For  Introduction  of  corrections  to  sides  of  polygonmeterlc  movements  following 
formula  should  be  used: 

(8.71) 


where  AD  —  correction,  S  —  length  of  side  of  movement.  Value  of  — ■§  is  usually  given 

2R 

in  tables  by  argument  y|(j. 

2.  Reduction  of  Directions 

In  transition  from  ellipsoid  on  a  plane  geodesics,  connecting  points  of  support 
of  nets  on  an  ellipsoid,  are  depicted  by  curves,  angles  among  them,  by  condition  of 
conformity,  are  preserved.  However  on  a  plane  geodetic  nets  are  formed  by  chords  of 
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I 


?■' 

t. 


images  of  geodesics,  ''or  thin  Li.  iu  n.-cesr-iry  to  ini  re  luce  i  1 1  «-icl:  Ji  ret- Mon  a 
eorrocUuii  tor  UMiC  1 1.  '.on  from  an  -in'  ‘o  chord,  'i'li'Se  norrcr.  Morin ,  or  reductions 
n-iai«-rlc:illy  -ire  tqini  to  :  icr  I  bet  w  .•-•;■!!  -.re  and  chord,  subtending  it,  and  fire  c  filled 

i.iitr  corrections  Per  cirv-'t'ir--  of  the  jjnagv  of  a  t  .cod1-:;  ic  i  .r.  :i  i_lano. 

A!  point  on  a  fi.-ninn-Krugcr  pj.oie  S nflni  t.pslmal  element,  of  geodesic,  when 

f>  0,  equality  ii:is  :•  pi  ice. 


ij  Is  grl-t  •iPlifi.nli  •  ii i  a  plane,  Is  azimuth  on  an  ellipsoid  and  Yj  Is 
convergence  ot  inerloi  a»>s  on  a  plane  (Me.  ■JO). 

i-or  two  adjacent  points  from  (8.72) 


(o.7P) 


(8.75) 


or: 


Kig.  '10. 


It.  Is  know!)  that: 


*»  ~  *» m  —  (Ti  ~  liX 


d*  miA  —  d~ 


dA  -  d/sln  «. 


1  \v  th  l  rd  l"o  rrau  1  a  ( 8 .  ) 


d-;-cldl-i-dcll  +  3cJPdl+  .  ,  . 


(8.7*) 

(8.71) 

(«.7o) 


(toe ff I c  1  etit.s  Oj,  Cj  and  ot.  :rre  functions  o r  latitude,  where  e ,,  find  c,.  change 
so  slowly  wilii  change  of  latitude  that  In  (8,7 6)  they  can  be  taken  for  constants 
and  a  term  with  car.  in  general  be  dropped,  (.Substituting  (8.7 ri)  and  (8.76)  in 


(8.7^)  and  remembering  that  -  sin  13,  we  obtain 

rf*  •=  — /coifidfl  —  <*sinflcos*i3{l  +  3rf)dl, 
fieodetic  coordinates  13  and  i  are  function  of  grid,  therefore: 


BmBfr&dBm-ZLAx  +  ZLdy 


(8.76") 

Determine  dS  and  dl  from  (8.76")  ar.d  substitute  them  in  (8.76').  It.  Is;  known 


that: 


U  I  M.  _ tL. 

T  M’  h  «•’ 

JL.O, 

*1  *  ***»  r 
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.•V-J-V'; 


•V* 


*v, 


M  \ 


rfS-*L  _2«L 
M  ff 


lube i  i  tubing  (8.77)  in  (8.7,:',)>  we  obtain; 


Approx  I  mat  ion: 


f  /'7  ' 

(  r  / 


rf.  -  _  rfr  +  ydy  -  "»  (l  +  3 rf)dl. 


I _ L_  ji. - £ - 

Men a'  JVcot'a 


rf« _ J*  _*£a!“L» 

*•  #• 

Last  term  is  a  small  value  of  third  order,  therefore  in  It  hr  -  N  ,  can  be 


taken,  then: 


_ _ !*L  _  Wi£? 

a*  • 


(8.78) 


Kquat.lon  (8.78)  is  justified  for  any  point  on  a  plane.  Ir.  it  term  with  y'  in 
not.  considered,  it  changes  so  slowly  that  in  integration  (8.78)  it  can  be  taken  for 
a  constant  and  considered  only  in  the  final  formula.  Consequently,  for  determination 
of  analytic  expression  of  correction  for  curvature  it  is  necessary  to  integrate 
differential  equation  (8.78), 

I '’or  integration  (8.78)  let  us  consider  two  points  on  a  plane  with  coordinates 
(xj,  y^)  and  (x0,  y^) ;  where  distance  between  them  is  s  (Fig.  91), 


Degree  of  curvature  at  current  point  is  equal  to: 

I  _  in 
#  *  ‘ 


(8.79) 


Let  us  assume  that  the  origin  of  coordinates  will  be  point 

t 

Pjj  axis  of  abscissas  will  be  directed  along  the  chord,  and  axis 
of  ordinates,  perpendicular  to  the  chord.  We  will  designate  new 
coordinates  by  p  and  q.  In  this  system  of  coordinates: 


Fig.  91. 


T  bitrr 
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■  U- 


•  rivi. 'Sftii'i'tMl'ii.-  j  Jt*U'  -W  *r'. 

-•  "  *  >-r.#rf-.V.  v‘*  "■*  '•  ■  \m—&-  s<\^  '  •  •  ■  - i 


In  o'jr  selection  of  '.•oordlii-it.es  4^  ■-  tr 

dp 

ue  '.-then  Unit,  t.g  o  -  o,  then  ii-i  ■  > 

'I 

Consequently , 


The  ucu t.eness  ot‘  .'in  angle  i  It.  ran 


t  „  0* 

f  ir* 


Considering  (B.7‘)),  (B.3G)  and  (8.78),  we  obtain: 


*  TIT  #•  ^  Jr,|<  <b 


#  <?* 


H‘  R‘ 


1  1 

Lot.  us  express  — ^  hy  by  forinul'i: 


Further: 

**■*.+  /> cost,;  — ■ cost,  | 

It-  *,+ print,;  A -tin*,  j 

Substituting  (8.8?),  (8.8?)  in  (8.81),  we  obtain: 

— 2- -*;+*;/>  +*>*. 


where: 


_««•«,  ,  jrf^Wna, 

•  «!  +~~*~ 


it?* 


»ln  t,  (tin*  a,  —  2ccs*tJ 


Integrals  (8.84)  are  equal: 


(8.80) 


(8.81) 


(8.8?) 


(8.8?) 


(8.84) 


(8.8V) 


(8.8'.,) 


*  »  "  + TT  ^ + “w"  ^ + e»- 

At  point  P^,  where  P  “  0,  -  tg  E.^  «  at  point  pj,  where  p  *  s,  *■  tg 

e>g.  Further,  where  p  «  0  and  q  *=  0  from  (8.35)  it  follows: 


^■0 


}■ 


(8.8h) 


Let  us  resolve  equation  (8.8b)  for  point  Pg,  l.e.,  p  ■  e  «  d,  q  =  0,  then: 
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•  "5%:.'  ‘  •  ;r.  ■  ’  ■  "  .  -fa''  ’  '  ■•' 

...  -  •'ag&t.-jSh  1*-,‘ 


1  aiiijjbtV A,,;  !»»■»*> si^.**1  * 


VS&.Sh 


i 

* 


*»  *•  H — &  +  ■_j'  **  —  *!• 

.*  *'  .4 

*-4,+Tf-'+4* 

■  i  i 

ilu: 1  l  Mii.im*.  values  of  coefficients  k,,.  k^  ,  from  ( >:  . ;;,t  ' ' ,  we  <11  :i 

,  )(2y, +  #,)  ,  V'  .. 

*i  «*-"■"  ■  -— - — -  1  -  .  ■■"  "  t  — r  x 

3/>*  m; 

X(y,  —  +  2y,ii,  +  y\) 

*.  -  -1*”  (y.  +  2y.)  -  -  <-.>*  <y»  +  3*)  + 

— y,)<y,  +  2y,y,  +  3y?>  j 


.in  formulas  (8,11?)  term 


is  mu  considered,  wi ■  i <•  I. ,  :i  1  t.liour.i.  mii'ill, 


lias  order  approxiiti;i i.ely  the  same  as  the  last.  Lems  (6J'7).  fonsi.de  ri  np;  ibis  term 
••mil  rh.anp.lnfl  from  f.o  R  by  formula: 


JL  JL  (\  4.  »■'<  <*«~  ».)  \ 

<»!  #1*  +  *«  ' 

Wr  ol  1  !  1 1 : 

y  m  »,-«,)(»,+»,>  <«> — *1 )  „ 

«i  '  «4  P 

+f  I* - +  >r,i'- - «j - = 

s.  -I'l-MOl  +’*J>  „  ..  "i'm  *  (b.M) 

,  ___ ,  -  — * 

X  (*,-  *,)•  v,  +  f"  -—ill,  -  y.HyJ  +  2y,»/a+3//|) 

!  i > rmnl as  ( 8.  Bt’.)  possess  hlflh  .accuracy  and  can  be  recommended  for  prcel.ie 
i'll  lea  I  a  i  1  on:) .  Where  ,y^  t  200  km  and  o  s  40-‘i0  km  errors  In  b^  and  hp  are  1r;‘.r.  Limn 
0?00U1. 

font  eniporary  scheme  for  the  development  of  1st  order  Lrlanr.ulal.io.'i  In  u.'.'.h 
am.  Ic  I  I.ep  construction  of  triangles  with  sides  ?0-?'i  l<\,  l-'or  this  scheme  of 
Lr.I  mir.ii  I'' i  Um  formulas  (8,88)  can  be  somewhat  simplified.  I.ei.  up  express  .  aid  ,yn 


by  y  by  roriuul'iu: 


fc-y.--^-.  ft-yi+  yf  +  yj  -  +  ~p-. 


p  n  -i,  p 

Terms  with  x  ip,,  and  Ay*  r>  due  t.o  t.hclr  smallness  in  general  can  be  drnppee 5 
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r  d! 

J  ■■  v*«m 


:  •  •  '  v  "  '^r-rrj . 

*  >  *  •*  ”  •-4;v„.H  •••  ••  i^iT' 


•«.  •>,  V  '  .  \'i? .^7-?!53!\.-r? t l*7 . ■ 


•"*yry  cr-.*a*r  ■■  iriv  Moryyf 
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•r Ti-f  i»:  .  '»?.  i  •.  \>\  it Jiif. 


. J1.’  >•'  *1.  h-iviMi-;  -V.  i.  !  .<11 

I 

'■  • !  !>  -i  ;\.r  -1=.:: 

*'  Mi  l  «  J  Mi  ’  '  *i 

«i  \  4  ;  ^ 

x/.viK-y.) 


■I  i  .•  ho la  >- 


•«  “  At  —  ,i  —  s  | 


•  •  • 

)  *:r  * 

ol  lis  r 

O.I-.O! 

•V'M  t 

■  1'  .1  i  I  ff  l.  lots:' 

Its  J 

i.  order  i  c 

i  »  1  '» 

i  ion 

r* 

•v  1 

*  ‘  *  ... 

:V  ir..; 

1 

;!.cuL-l  Lr  « 1  m 

.ol  5  ri  1 1 

i  .  1  ..'ll: .1  ■  1  , 

u>  itr*o 

l- 

!(»-~V) 


>•>•  I  . . .  liMi  t  I . •  -if.it  in  '(■•I  of’li'f  i  r  t  I 'i ! cii  roni.'l'i  for 

•  ■.I.,  i  •  •  *  ?  •  »r  s  or  roiloo  I  1  ii/ir  oT  d  !  rcc  •  i  oil!'  ij'.nsild  ho  ll.if'il  In  list'  l\>]  lowl  hi'  t'orm: 

of  •••■!■•- ;  1  •- 1  » i  •  1 1 , ;  I  /  i  *  t  *  I’o  riiiti  I  •«  :i  ('.••'■I  -•  i  r  i  ■  I  (;',<'n\  npi'ivx !  tvii  o  x  'mil  ,v  'if 
f  -.t  i  i  >V'  I .  lol  mi  ilol  rt'ml  iso  is.o  i;(.('t.!!B.'irv  JuMMi  r.'if,V  i’l'  .'ippi'uX  iiml  o  noui'd  I  n'-l  tv. ,  "  i  <  r* 

•  s  '•  I  O'.  i’l'i  (•  i  •  ••  i '  hi  1  li  Vos'.  I  if"i  If  Mil'  lllilh  1  onii!',  Hi'  I'oftiUi  l  .'(‘1  1  'tlnl 

i  ■•VI 

«#<!«  6*  — s) /  v-  dii. 

*'i 

mi  l  : 


|.  t<r», 

ft,  -  200  KM, 

K  -  frIOO  u, 


i 


wn/ 

Mir  I 


d*x  -dy  —  di 
UV'Pl 


dl  ■ 


*"  l*.  -r  41) 


L'.-i  <#J"«0",001,  ym  «=  200  *.«,  A*  -30  **.U.en 
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!!oii:'i:-''|'i'iii  l.v.  for  cal  dilation  of  redce  tion  ol'  distances  and  iil  ivci  Ion,  in  il.af 
ur'tl'-r'  I  i  *u I  iii'."  grid  i!i>i  rill;i  il.»;si  he  ke.uvai  wj  t  r.  aeei: racy  of  -p  n-  ,  :  .■ 

tin  1 1 •  u J  a  !,(■■■  I  ey  i ! it-  formulas  (fi.W)  reductions  are  subtracted  front  r  I  v«»j*  .1 !  1  ions. 

I'll  t.  ram.;  I  :it  lori  of  i.r  l  ■infill'  from  cl  1  Ipsold  to  pi  anc ,  reduction  It:  isii.ro  h.tn  .1  ii.tf. 
f  if  *  angle  equal.  to  difference  of  reductions  for  correspond  1  ng  direct  huis:  M  .  'in 
if  roduei  ioi>  of  angles  of  u  triangle  must,  ne  equal  tn  its  spii<tf‘r*i  I  r,xcos r; .  t  ri Kr-r.  wt  u. 
reverse  si /'.is, 

»■  It  It 

If  reduc  i  It'll  of  .'infill?:?  is;  des  1  *»n.*i  ted  l<y  r„  .  r.,  and  r<f  then  t  If  1  •  ol  1 1  ■  .-i  1 1  ’■! 
uoiul.i  1. 1  on  will  bn  expressed  l>y  equal. Ion: 

(fi.iH) 

I  f  on  si  plane  Wi*  have  ad, jus  led  net,  of  trl  angulation,  then,  lid  roilin’  Inf.  !nio 
ad.lii:'  I  iil  |  •  L  a  iif  angles  reductions  wli.lt  rev*' roe  sign,  we  olit.aJn  -•fl.li  jj?  i.<-«J  an/'  I  en  on  mi. 
e  1. !  1 1  si  i  i  >1 ,  Tiilh  e  1  iv  urns  i  .'inoi  maker.  If  |»on;;tl)1<>  lo  par.::  from  -ni.l'ir.i  nets  on  a 
plane  io  correspond lug  rie l.s  on  an  ellipsoid  and  conversely. 

$  J|f.  Id  KKCT  AND  J.NVKKPK  liKollimC  PROW, I'.MP.  WI  ill  dAHfg.-KhWdl-h 
000 111)1  NArtiiii  ON  AN  f f.U  PPOI V 

In  prerod  1  rtf,  paragraphs  .accepted  scheme  was  presented  for  I  i"Uir  i  I  1 1  >u  I'roiii  an 
ellipsoid  lo  a  pl  n'ii!,  when  geouet.Jc  network  is  t‘lrr.1.  reduced  on  .a  plane,  .and  afl  it 
ll  n  a  •  1,1  n ;?  linen  ts  .are  made  plane  coordinates  are  on  leu  la  I  ed .  However  t .  a  ti:t  j;  - 1'",  r*  i/ri-  r 
Coord  Ina  I  er.  oati  he  i.aa  lculn  l,t*d  hy  given  elements  on  an  ellipsoid,  hy  |.ut«s  I  lip:  i  he 
rcitmti. Ion  tii.ap;o.  in  certain  cnoea  such  .a  way  of  calculating  Is  morn  i?xp«.d lent ,  for 
irt stance,  when  hr l angulation  Is  nd, lusted  on  a  surface  of  a  rofereiier-ol  1  tpunld, 
this  can  he  done  In  lot  order  tri. angulation, 

1,  Direct  Prohlrit 

f.ei  mi  take  given  dauan-K  rnger  coord  Inn  tec  x^,  of  point  l'j  (Up.  • »!’ : .  geod&slc 
arc  P^i’,,  n,  lio  directional  .angle  on  an  ellipsoid,  It  to  required  lo  calculate  h,y 
l.hcae  data  of  l!-  neo-Kruger  coordinates  point.  l’p(x0,  y.,)  and  hack  grid  .arlmnih, 
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provided  with  numerlca l  examples  'Uid  Uio  neconnnry  explnnatJcnr., 
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vv. 
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1 


A,  l-.-irl  I;  Til  .1 'V. 

1 1'i'i  -i r'f  Intended  t'nr  nonlng; lrll.limli:  calculation  or  'imias-Kriger  ooonl  i.::  ii  or 
; 1 1 1 < i  gci  xii- 1,  i  c  >rd  1  ni,  ter  , 

i*or  ci  Icu.L-ii.lon  ol‘  tSuuss-Krnper  coordinate-;  by  geode  Mr  coordinates  'no  rol  lowing 
1 1  •!  1 1'.  r'<M!ur.;;io:iiio(l: 

x  —  X  o,P  +  o,l*  +  a'k,, 

p  ■  6,/  +  6j»n  +  b‘k,, 

T  —  V  +  cj  +  c'k,. 


’r  1 1  01‘f'roo.or 


Ao  "‘i"  hi'  reen,  formulae  (P.inH)  eo j no Ides  ■.y!,h  forsusl as 
i  :•  I’Dl.V  In  lari  l.-rms,  which  In  ( h ,  d  -  '*'■  )  !:■.(/•■  1  • •  »V»  i‘«i. : 

«*-fl.(4  x  3000)";  t'  -  6,(4  x  3600)'; 

j.  „  P  „  „ £ 

^  (4X36O0)*  *  *  (4  X  36000)*' 

t  rn  et(4  x  3600)*. 

In  tub  1  or.  are  /y,i.vrn  natural  v.alura  of  nooiTloloni.n  a,,,  -i(  ,  ,  i>,  I  ,y  .> i rvt : ; ir; •  •  i .. t 

i  i  i 

or  In  i  .1  r.ude  for  every  minute  find  a  ,  b  end  c  Cor  «  degree  j  k(  mid  k»  are  a  I  no  i  .*i  K*>n 
from  Knbles  b,y  argument  l. 

Kormnln  (A.IOB)  cnn  be  applied  I'or  differences  or  longl  i.nde;;  to  >1°. 

besides  .lndli,,ii  ed  values,  the  tables  eonl.aln  arc  ef  meridian::  N  wltl.  in',";  eney  of 

mj*  lo  d'h’  liiilllniet  n*  for  each  minute  of  latitude.  Coefficient  b1  «  IL  eon  !i  allow:: 

r" 

io  cileu late  the  are  ol*  parallel  very  simply: 

*’  -  6,r. 

for  oaloulni ion  of  geodetic  coord lnu ten  by  x  .and  y  the  following  form'.:  1  no  are 
i'i  .'ellJlieiided : 


(m. ion) 


/-K:(61  +  B,v*)t0*  + fl’6,1' 

i  i 

doei’f  1c  1  enl.n  Ap,  are  (.lie  same,  an  and  in  formnlar,  (M.'ijl,  fur. ’mi la 
for  /,  in  converted  In  auch  a  nmnner  that.  It  Is  possible  to  une  value  both  for 
ill  red  mnl  inverse  problems,  Coerfic lent.s  Ap,  ,  b^,  and  P*  are  functions  of 
I  a i  It  tide  of  a  base  of  ordinate,  which  Is  designated  by  Bj,  in  t.ablcu. 

A' -  4,  N*  cot*  B/t 

Natural  values  A-,,  nnd  P^  are  given  por  every  minute  of  latitude,  a'  and  p' 
for  a  degree. 
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is  propi'-se.i 

'.-sit  •■Oiivrgt-uce  of  an r id i  ■  .- 

J  . '  l’!, 

•'  plane  i 

-  cal  rub. 

t  - -1  1  y  ■ 

i  i.hi 

r«i 

rr.  , ! 

(-.1  •  )  art. 

:f  Ob  L  -j  i i  :,g.  "  i  * ,.  i  /  ,  I'nic  : 

•  r  it”,  i  1  a 

hr  I'oimi 

.Jt-rr-l  del 

i  <•  i  ,'ncy 

i  ■  f ' 

•  t  *  **  * 

si  i  Ii  1 

aider, or  d  i  sapprars  l  or  ohtali 

' '  up-  '■ 

lii-.-U-  t.l.f 

<■  V.-ilit-:;, 

1  i  Is 

better  t.o  -ipnly  fo  rm.il  a  •’  I'n'r:  for  Calculations ,  supplementing.  •  *-r  i  able  t-y 

lit 

■  - 1  *«•=*;'  i « •  I  j  ,  i'  A  'i’ll  o,  In  subsequent  editions. 

Ik.  i)!'  .11  ot  auees  and  directions  should  be  o.-ilculnt  >-d  tv  » -  i  i  *  ■  .-same  formulas 

■  t.  Ii.  i  ii-1  »•:-  r  r-i.-.'vrK  ■  y  un-i  A.  A.  Izotov.  "l‘:i  1 1  «=**•  ire  (-t*v>v  i -i<:H  wlt.i. 

•  -  :<  J  !  ...  J-.V  ‘  rue,  very  laconic,  nut:  CX/imp  I  e:;  of  o.u  1  011  1  s '■  1  .'MS  . 

I-.  A.  larln  '!’■!  t- 1  **i;  resolve  tin-  problem  set  i't*  r,'  them  will.  I:tp!:  degr-er  of 

•n'o  u-  !>•  j  ,  Ai  present,  they  obtained  the  greatest.  d<  s  seminal.  Ion  in  pro-let. to  work  In 
bring,  the  most  economic. 

A.  hr,  r.or  A.  M,  Vlrovet.u  Tobies 

:•  1  rs  i  set  oi"  tables  contains  valuer,  c»t’  (Jattsir.-Kreper  coordinates  and  convergence 
meridian;:  on  a  plane  of  vertices  of  .-tuples  of  surveying  trapezoids  on  a  scale  of 
.and  dimensions  of  fr/ti.tes  mul  arms  of  trapezoids  on  scales  from  1:10,000 
i.o  .1 :  ooo  Inclusively. 

.‘et-oMil  set  of  tables  -ire  int  ended  for  obl.-ilnlng  grid  coordlnui.es  (x,  ,v )  vert.  leer, 
of  tingles  of  surveying  trapezoids  on  scales  of  1 : 0000  and  ls'iOOOj  In  l. bear  i.-iHrs 
•ire  a  |  town  dim.- l.ly  and  coordinates  are  not  reduced,  but  they  a  re  composed  In  such  n 
w--.y  l'i;it  with  Uielr  help  unknown  coordinates  are  foun  I  very  simply. 

Tables  on  latitudes  embrace  t.en  belts  of  one  million  map;  K,  0.  I',  0,  N,  M,  1., 

K,  J,  !,  In  i.iiem  are  also  given  dimensions  of  frame::  and  area:;  of  trapezoids  on  a 
i.v-i I "  of  ltfi'Oi'  anl  1 : bOOO . 

As  -the  first  tim  ,  t.i-.e  second  set  of  tables  contains  valuee,  titling  tneiii  It  In 
possible  t.o  convert  coordinates  from  one  zone  t.o  another  wild:,  aceuracy  sufficient 
for  topographic  work. 

liiits,  first  and  second  tables  of  A.  M.  Vi  rove  t.o  are  intended  t.o  ensure  appl  I  sat.  lot 
of  Oatmo-Kruger  projection  and  coordinates  In  topographic  work  of  USSR.  Ruble 
il'ieot  lona  of  application  of  plant*  coorclinat.es  are  developed  in  them  with  dtTltilU* 
sequence  and  necessary  accuracy.  Coordinates  of  vertexes  of  trapezoids  two  obtained 
with  accuracy  of  up  to  0.?  m  with  these  tnbles. 

Kxumplefl  of  treatment  of  trianculation  on  a  plane  In  Orubb -Kruger  coord  Inn  I,  hb 
.-•re  given  in  "rractlcum  on  higher  geodesy”  (p.  83-67),  c  ^  also  in  Krttsoysk iy-Ixotov 
Tables  (p.  CT-Y),  examples  I-V)  and  D,  A.  Larin  (p.  7*1°). 
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CAT.O!'LATICN  ANB  !  =KAlv  j  ri;l  OF  KILOMF??"-*  Oita  T  ;  T8:Ti<TT;'K 
i j v  ‘-lii'r  i;;a:  r ;  N'Trq 


•.pr- ;  !-A”i;  1 1* 


*.  '!i  i  npo;r  m;  nlc  maps,  for  ronvf  nli-nce  of  i.i.f-lr  use,  nr-  rule,  ki  lomei  or  r.r’nir. 
are  iir.-wn  with  given  intervals  depending  upon  purpose  and  scale  of  m:iKs. 

Kilnini-ii  r  grid  aid  fiarm;  can  lr  drawn  e,  I  nr.il  innon'::: )  y .  Lf  ki  1  v  >ui»- •  gri  I  In  iiviwn, 
lac1!!  i ’ roii  <1.,  by  coordinates  of  vertires  of  unglue  of  trapezoid  it  Is  possible  in 
r'ii’i  1  i  s  i'rar.te.  I  i’  however  frame  of  a  trapezoid  is  to  be  constructed,  then 
ft'or,  iii'ii,  it  is  easy  to  calculate  and  cons' rue  t  'i.e  kilometer  grid.  If  a  frai'a-  on 
siiei'i  is  r.ivei,  i.y  lines  of  a*  ■•••lasaa  and  ordinates,  then  a  necess  i  !  ,y  .arise  for 
d“' errtiiriai  ion  on  >■  plane  of  ;■  nongraphic  map  of  exits  of  meridians  arid  par.-.i!  ie!nf 
i.e.,  insertion  of  graticule  on  a  grid.  i-or  re  so  1  at  1  ori  of  U.lti  probl-a!.  add  i  i  i  oi.a  1 
c al cu 1 ai ions  and  construction  a  re  required. 

Let  us  assume  that.  Fig.  <)4  depicts  n  sheet,  of  topographic  map,  grid  coordinates 
of  .;!  "el.  ('ornrrs  arc  given,  it  Is  required  to  find  //rid  coordinator;  of  points  l,  ,  F,,, 

F.  and  K„  by  geodetic  coordinates  T:.  and  t.  For  determination 
of  coordinates  of  points  and  Fg  longi  tude  ?.  meridian  l  j  !t, 
and  .abscissa  of  lines  AD  and  PC  are  used.  Considering  abscissa 
of  line  All  the  .arc  of  meridian  from  equator  t.c>  n  given  point  . 
we  find  from  t  ables  of  A.  M,  Virovot.s  latitude  Bj  of  point.  Fj  j 
having  latitude  B^  .arid  t,  we  determine  ordinate  of  point  P’j  by 


the  fort,  tin: 


(8,110) 


lii/-li*i!5L5i  +  (vin)tiA.  (ft.  no-) 

Formula  (i;.,110)  Is  obtained  from  (8.?n)  by  means  of  simple  conversions. 

Calculation  by  the  formula  (8.110)  Is  made  by  first  or  second  A,  M.  Vircvois  I  shies 
depending  upon  the  scale  of  the  map.  By  the  formula  (8.110)  ordinote  F?  1b  calculated, 
where  in  t.lils  case  the  latitude  is  calculated  by  abscissa  of  line  ItC. 

For  calculation  of  nbsciGsa  of  point  E^  we  have  latitude  of  parallel  i^F,,  and 
nr.iitiai.il  of  western  frame  Of  tlie  trapezoid,  consequently,  we  can  find  latitude  of’ 
the  base  of  ordinate  HQ  by  the  formula: 
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*-*+-&'*  (8.131) 
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1  I  nr 

■C,  ,  wliOC-e 

are  g  i  veil,  .'in'-!  with  the  l\i  Li-  ol-  table?  of  values  ra  -  1  can  be  found  the 
Iri.’i:  of  linen  on  .'in  ellipsoid  by  me.-untred  1  •»:  I  bn  on  map  and  eonveruel.Y. 

if  •:*).  CVliV'-'lv!  I  i'?J  ol-'  C.l'  liiUNAf!-::  i- isOK  .itW  To  hi 'Nr 
presence  of  coord  1 m *  e  /.ones  lri  application  ot'  ! Jin i!':s — K rn^.f  c  pr  ,'ect  Ion 
evoke.-.  necessity  for  resolution  of  addli  ional  problem  conve  rss  I  on  of  wr.td  coord  i  her, 
rone  !.o  MiuiUifr,  Till!,  problem  n.or. t.  frctpiflUly  occurs  In  .!iii»’!  Ion:  o!‘  '•ones 
Pi:  f  .  I  :'l  1  l  ru’i  1 1  of  various:  geodetic  ;tnil  topographic  work. 

in  ll: h  In  accepted  I  ha 1  coordinate..  of  points  of  at. .'Hr  pt-oii* •  t  5 ■'  nr i  work. 

1  » «•>!  In  "overlap ,  "  are  Riven  In  the  r.yi.i  “ilia  of  'wo  adjacent  zones;.  "overlap "  of 

will, In  whose  limit  a  points  have  coord'  4  ea  In  nyiM.es:.::  of  t.wt'  zoned,  p.s  re'  chi'!! 
t  y  v!  In  longitude;  a  system  of  coor-Jlna !•  ,  of  the  western  none  overlaps  enrt.erii 
h>  v'  of  loiu*.  1 1  ti'.le,  and  e-iat*m  overlaps  western  t*,v  7.'j  (!'lg.  d*).' 

However  tin:  Indicated  rule  "of  double"  calculation  of  coordinates  flora  no,, 
ex-lade  r.eeiusssl  l.y  for  special  ci  Ic  ul  a  Mona  for  conversion  of  coordinates!  Tim 
following  cures  of  conversion  of  coordinates,  are  possible  from  one  sslx-dogrre  to 
apoi  1m  t‘  a  Is— let*  rc  i  .  from  three-degree  to  three-degree,  from  six-degree  to  l.h  rce-degree 
rot v*1  a  and  conversely. 

Tim  simpler  way  of  resolution  of  t.lie  problem  consists  of  converting  to  Reodet  lc 
CooiuJImuIhu  front  rid  coordinate;;,  and  culc’ilutlng  grid  coordinates  fro  it,  geode lie 
coordinates  In  a  ays  ten,  of  desired  zone,  the  problem  is  resolved  hy  these  mentis!  with 
any  deal  red  degree  of  accuracy. 

h'er  in'ie  on  p,  , 

-8b2-  . 


ft  * 


!  or  'i  small  number  cf  points  Indicated  met hod  cm;  he  fully  useful. 

!  !|  -w* -V  <  ■  !•  Will.-  'I  1  ;'nl  fl  eatit  imnhei  po.atr,  t  i .  appl  I  •-.,i 1  lei.  .■!'  ’  :.i::  •  -<  I  I 

in  !■  ii, 'i  ry  expend  1  t.ii  re  »>r  ea  I  ru  I  :ii  1  ii|*.  labor,  rinee  l.rre  : 1 1  1 1 '  I  •’  i  ranr- )  i  i  on  !  r 
nc  i.'i.'i  I  ly  .accomplished.  Naturally  «  necessity  urines  for  n  development  of  n  meihori, 

i  i , 

W:.i  >'i  I  y  grid  ooorl  1  let  .op.  (x,  V )  It:  .a  I’lvcn  sour,  ■■unrdiri.'il  in:  ( X  ,  y  i  In  ::y  ;■ !  **:u  of 
mii'i.MiT  P.one  can  be  ii  l  ree  l.v  ..ai  leulii  fed . 

I.i-i  i  ■  i K <'  •  lanrp.-Kruf'er  grid  coord lmi.er.  (x,  y )  and  (x  ,  y  '  ryr 1  >  I' 

•i.l.i-m  ; ,  i  it  i*  ■;*,  for  point  1  or  L I  lpsol  >1  wi'J  Isometric  ccot'dlnnler,  (u,  I. » . 

i It  »t ;:* i 'i p i**t 1 1  1  y  • 


% 

$ 


JT  “■•*(».  A)  l  (Pjl;.) 

*  “  •*'(?•  4)  I  /}.  p 

vv'u.t,)  r  ‘ 

i  i 

wi  •■»'<-  /  j  I.  -  |.(>,  l,,  I,  -  l.(),  wlii'n  t.(l  ■•md  Lf1  -•!  r«  ■  loti)'!  Millet;  of  axial  me  r  1  •!  i  •Hit:  ot' 
i  wo  ■ "  1,1'ti'  'i;i  t.  y.oni'ss,  Difference  (l.y  -  Ly)  Is  always  t.hr>  given  value;  dir,  I  p.n.'i  M  tip,  I  t 
by  n,  wr  haver 


4  ™  4  +  ■• 

Kxc  I  ud  l  biT,  from  (8. IIP)  ■•md  (8.11‘M  <|  and  t,  wo  obi. ti  In  fnnei  Iona  I 
Pei  worn  :*.,y  i.phks  of  p,  rid  conform:;!  coord  Inn  too,  l.e,, 


( .'1.1  lit ) 

dependence 


It  -  /.(*.  H)  I 


(•'••.  Ji(.) 


I'lpni.lon:;  {8.11'i)  In  general  form  give  rormnlnn  for  conversion  of  dtiordlnn1  eti 
from  one  system  to  another. 

Problem,  thus,  consists  of  determining  functionu  of  find  t'„  and  by  doing  no 

J.  * 

I'lndlng  the  forum’ an  for  their  cnlculnt. Ion.  For  resolution  of  i.hlr.  problem  we  will 
Introduce  .*m  auxiliary  point  l’y(x(),  ;/y)  under  the  condition  t.lmts 

^  ■**  “  /t  (*o»  f*)  |  ,  ( H ,  1 1  h ) 

y;( «■/,(*»,  Jf»)  j  ‘ 

.  i  i 

Consequently*  auxiliary  point  has  coordinates  In  second  zone  (x(1,  y())s  Ax  .and 
Ay  have  the  miu.al  for  two  ndjeopiit  points  of  trlangulntlon  values,  L.e.,  not  more 
than  rv-Ph  km. 

Let  ud  extend  (H.U'j)  in  a  series  of  ascending  powers  Ay. 


i 

I 

i 


I 


We  i>.nvfc>! 


Jt,««+#*iy  +  a»4((»  +  e','Ay*+  .  .  .  \ 
#*-*  +  riy  +  *»A(i*4r',Ay»+  .  .  .  f 
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M3XM 


: : 

."-V 


*  11 1 I  f  I 


1  *  •••  l  oi*  k  In  i  lit*  form 


«»■ * 


'  M*i  A*':  *  *■  /i(t  j^);  «*  «.  ■  - -*b~  ;  &• ...  J.  J*1/}. 

«i  ||  eyi 


I  “■"  I  ■  ■  |n  >w>- 1'  :  i  :•  I- 


iii’i-ii.i  In;’.  |-. iv;i’|-;; 


*  "  *t  +  4  jr  +  o§  A  **  +  o»  4  x*  4-  e«  A  x*  4-  ,  ,  , 

*■  -f  «!  4  x  >  aj  4  x5  4-  aj  4  x*  -|  a’  4  x*  -)-  .  .  . 

A*  +  *|  4  x  4  oj  Ax’ 4.  oj  A  x*  4- u|  A  ”...  1 

«' ’  ™  oj‘  -f-  4  x  -f  tij  A  x*  .  0;Ax»  +  u;A.t*+  .  .  . 

4  «•  bt  +  4,  A  i  ;  4,  A  x*  l-  4,  A  x*  4-  6,  A  x*  ... 

♦•-4;t-4;A.t  I  6J  A  <>  I  4;A.t>  +  fc;A.v«  ;  ... 

V-’bl  +  V,  Ax  i  4‘Av»-|  AJAx*  )  4JAx<  |...  * 

4"  ~  4;  4-  4*Ax  j.  t‘t' Ax*  |  4i*Ax‘  |- ... 

“*  ‘  '  ' '  1  'Mi'  ^  'Hi  C'  •  1  1  ‘ 1 )  'll  (f'.jlV)  ami  (••>11,1  lilcfl  ii|>  I !  1 1  •  i 

-  y  wr  obtain: 


(■''.  ll’t) 


X  .  all  ! 


A.V*  —  A  *  -|  <t.,Ai’  |  «,A  v>  +  „4A.v*.|  (ii'.-mJA,  j. 

4  «;a.«-  i  «;a*»)A//|  «;a,v  .  u;a.v")A|/-  4. 

4*  +  <i(  A x)  A  { D,  l  I.'O ) 

/  -  III  -  4  jf  -  *,  A  x  +  4,  Ax’  1  4,  A  x>  4.  4,  Ax*  +  (4'  +  4[  A  x  + 

4  4;  Ax»  +  bt  A  X»)  A  JH-  (»*  4-  6J  A  .v  4-  4jAx’)Ay}  + 

+  (AJ  +  4,"  A x) A  fi*  4  .  .  . 

icrma  I’lis  -win  Hi  {>1.11  V).  m-1  In  («.i;*o)  am!  (H.jpi)  arc  for  comm,’,;! . . 

I’i'.'r.l iiiat.i.-n  lYmii  uni.  .-.one  to  anot  her.  Difference  between  l.l.ene  I'orimi lar.  In  In  i 
|,‘"M  !f  ,!  ,!l"  •'«t’e  rallc<l  formulan  whl,  vnrUtMe  eoetTlolentr.,  where  npeelal 

hial  for  tbr- lr  :i|>|> Ue.ni  Son,  t|tP  nrooml  e;,|lc,|  romnlaii  will, 

••e.icenleni  for  iciial  lonr.  win,  the  :,M  of  etii„|ii|i  t  . 

Il'  ami  (A,  iPl)  cowl |  t.ionn  eiimilm?  front  (.'Vi)  are  M|>|>  1  lenbje. 

V.'l  ‘  111  vet 


!'u i-  b.v  condition! 


■5— 

■yj^ +  fe*A  *+;*•••  A  *», 
JL.  .Aii- J>5L  ■  a  ...  *4” 

•jf~  »4'4  *4*4*4  34'*'Aji» 


m  StL. 

*>  4A»  1 
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t<  it 
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£  i  7a"--»~  ;  3a"'-  — *1 
4*  it  it 


{•’  .  I  •■) 


iiMiii  (h.118),  (h.lld)  n:id  (h.122)  enaueu: 


b‘  —o  , 

<  -  - 

b\  r  30}. 

a|  — 

26,. 

b f  —  3h,, 

»v 

a;  - 

46,. 

b\  -  a;. 

1 

1 

•  s 
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at; « :io;. 

•? «  - 

36*'  *w  flj. 

2«;  -  - 

*;■ 

w;  « 2«;, 
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l\xprrr.n1onn  (n,!;*?)  .inti  (8,1?})  show,  now  the  ronfftclrntc  nr«>  >  unonc 
i  i  i'r.i'H  vi’n ,  In  nlnrn  or  (8.117),  (M.lPo)  and  (H.J?!).  They  nr*'  I’nil.v  =li*i  ri*:  1  i:<"l , 

If  and  h  arc  given. 

Kormnlfi!'  (8, IPO)  find  (8,1?1.)  give  gtMirrnl  exprruuion  fur  convcrnlui,  i * f  «lmu»n - 
Kruger  oooi'd I.ii.’i ».*•!’  from  none  to  zone.  They  are  too  rtvnp.ll rut ed  for  |>r.'n*i  l •*.,i  1  line, 
hul.  contain  coordinated  of  auxiliary  point  I’  (x;),  y(,)  and  with  exprdlcni.  ndcci  :*«?». 
!i,Iim|i|o  -in  l  I'onviii I cut  for  pr.MOtlc.il  npp1to.it  Ion  t’ormul.in  can  !"•  obtained, 

l.ct  n;t  liitointo  t.hit  x  *-  x0  or  Ax  •»  o,  than  under  tl.ln  condition  I’rom  (■'•'. irv)  and 


(8,i;'l)  we  Oht.li.Ull 


i r-n;+»;4*+«;***+»:Ay>+  . . . 


(H.lf'IO 


I  1  ,  I  II  III 

Cooffielentc  tit, ,  b*  (1  *>  ,  ,  . «n  u  run  3  til  on  of  Khnolnau  x  -  x. ,  or 

latitude  |^,  eorrrapondlng  to  x,  If  x  in  considnred  no  an  arc  of  mnrtilliin,  tl.ry  rnn 

i  i 

ht>  t.nbolnted  toy  argument  x  or  t\j.  Auxiliary  coordinates  x0  and  y()  con  hr  onlcnlnton 

1  I 

by  general  formulas  (8,3?)j  they  are  given  in  tablet!  along  with  a(\  and  b,, 

Omitting  details  of  computations  for  obtaining  tij  and  b^,  which  n re  given  In 
the  mentioned  work  of  V.  K.  Khrietov  (p.  Pi's),  vie  give  their  final  vnluen  an  funct.lon 


V 


«> -2«  tin  fl,  -  (I  —  2/{  +  a.,}, 

- *g.lfejjtgLa (|  +  *})  +  n  -  13/}) 


(h.i?1 
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—  I !  !  '|i-  1>I'  loin  I  !  :ii!rc  of  “ixlril  iM'l'l  >i  l.'im:  * '  f  :  i  •  I .  |  ■  1 1  ’  <  •  n  I  :*. « >  1 1 1  ■ :  • ,  oxp  po|“.r,oi|  t.li 

I'  i.li'in  |(,i*  *  i  10 , 

Tin'll  'iH  (f.ll'r’l  WlU.  Vll'l  “ill  ••  i'OI'I’I’I.*  li-lil  Wrl'r  1’ I  flit  ll;ti'i|  In  “TjiI- l  i  >  ;t 

conversion  of  Uauus^KruRcr  k rid  cuoriiliiaLtiU,"  publ  itil.od  in  iiili  nuliy  |u>uh«,| 

■  I  1  I  !•:•»■»  1  I , 

*  *  I*  I  til- I  )'  I  1“  Ul'  I'Otllt  I  IMlC  1  loll  Of  I'OWI'I  1  MS'.  will:  I'Olll'.l  “llll  CoOl'l'  I  1“  1  (Mil  i“.  I  I'. 

Tt  I  tod  In  ,1,'lnl  wni'li  of  iTofor.iiiTii  A.  M,  VI|*ovi“ii:  nii'l  I',  ii,  'j.'ill  uov  1  I'M  "I'iIIi'U 
for  ■.•oiivi'Vii  Ion  of  f.rM  coord  I  inf  on , "  (KmaoviiKly  It  1 1  pmi  I  >i .  M,  Hoodr.*.  I  ;m|{i  t  ,  1  •  r*;’) , 

In  Mi'ili  I  ih|i';l  formilml  for  i'  “i  I  i'll  |  “i  1  I  n||  li:iVi'  tin*  foPllt  oil 

+  c,  /' 

wi  o  r«* : 

t  m  M  A  (/*  •[  Hi i  (/*;  f,  ■*  0, A  v*  +  /j',4  (/*. 

A,  M.  V|  i’oVr*i  r  mul  N,  !<il“  I  in  vloli  Ynl> 1  nr.  oonutiii  of  l.lsror  |>;i  i*t  it .  I>  I  rn  I  |i.'irt 

i'oii'  il,ir.  vilni’i  y  .  •  X.,,  r .  n,j  ,  0  “111*1  i  ,  I  y  .’ny.niiii'iif  x^  If  Mi  -'i  t  •  i\*“  I  ii".,i  of  a  iMvoii 

[mini  |  iiimoitil  mid  I  >  •  l  i*<l  |>rt  i*t.«  tftvo  viluoi;  of  c  and  o.j  by  nrfinm'iii  ii  x,|  and  *iji 

A,  M,  Vli'i'Vi  *:>  “iiiil  I',  N,  K'll  lnovli'li  T'll'lni  “irr  uulvi'rioil  -n i-i  •» r«“  hiioI'iiI  for 

oonvo  t’;i  ton  of  ooor  1 1  in  I  !•!•:  f  I  vin  -I  t  . .  folio  to  ;l  I  X»'lt“f  r,-i“  folio,  “ilnl  ll'oli,  I  X«itiT,V'“i- 

to  I  I .  »“#'t*»ijl*j' »'•“»“  f.OMOi!  ,'irrl  oonvi'l'iio  t  ,v  ,  I’l  1 1- II  | I  |  oil:;  ,i|“o  mado  wl  III  <’Oll!|>l|l  of  '|(,||  |ii|“ 
roiiol.iMon  of  ono  probloin  approxlmat-ply  in  mint  rod  In  mlnuM'ii,  'Vnvrri »<>i  ooopdli.aUii 
have  no*,  groiuor  Hum  f1  cm,  fully  pcrmlan Iblo  for  nil  ».npiy*.r,i|i|ilc  and  oar in  In 

tfoodot.lc  work,  Wln*r“  jiroat  tuicurncy  In  raipUrcd,  firf.i  rwt.lmd  of  roimlui  ion  of 
coital iltMVJ  problem  nhotild  bo  uind,  Tablou  are  aupplird  wifi,  hocottiinry  «“X|> l “Ki-. i  l hup 
mid  ch.'irnol.iM'lr-Uc  oximploii  for  pruct. l»"i  1  purpi'iioii .  !■  roni  nlx-  brroo  '.m i* •  'o  n  1  x *-*l *‘*“i> 

coordlnnira  n  pn  eonvrri  ml  li,v  iurnmi  of  oonm»ou  Mva  i.  rami  I  lion,  ft  rut  i.o  i  liroo-dojir*'*' 
zone,  ami  from  t.iirt'e-dof.poa  (o  tilx«dtyror  zones, 
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SHORT  SURVEY  OI’  GEODESIC  PROJECTIONS 
§  50.  GENERAL  REMARKS 

Grtuss-Kruger  projection  and  coordinates  are  used  In  geodetic,  work  ot'  USSR  and 
in  majority  of  socialist  countries,  in  addition,  the  practical  application  of 
projection  in  these  countries  is  carried  out  as  a  single  program  and  a  scheme.  At, 
present  the  geodetic  work  of  socialist  countries  occupies  conspicuous  place  In  world 
geodetic  activity.  .If  one  were  to  consider  that  in  the  future  the  weight  of  this 
work  will  he  even  greater,  then  it  will  be  clear  that  in  time  the  coordinate  system 
of  Gsuss-Kruger  can  be  converted  into  a  world  system  of  grid  coordinates.  At.  present 
no  other  system  of  grid  coordinates  has  Buch  wide  application  in  geodetic  work. 

However  in  many  European,  American  and  African  countries  other  geodetLc 
projections  are  used,  which  have  their  own  peculiarities.  In  order  to  objectively 
judge  mathematical,  and  geodetic  merits  and  deficiencies  of  these  projections  and 
mainly  to  compare  them  with  Qausa-Kruger  projection,  it  is  necessary  to  become  briefly 
acquainted  with  their  mathematical  and  geodetic  baBeE. 

In  selection  of  one  or  another  projection  the  geographic  configuration  of  a 

-  - 1  -  -  jmmmnmmmpyaamtfmmr  wagqw wrr. . x. regard ;.ar ig-arsyr.’^rnt ra^xtaHr 


given  country,  t'he  accuracy  of  geodetic  and  topographic  work,  the  simplicity  of 
mathematical, basis  of  projection  and  convenience  of  its  application  are  taken  into 
account.  No  one  projection  cart  completely  satisfy  all  given  requirements,  however 
majority  of  used,  geodetic  projections  to  one  degree  or  another  satisfy  the  main 
conditions^  ".  •  t  • 

,  “  I!  .  1  .  *  ■'  .  . 

Th>>  most  essential  of  them  la  the  conformity  of  image.  ..  Conformal  projections 
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possess  precious  properties  for  geodetic  worr,  they  preserve  similarity  in  smnil. 
parts  of'  depicted  figures,  Therefore  as  Lime  goes  by  leas  application  is  found  for 
nonconforms!  projections . 
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tieodet.lc  projections  can  be  determined  by  diffftrnnt  methods,  Vut  1  r.  all  cases 
Miey  have  to  satisfy  the  following  equations: 


It- tip,  0  i ' 


(-■).!) 


wiic it'  { x ,  y)  •ire  grid  coordinates  in  the  projection  and  (E,  l)  are  geoattic 
coordinates.  The  form  of  function  of  in  the  end  result  determines  the  merits 

and  deficiencies  of  a  given  projection,  therefore  we  will  mainl.v  consider  iriese 
functions  for  each  projection. 


1 


SOL'DNER  PROJECTIONS  AND  COORDINATES 
Sol'dner  coordinates  in  initial  stage  of  development  of  nigher  geodesy  and 
geodetic  work  played  a  definite  role  and  were  widely  used  in  Germany,  in  France,  arid 
in  prerevolutionary  Russia  prior  to  adoption  of  Gauss-Kruger  coordinates  In  USSR. 

At  present  the  Sol'dner  projsctlon  and  coordinates  have  only  historical  value  for 
USSR  geodetic  work,  however  in  the  west  thcs?  coordinates'  are  still  used. 

Furthermore,  Sol'dner  projection  presents  certain  methodical  interest. 

During  application  of  Sol'dner  coordinates  the  Earth  is  assumed  to  be  a  sphere. 
The  surface  of  the  sphere  is  divided  by  meridians  into  coordinate  zones  of  determined 

width,  as  in  Gauss-Kruger  projection.  The  central 
meridian  of  the  zone  is  the  axial  rneridiuu,  Coordinate 
lines  in  Sol'dner  system  are  great  circles,  perpendicular 
to  axial  meridian,  und  small  circles,  parallel  to  axial 
meridian.  As  abscissa  pf  certain  point  1'^  serves'  as  arc 
of  meridian  from  equator  to  base  of  ordinate  of  th.is 

.  ,  v  *  *  *  ■  -i  '  ’i 

point,  ordinate  of  distance  .along^the  arc  of  great  .circle 


!*» 


*W 


we,  95. 


Is  from  axial  meridian  to  a'. given  poiHt  P ,  ' jFlg,'  95}'.  .  M  : 

Positive  abscissae,  -..to  north,  positive  ordinates  - 


eastward  and  negative  -  westward  from  axial  meridian.  Thus,  the  system-of  count  of.-; 
Sol'dner  coordinates  Is  similar  to  Oauss-Kruger  coordinates,  i.  •*  __  " 

In  Fig,  95  following  designations  are  made?  *  is  distance  between  giv’en 'points  - 

.  1  -  *  '  '  .  •  ‘  w  .  V*  ‘  11  •  i 

■  (?!'  arid  Pd>  T,.  and  T-  are  grid'  azimuths  of  arc  s  in  fits  finite  point  s  P-  •mtfty-j  ?.  in  y 

*  .*  *  y1';'  ;0l-V  •;  ‘"J 

arc.  of  small  circle,  parallel  to  axial  meridian.-  -  •;  ’  '  u  j- 


■  >,\ 
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J Let.  us  :»sonme  that  1b  radius  of  a  sphere. 


m  vwwtiii, 


From  triangle  P^P0Q  we  have: 


*!n  JjL  “Cos— sin -i-  +  sin  -i- cos sin r. 
K  R  ft  R  R 


fin 


t.Jt 


~m.il. 


eo*T, 


Oh?) 


Consi dering  -rf  end  ^  snail  values  of  first  order,  trigonometric  functions  of 
these  values  are  set  in  series  and  retain  in  them  small  values  t.o  third  order 
inclusively,  from  (y.2)  .-/iihout  detailed  calculations  we  obtain 


*  +  0~5T*- 


Vt 

jr.-jr.  +  tt-J 


a 

*«• 


‘  W  [ 

y*  «•  > 


K 


Here  u  =  3  cos  T^,  v  «  s  sin  T^,  . . ~ . . . 

After  these  preliminary  remarks  we  will  consider  the  Sol'dner  projection  and 
coordinates  on  a  plane. 

Let  us  assume  that  axial  meridian  is  depicted  on  a  plane  by  straight  line  by  a 
line  to  full  scale;  great  circles,  perpendicular  to  axial  meridian,  will  be  depicted 
by  straight  lines,  perpendicular  to  image  of  axial  meridian  on  a  plane  and  distant 
cue  from  the  other  by  the  value  of  the  difference  of  abscissas.  Small  circles, 
parallel  to  axial  meridian,  also  will  be  depicted  by  straight  lines,  parallel  to 
image  of  axial  meridian  and  distant  one  from  another  at  a  distance,  equal  to 
difference  of  their  ordinates  (Fig.  96). 

With  such  construction,  obviously,  coordinates  on  a  sphere  and  plane  will  be 
equal,  i.e.,  we  use  spherical  coordinates  on'  a  plane. 

If  our  construction  is  viewed  from  the  point  of  view  of 
image  of  Bphere  on  a  plane,  then  it  is  eaBy.to  notice  that  the 
projection  is  produced  on  a  cylindrical  surface,  coinciding  with 
, the  sphere. along  the  axiul  meridian,  .^reat  circles,  perpendicular 
’ to  surial  "meridian,  are  depicted  by  forming. the  cylinder;  small 
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Fig.  96. 


.Sol'dner  projection,  is,,  a  simple  evenly  spaced  Cylindrical 
,.  • ...  v.  •■  projection.  <  ■:$  *". - 

Let  us  study  linear  and  angular  distortions  of  Sol'dner  projection'^ 

Let  us.  assume  that  distahoe  betvfeen-;p.ointB:ron;.a:.^lapei;i|S,.:i0:,  them  ir 


ton;  ('•}.'*)  by  means  of  squat* ing  and  addition  we  otl.ali;; 


ijl1  —  +  + 


>*>}  w*y, 

«•  *•’ 


or,  considering  (9.1*).  we  obtain: 

hrcorid  fern  or  right  side  is  snail  as  compared  i.o  first,  (.he  re  lore,  without 
ili  s '.ii i'li in, .  I.lie  generalization  of  reasoning,  it  can  subsequently  be  dropped  lower, 
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Difference  (i?0  -  s)  is  small  value  of  at  least  the  second  order,  therefore  in 
denominator  of  right  side  we  can  take  ssQ  =  s,  then: 

- ?;.tUL,-r-  .  <«.,)) 

1  as*  '  ' 

formula  (9.9)  gives  relative  linear  distortion  of  Sol'dner  projection;  it,  shows 
that  (.lie  projection  Is  noncon formal,  since  distortion  depends  on  direction,  i.e., 
from  grid  azimuth. 

from  (9.9)  it  follows  al30  that  the  maximum  distortion  takes  place  in  the 
direction  of  the  axis  of  abscissas;  it  is  equal  to: 


,  „  r' 

—  ur 


Let  us  find  reduction  of  direction.  Designating  directional  angle  on  the  plane 
through  T  ,  from  (9.3),  after  simple  conversions,  we  !r*ve  with  former  accuracy: 


Second  term  in  the  right  part  in  parentheses  is  small  in  comparison  to  first.. 

g !*■ ' I "J1  111"" _11  J1  «-  .•»  r.^  \ 

Dropping  if,  a\  obtain: 


**rt-  V,- — Sr‘*r, 


Hence: 


In  order  to  compare  values  of  linear  distortions  and  reduction  of  directions 
In  Hoi 'finer  and  Cause  -  "ruger  projections,  we  Have: 

jg  w*’T 

'*"3  (i>-e) 

I  -  D- 

*  «•  9 

Hign  z  designates  that  corresponding  values  peiTun  to  Sol'dner  projection, 
ai.'d  /:  to  Gauss-Kruger. 

Hrom  formulas  (9.8)  It  is  simple  to  conclude  that  linear  distortions  in  Sol'dner 
project, ion  in  general,  are  less  than  in  the  Gauss-Kruger  projection,  as: 

»,  —  eos‘  T. 

However  the  great  merit  of  Gauss-Kruger  projection  remains  in  the  fact  that 
distortion  in  it  does  not  depend  on  direction. 

This  advantage  Is  revealed  especially  clearly  during  work  of  materials  of 
polygonometeric  and  theodolite  runs.  In  Gauss-Kruger  projection  it  is  not  necessary 
to  reduce  angles  of  runs,  and  correction  by  the  formula  is  introduced  into  lengths 
of  sides 

‘■-4- 

where  ym  can  practically  preserve  the  same  value  for  all  sides  of  runs  and  oven 
series  of  runs.  In  Sol'dner  projection,  applying  formula: 

M* 

line  of  a  run..  .  ,  <  ^  :  . 

Reduction  of  directions  in  Sol'dner  projection  In  main  term  does  not  depend  on 
distance  between  points,  but  depends  on  departure  from  axial  meridian,  ui:d  in  value 
they  significantly  exceed  corresponding  values  of  reductions  of  Gauss-Kruger 
projection.  If  one  were  to  set  a  condition,  so  that  in  Sol'dner  projection  no  .  ...... 

correction  is  introduced  into  measured  angles  of  polygonometerie  and  theodolite  ruins V’ 
which  has  a  place  In  Gauss-Kruger  projection,  then  it  is  necessary  t;o  significantly 
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1  Itril  ?.  u  t:  width  or  coordinate  zones  (In  this  case  they  should  not.  exceed  'i0-;-0  kin). 
With  the  increase  of  width  of  zones  to  a  shown  limit  a  necessity  arises  for 


,"i  I .  I  •.  i  i  on  of  aid. eroMrieno  of  K.-.rhl.  and  introdsjc  tlon  of  additional  corrections . 

Tils  complicates  st  ill  more  the  application  of  Sol  'drier  projection  and  coordinates 
tor  countries  with  great  land  areas.  Therefore  the  Sol 'drier  projection  in  reference 
in  largo  areas  yields  in  all  ratios  to  the  Gauss-Kruger  projection. 

§  Till'  LAMBERT  PROJECTION 

Tiii-  i.aiiinert.  projection  Is  a  conical  conformal  projection,  used  in  geodetic  work 
In  Iraucc,  United  states  arid  other  countries.  The  central  line  of  projection  is  u 
standard  parallel  with  a  width  B(y  Usually  the  standard  parallel  is  chosen  In  such 
a  manner  that  it  passes  through  the  center  of  depicted  territory.  If  the  scale  of 
_tiig_iilUig£-on—thi-S— parallel— la-equal— fro  -a  uni t~, — therr 'rrref  'p fo Jec  tiorTTiTciiUed  "conica  1 
conform'  1  projection  with  one  standurd  parallel."  If  however  the  scale  or:  two 
parallels  Id  equal  to  a  unit,  then  the  projection  is  called  "conical  conformal 
projection  will:  two  standard  parallels." 

Let  us  assume  that  in  Fig.  97  straight  line  OS  depicts  axial  meridian,  and 
curved  0!'0  (circumference  of  radius  pQ  -  NQ  ctg  BQ)  depicts  central  or  standard 

parallel.  All  meridians  are  depicted  by  straight  lines 
in  this  projection,  distant  one  from  another  by  an  angle 
V  -  l  slri  B0  ,  where  l  is  ti  difference  of  longitudes  or  a 
given  meridian  and.  axial  meridian,  Is  a  latitude  of  ih<* 
standard  parallel.  Parallels  are  depicted  by  curves  of 
Concentric  arcs  with  Center  at  0  and  radii  (p^  -d),  where 
d  Is  a  distance  between  given  parallel  and  the  standard 
parallel  (Fig.  97). 


Fig.  07. 


As  a  rule,  origin  of  coordinates  is  selected  at  point  0;  the  axis  of  abaci ecus 
are  directed  toward  north  along  the  axial  meridian;  the  cuxle  of  ordinates  is  on  a 
tangent,  to  Image  of  standurd  purullel  «t  point  p  toward  east.  Uctue  along  the 

re  ?irl^f^t'’^r'a^\uStf r*bu t  to  »  o . '999." 

Then:  l'  /■ 

H-mMrtu  t»  ■■■'  (9.9) 

.Plane  coordinates  and  convergence  of  meridians  on,  a  plane  In  Lumber!  projection 

,  ,•  '  ’  *  *’»»';  ■  *'  . 

are  calculated  by  the  following  formulas: 


(9.10) 


t  -((>»— d)s\n~ 
A-rf+ylB^-  , 
•j  •»(£.—  L,)stnB0 


where  L.,  is  a  longitude  of  axial  meridian; 


f 1 


(9.13) 


Lambert,  projection  is  conical,  therefore  reduction  problem  here  is  resolved  in 
very  complicated  manner.  In  order  to  have  a  concept  on  the  degree  of  complexity 


ku 


!  W 


of  indicated  problem  and  to  compare  its  formulas  with 
corresponding  formulas  of  Guuss-Kruger  projection,  listed  below 
without  derivations  are  the  formulas  for  reduction  of  distances 
and  directions  (Fig.  98). 


"KeductTon  of  distances- 


l-'tft.  98. 


I .  |C  4-  -JL.  hi  +  .(*ii  £■>!  4 
J*j  \  i* 


(*.  -  X,)«  ufl.  X,X,Xm  .  iMcjMj 


»'* U  a0co>*  s.x;  n  4-  <av,  -  X,)  1 
in.  hi*; 


(9.1?) 


Reduction  of  directions 
!L-.aft.±MBt=A»  I A  lo  -1-  +  gin*  -±-  + 

\  H  fa 


In  these  formulas; 


(9.15) 


s  —  distance  on  spheroid  along  the  geodesic  arc, 

S  —  distance  on  a  plane  by  chord, 

Hq  —  latitude  of  standard  parallel, 
p  -  modulus  of  common  logarithms, 

1 

p  -  second  meridian  eccentricity, 

and  X;,  ~  distances  of  given  points  along  meridian  from  standard  parallel, 

X '  m  -l  *  *« 

*._ctB»B„(l  +1$, 

etg*fl,(!  +  3»4  +  *X*)> 

C  - Bu(l  -  2t8»  »„  +  4,4 -  !4r»»ln*«J, 

D  •  -i-ftg*  B„  (2-tgtB,  +  ifcj  -  |Je»itn*  Bj. 

iG.  Romford.  Geodesy.  M. ,  Oeodesizdat,  1958,  p..  188. 
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iornilas  for  calculation  of  reduc Lions  of'  distances  and  directions  in  Lambert 
projection  are  so  complicated  that  their  age  for  geodetic  networks  on  a  plane  (.incomes 
■a  r.i>  I  at  <  l,y  Inexpt'd  I  e-  I..  Tlu-r'i'fiirv  during  practical  appl  l«v,l  i  jji  of  tills  projection 
for  i  real. men t  of  l.riangulatlon  It  should  be  conducted  on  t  he  surface  of  an  ellipsoid 
and  then  by  the  formula  (9.10)  grid  coordinates  should  be  calculated.  Here  we  were 
again  convinced  ihat  conformal  conical  projections  are  complicated  In  the  part  of 
resolution  of  reduction  problem  and  therefore  are  unfit  for  use  In  geodetic  work  on 
SUl'!:  area,  as  the  UGfR. 

i.'U.iT  deficiency  of  conical  conformal  projections  consist.s  in  that  with  the 
change  of  standard  parallel  the  constant  projections  are  also  changed.  This 
projection  Is  convenient  only  for  topographic  work,  where  for  reduction  it  is 
r.u I’flc  1  cut.  to  take  only  the  main  terms  of  formulas  (9.12),  (9.15). 


1 

t 

t 
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§  53.  t’TEliROGRAPHIC  GEODETIC  PROJECTIONS 
In  nia l.liemn tlc.al  cartography  the  class  of  conformal  azimuthal  ttnd  perspective 
projections  of  t.he  sphere  on  a  plane,  whose  point  of  view  is  on  obtained  surface. 

Is  called  i'i tcreographlc .  These  projections  possess  two  very  important  properties 
for  geodetic  work,  they  are  equiangular  and  are  able  to  transmit  all  circles  both 
infinitesimal. ,  and  finite  in  the  form  of  circles. 

However  the  surface  of  a  sphere  Is  the  only  one  of  curved  surfaces,  whose 
pr rupee  five  Is  strictly  conformal.  Any  perspective  of  significant  parts  of  a  surface 
of  I, luv  spheroid  distorts  angles  and  does  not  transmit,  circles  by  circles. 

However  geodetic  use  of  stereographic  projections  is  characterized  by  n 
peculiarity  that,  they  are  used  for  limited  areas,  and  therefore  preserve  their 
valuable  qualities  for  geodetic  work.  Due  to  these  reservations  of  strict 
determination  in  the  common  form  stereographic  projection  of  ellipsoid  on  a  plane 
door.  not.  exist.  Under  stereographic  projection  of  ellipsoid  a  projection,  la 
understood  to  possess  above-indicated  properties  of  stereogruphlc  projection  of  a 
sphere  and  turning  to  Bueli  a  =*  0,  where  a  —  compression  of  ellipsoid, 

imi,„i  ii  ..ifmrn . 

plane.  In  geodesy  there  are  known  stereographic  projections  determined  by  (Jaunt, 
Russell,  Deyvelink  (so-called  Dutch  projection)  and  others.  All  of  fj.em  correspond 
to  horizontal  stereographic  projection  of  a  sphere,  i.e.,  projection  with  freely 
selected  central  point  which  is  especially  valuable  for  resolution  of  pro-  letnc  of’ 
higher  geodesy. 


HMWWWwne!»aHIS!IB 
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j„  order  to  have  clear  geometric  presentation  cf  stereogr.aphlc  proper  Jons . 
let  as  rirst  consider  the  stareographic  projection  of  a  sphere. 

La  us  assume  that  on  U.e  surface  of  a  sphere  r'±  and  i\  are  two  Infinitely  close 
joints  with  latitudes  q>  and  £p  +  A<p,  R  a  radius  of  sphere,  C.  a  point  ot  view,  PI  a 

I  I 

tangent  at  point  P.  Points  P1  and  \'p  projections  of 
points  P^  and  1'2  on  an  image  plane  (Pig.  01). 

From  triangles  CPp|  find  0PP? 


< _ V 


/  f 

m 

I  t 

-jg. 


( • ) .  1  'i ) 

*lt  sin  -^2- 

‘  f*0*— T~ 

— Ago ept-ing-by-  smallness  d<p  .sln-^g_s_Q_aQd_j;^L..fl3i.gL 


P\Pg  m  PPt  —  PP\  m  2R  (t*  - tg  y)  ■ 


=  i,  we  obtain: 


ft.p*  y 

r\r »  .  ’ 


(9.15) 


den le  of  projected  image  will  be: 

p.p*  ««•* 

P\F* _ 


JM? 


m  — 


.  />,/>,  Mt 

i 


where  on  a  sphere  9  *  s  is  an  arc  of  meridian,  hence: 

««■  — - - . 


Factoring  eos"2^  Into  binominal  series  and  being  limited  by  main  term  of  these 
3« rlon,  we  obtain: 


'i  +  ~^r+  .  .  . 


(n.if>) 


ti  vizrr.'nrrpvm.v.t 


mg  m  I  +  — jj--  +  ■  .  .  ( 9 •  1{> 1 )  , . . 

From  comparison  of  formulas  (9.16)  and  (9.16')  it  follows  that  distortions  of 
stereographic  projections  are  identical  in  nil  radial  directions,'  and  by  dimensions--:—''-'" 1- 
they  are  half  as  large  ns  distortlone  in  Oauss-Kruger  projection,  in  only 

»267-».-  i 

ir  •  .  .  ••  ..s :  i  .  •  •  .  1-. 

■  ■  v  •  •*  •-  '*•••••  ~  'WrV.ioTiKSTvt 


ijWCVv £ 


•VI  i-i.. 


-•  J*.;  •  V-  *?fyi  a)*.;  *  J-;  '  ,v'  v 

m-cr-vr^  ru>v;- 


I 

ju¬ 

st 

t 


part U’ulftr  cuse,  when  x  -  y,  the  distortions  in  both  projections  are  identical. 
However  limiting  distortions,  determining  dimension  oi’  areas,  In  s Lereographl c 
[rejection  ere  nhont  hair  that  or  <inuss-Kruger  projection.  This  position  is  just 
For  all  shown  projections  in  determinations  or  Gauss,  Russell,  and  Oeyvelink. 

It'  point  P  (l'Lg.  09)  *s  taken  as  a  beginning  of  grid  coordinates,  axis  abscissa 
is  lireded  along  tangent.  IT,  and  axis  or  ordinates  is  perpendicular  to  IT,  then 
When  y  O  "  j, 

(0.17) 

where  s  —  a  re  of  meridian  between  parallel  of  given  point  and  parallel  of  the 


*“2R,,“s r* 


beg! tilling  of  coordinates. 

i.  Russell  Projection 

Of  the  atereopraphic  geodetic  projections  the  greater  application  was  obtained 
by  the  projection  determined  by  French  gcographer-geode3lst  Russell.  In  19??  he 
generalised  the  formula  (9.17)  for  surface  of  ellipsoid  and  offered  stereograph  I.  o 
project. Ion.  which  Is  characterised  by  the  following  properties: 

1)  conformal  image;  2)  projection  is  symmetric  relative  to  axial  meridian  and 
1)  abscissas  of  points  of  axial  meridian  by  analogy  with  stereographic  projection 
of  a  sphere  are  determined  by  formula: 


V**..**-2®?*- 


(9.18) 


where: 


l\(.  —  mean  radiuo  of  curvature  at  the  origin  or  the  coordinates: 

X  -  arc  of  meridian  from  equator  to  a  parallel  with  latitude  P; 

X()  -  arc  of  meridian  from  equator  to  parallel  of  the  origin  of  coordinates. 

In  flnuoo-Kruger  projection  it  1b  quite  the  rm,  -..-.ere  origin  of  coordinates  is 


.6  case  the  origin  of 

tf'.r:cn--jw,vnjar>*irgx^r^ 


toordinntes  of  Gauss -Kruger  projection  coincides  with  the  central  point  of  Russell 
projection.  In  this  case,  obviously,  X-  XQ  will  be  abBcissa  of  points  of  axial 
meridian  in  a  system  of  Gauss-Krnger  coordinates.  We  will-  designate  it  xpl,  i.hrnt 


"  efekaim 


—-  small  vuiuei  '-vtiith  the  .fte ‘Ip,  of  a  . series  for  tangents  of  t 

”  •  U’  .  .  v  '•  o  •  -v.  . 

:*v  ■  «v-';  v  -  . ••  .t - v ■ 

. . v*.1:.* T‘f vr**? *y»'  v’i.  .,  :’;4. 


(9.39) 


this  yalue  we 
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•Vo  W4Ch  point  of  ellipsoid  with  Isometric  coordinates  (q,  0  will  correspond  - 
with  grid  coordinates  (xR.  yR)  in  Russell  projection  and  the  point  with 
coordinates  (x  ,  y(?)  in  Guuss-Kruger  projection.  Otherwise,  each  point  with 
coordinates  (x',  yK)  of  Russell  projection  will  correspond  a  point  with  coordinates 
(x,,  .Yp)  iri  Gsuss-Kruger  projection.  This  functional  ..♦*«’#  .,-in. CH"  be  express  d  -V 
equation  in  n  form:  . 


x,  +  iv„ -!{*,  +  %) 


Vac  to  ring  right-! STd^e  of^eqnai 
rp  a  and  assumed  parts  we  obtain: 


rWW  *  * 


When  yR  »  0  and  y  -  0  then: 


**  “  I  <Jf«'  “  iR«  '  jrc"  “  *«  +  12*»+1MK}  +  ' 


(9.21) 

1  dividing. 


(9.2V) 


we  have: 


rw"‘V_,+'“S’+*<+  '■ 

rw-§— 5r+-<  +  •  •  • 

n’''-^--sr+^+  •  •  • 


(9.21") 


[Substituting  values  of  derivatives  fl(xg)  in  equation  for  xR  and  yR»  we  obtain. 


K  mt  +A _ ±!l+ 

*  «+  UR*  4R* 

.  h>!  »«'  . 


(9.22) 


Vor  obtaining  Russell  coordinates  by  a  geodetic  we  will  use  a  method,  developed 

by  academician  V.  X.  Khristov.  *VFor  Russell  coordinates  we  will  record  a  known  . 

.1 

eo  » Lion  or  conformal  mapping:  t  . . 


^c,r,  f.  Vermessung.  1937,  p.  8*-89. 


'  *  i  ; ;9.i. 

•  v  i-'c:  .;Vn  -  •  >Je*? 


•Jl.yi’1  If  •  Vr  •  ;;  ?,f»  ■  <•.  ■-.>  m •• y tu".  S  m  if V ^*1" 


:v3| 

I  pjj|| 
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Here  Ail  =  q  -  q..,  q  —  values  of  Isomet  ric  latitude  in  origin  of  coordinates  in 
system  of  Russell  coordinates,  where  x,^  •*-  C,  F(q  ,)  0.  We  will  expand  the 

iria  lyi.lc*  function  F  by  powers  of  ( "Vq  +  1?.).  We  haves 


*„+'*«  -  T  (gj  -F  (Ht  ll)f(qj  +  + 

i-  f’ifi.)  +  .  .  . 


For  calculation  of  derivatives  we  have  a  formula: 


(9.P.5) 


f'M- 


F"(q) 


F"(.q )  -  SUL  .  SfB.  (JlL.  V  +  i!a_ .  _**« 

*  *u  -  j  *  ** 

*  -  *S  \  *  J — <4  *  * 


A. 


+  **- 


These  derivatives  have  Lo  be  calculated  when  -  i-m^]  -  0.  Taking  Into 
account  (9. VO)  and  (8. 17'),  we  obtain 

P’toJ 

r(i„)  -  2oJ  -  -  .V,  sin  fiuco*au, 

oubstitutlng  these  values  of  derivative  in  (9.23)>  we  obtain 

j(i( + ‘‘y*  “  A’«  «°*  + <o  -  4  ,vu s,n  Bi>  c«s  au  (i  ?  d /o' - 

-  *, «•**,(!  -  «C*flv + + Uf.  +  .  .  . 

Or,  after  separation  of  real  and  assumed  parts, 

jt  —  W*cosB,lf  —  - -  AVI'iftiCoifl,,  Ag»-|-  A,  sin 

+  fP-|-,.  ...  (9-r>4) 

x(l—2tK*«u  i  w-JlaJ/  i  ‘  -  2l«s«u  i  ...  (o.ph) 

sv.Tr*  •r.  tV/.A'if.dt-;./  vti-:  ■  •*  •*  -*••..* j-m  ■. !  <. 

{Sign  "0"  here  means  that  these  values  pertain  to  latitude  of  origin  of 
coordinates.  In  these  formulas  Aq  is  U3ually'expressed  by  A!!  by  the  formula  (8.27); 
omitting  details  of  calculations,  we  will  record  final  formulas  for  and  ,v K  with 
.  substitution  of  Aq  by  e'erresponding  dependence  by  AP.  " 
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(9.3-  ) 


*„ «=  -V„(l  -T»  +  V)ili -I  i-W„t|:Ctt(Vu-Gr(^l7|-  r 
+  i-  Afu*in  Afud  +  -  Gtu’  »j  + 

+  ATucos»  B„(l  -  2tfi*  «u  +  »tRs  fiu  •*  W  H  ■  . 

y,  -  Af.cos B„/  ~  A'.sin Buc« fl„(t  -  %»  +  i>)i  til- 
— '-\’tc<*B0i\ -*£•{■ WO*  «»»•/+  -”-*,«»*».  X 

x(1-2 !,  +  <)/»-..-  (9.W) 

Calculation  of  Russell  coordinates  by  the  formulas  (9.26)  and  (9*27)  lias  that 
peculiarity  which  at  a  given  origin  of  coordinates  of  values,  appearing  at  difference 
of  latitudes  and  longitudes,  are  constant,  once  and  for  all  calculated.  Therefore 
Tr9 17 uTh tn  <3n~i  s~r educed  -to-reryhhtiplica-ticrLCifjv.ajlous^degrees  of  differences  of 
latitude  and  longitudes  to  constant  coefficients.  Due  to  this  expression  (9.20)  and 
(9.27)  are  called  formulas  with  constant  coefficients  in  literature.  Certain  nut, horn 
try  to  obtain  similar  formulas  for  Gauss-Kruger  coordinates.  However  formulas  with 
constant  coefficients  In  Gauss-Kruger  projection  do  not  have  practical  benefits,  as 
compared  to  the  usual.  In  practice,  if  Russell  coordinates  are  calculated  with 
accuracy  of  up  to  0.1  m,  prepared  tables,  are  used  with  whose  help  the  required 
coordinates  are  obtained  by  Interpolation.  Calculation  by  the  formulas  (9.26)  and 
(9.27)  Is  used  in  rare  cases,  when  it  is  required  to  have  coordinates  with  accuracy 
of  up  to  1  cm. 

Reductions  of  directions  are  calculated  by  approximate  formula,  whose 
derivation  is  shown  below. 

Let  us  assume  that  on  an  ellipsoid  two  points  of  triangulation  are  given 
1’^  and  Pg  (Fig.  100).  We  will  Join  them  with  origin  of  coordinates  0  by  geodesic. 

The  sum  of  the  angles  of  the  triangle  Ol’jl'j, 
will  be  l80°  +  e,  e  is  a  spherical  excess  of 
this  triangle.  Let  us  aseume  that  triangle 

. 

triangle  on  a  plane  in  Russell  projection 

The  sum  of  the  angles  of  the  triangle  01  \J_Pg 
'■'Lg,  100,  Pig.  101.  will  be  l80°  +  +  bg,  where  and  bp  nre 

corrections  for  eurvatUre  of  the  image  of 
geodeBic  or  reduction  in  directions. 

Due  to  conformity  of  images 


l«(r  +  «.»  IMF  *«,  +  «, 


or 


•  *.  +  *r 


L»* t.  us  approximate  Unit.  t)j  -  h^  •  o,  then: 


9 


iii  enumerated  formulas  under  h^ ,  6g  and  6  their  absolute  values  are  Implied. 
The  spherical  excess,  us  it.  is  known,  is  equal  to: 


P  —  area  of  triangle  Ol’^P,,.  which  by  coordinates  of  vertexes  of'  n  triangle  tsi 
expressed  by  formula: 

_ _  _ -  - - - - 

- -  *  ' 


Uicrefo  rtts 


|»a,H  *1*1  -»i»« 


Formula  (9.28)  gives  m&ln  term  for  the  reduction  of  direction. 


We  have: 


it)  -  ym - ;  0t“  !m+  -^£-. 

*  3 


l«  m  a*  SeiSo*. 

r  «*•  «• 


(9.29) 


Corresponding  values  in  tlauso-Kruper  projection  are  expressed  by  formula: 


*  f  W>  ‘ 


(9. *0) 


From  comparison  of  formulas  (9.29)  and  ( 9 .  'iO )  it  follows  Unit,  the  reduction  of 
jj  directions  In  Hus cell  projection  Lb  half  ns  big  tio  In  tiauss-Kruger  projection.  This 
conclusion  la  Quite  correct  with  respect,  to  main  terms  of  formultio  for  t tie  reduction 

Kusaell  projection  is  convenient  1'or  countrleB  of  round  outline  and  cornpurai Ivttl.v 
amull  arena.  It  who  used  in  geodetic  work  in  Poland  and  Rumania,  up  to  the  iiuoond 
World  War,  and  in  France  since  1924. 

Ruoaell  projection  Hob  certain  advantages  in  comparison  to  (iuus  a -Kruger 
projection  with  respect  t.o  values  of  reduction  in  lengths  and  direction,  but  the 
calculations  are  somewhat  store  complicated  than  in  Clause -Kruger  projection.  Hit  unw 


of  Russell  projection  In  special  geodetic  work  Is  profitable  in  cases,  where 
necessity  arises  to  introduce  corrections  in  angles  of  polygonometerio  and  theodolite 
runs  on  Uauss-Kruger  projection.  In  this  case  using.  Russell  projection  necessity 
of  introduction  of  corrections  in  lengths  of  lines,  and  in  directions  is  not  needed. 

(b mas -Kruger  projection  is  universul  and  is  useful  for  any  countries  and 
continents,  but  the  Russell  projection  is  only  for  small  round  shaped  countries. 

During  planning  of  engineering  construction  and  translation  of  a  project,  t.o 
nature  it  is  very  important  not  to  introduce  into  measured  geodetic  values  of 
corrections  in  transition  from  ellipsoid  to  a  plane,  in  this  respect,  stereographic 
project, Ion,  especially  for  limited  areas,  has  indubitable  advantages  over 
fi.'iuss-Kruger  projection. 

in— creing-ster aographic— project ic*ns_in_ state_work_frequently  the  scale  at  central 
point,  la  taker;  of  equal  value,  to  a  smaller  unit,  i.e,,  m0  <  1.  Due  Lo  this,  x  and  y 
coordinates,  calculated  by  the  formulas  (9.2t>)  and  (9.27),  should  be  multiplied  by 
m0>  then  the  scale  at  any  point  will  V.-* 

a 

,  m  *;.,{•  — —  m,. 

tiuch  scale  decrease  leads  to  redistribution  of  distortions,  and  maximum  value 
of  distortion  falls  to  central  area,  but.  on  area  edges  the  s^ale  becomes  close  t.o 
one.  l’ricr  to  World  War  Poland  adopted  a  scale  with  central  point  at  -  0,0995. 

In  this  caae  the  scale  is  equal  to  one  at  points  within  a  radius  of  285  km.  In  other 
words,  the  radius  of  an  area  of  application  of  stereographic  projection  with 
mQ  =  0.9995  is  nearly  300  km. 

2.  7he  Gauss  Projection 

(inuss  irtde  a  more  complex  determination  of  st.ereographlc  projection  of  an 
ellipsoid  on  a  plane.  He  proposed  calculation  of  abscissa  of  points  of  axial 
meridian  by  a  formula  below: 


‘ydt  i-yr.-r.1 


■  9.  —  Is  ■  A». 

i  -  *  a  **  a 


ienwa*ra».*ii«| 


■(>  * 
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where: 


e  —  ‘ccenurlclty  of  ellipsoid 


d>~ 90 -l»,  *.-*>-B* 


— —  • 

/  I  +  tern*  \  * 

_  V  »-/««»  / 

*  n;* 

/ 1 +«» * 

V  i— 

,  a  lev.  signifies,  Uni  :i  given  value  pertains  to 


ce:i'  ml  point , 


fur  any  poll,'  of  depleted  area  lie  stereograph lo  coordinates  are  determined 


t.,v  •:  full  equation: 


*  H  ^teyte-j  * 


(9. 5?) 


We  will  omit,  details  ol‘  derivations  and  will  give  a  formula,  by  which  grid 
coordinates  In  Gauss  stereographic  projection  are  calculated: 


**■  “  "iT  (Cl8 cov*  T  c* 1 B 1* 511(1  '# ')  “  c'e 


*r  _  tin  #  tin  / 

T-f“5 - 

n  * 


(9.  i5i) 1 


0|  ■»  Jcon,-~c(is*  — ■  +  g  slnd>,  sin  d>  cost  -i  2jj*»in*-£ssiti*-~- 


liy  these  formulas  abscissas  are  positive  northward,  and  ordinates  east, ward. 
The  scale  Of  image  at  main  point  is  the  suroe  as  in  Russell  projection  only  in 
expression  of  scale  in  Russell  projection  it  is  necessary  to  replace  RQ  by  N0» 
therefore: 


«!■»  I  + 


(9.3*0 


Distortion  of  lengths  in  Gauss  projection  is  the  same,  as  in  Russell  projection 


lor  reduction  of  direct. Ions  by  analogy  with  Russell  projection  we  have: 


1^^ll^,TSV''ik1t"Tt^^‘n  -1^bl«  flO  'the  :basic  .  ahar&cteri8t,ics  of  „GttUBs-Kruger,  Gauss  and 

hugaell  projections. 

This  table  ahows  that  distortion  of  lengths  in  Gauss-Kruger  projection  is 
mostly  larger  than  ir>.  stenographic  projections;  and  the  reduction  of  directions  in 


4t.  Kruger,  Zur  etereographischen  Projection,  1922,  p.  8. 


Table  10 


Uesi,5*Atlen  of 

:>uj*-Krugar 

projection 

|  St*rc o graphic  project  lor* 

craps  etc  rlrtie* 

|  <jjLU*3 

friSiUll 

fiis^ort-ieh  or 

1«- 

»£> 

*(<£  H  i» 

JA'i 

4.vi 

Reduction  of 
lengths 

iU  *  -  •) 

— f 

+  wU.I 

M«i  i  »£>  (  r 

:*(*!  1  </« 

t\‘  MA f* 

*  ml 

Reduction  of 

(*< -»!»</■  . 

d  iPfctjons  6 

“  «««  ' 

4*1 

stereographlc  projections  is  half  as  large.  But  stereographic  projections  yield  to 
Gauss-Kruger  projection  with  respect  to  slmolicity  of  formulas.  The  application  of 
stereographic  projections  is  expedient  for  areas  of  round  outline,  while  Gauss-Kruger 
projection  is  universal. 

. .  §  5>l.  CONCLUSION  ON  GEODETIC  PROJECTIONS 


short  survey  of  geodetic  projections  permits  a  comparatively  easy  answer^TcTir' 
very  important  question:  how  well  is  selection  of  Gauss-Kruger  projection  and 
coordinates  for  the  USSR  is  founded. 

The  selection  of  geodetic  projection  stems  from  dimensions  and  configuration 
of  the  country;  besides  an  effort  is  made  to  adopt  a  single  system  for  all  the 
country,  For  small  countries  with  round  configuration  it  is  expedient  to  select 
some  stereographic  projection;  when  the  area  extends  from  south  to  north  along  a 
meridian  it  should  be  a  cylindrical  projection;  when  it  is  from  west  to  east  along 
a  parallel  It  should  be  conical. 

For  such  states  aB  USSR,  Chinese  Peoples  Republic,  United  States  and  others 
the  question  of  selection  of  a  single  system  of  plane  coordinates  of  any  projection 
for  entire  country  is  generally  dropped.  Here  a  problem  appears  about  expedient 
division  of  territory  into  coordinate  zones,  with  the  smallest  possible  number  of 
them,  with  a  single  system  of  coordinates  in  zones  for  the  convenience  of  practical 
calculations  during  transition  from  ellipsoid  to  a  plane  and  conversely. 

Gauss-Kruger  coordinates  are  characterized  by  the  following  important 


properties.  Cor  large  ureas: 


i.  Scale  of  image  and  convergence  of  meridians  increases  eastward  and’westward 
from  the  oxlal  meridian  comparatively  slowly  and  are  functions  of  ordinates  of  a 
point  at  a  given  latitude. 

?.  Coordinate  zones  are  two  angles  of  meridian  directions,  extending  from 
southern  to  northern  poles,  and  are  symmetric  In  relation  to  axial  meridian. 


rvtt. 


? 

! 


\ 

i 

i. 

•  %  — 


1 


i.  .Systems  of  coordinates  in  nil  zones  are  similar;  besides  n  number  of 
rc.or'il  rint.e  zones  for  large  areas  and  even  for  .nil  the  surf-nee  of  the  Kuril!  lr. 


■  n  1  y<  ly  1  !. 

rirmauj  for  resolution  o'"  .li  reel,  anil  li.  Verse  problems  of  projer  1.  Ion,  •u'c 
.  i  j>  sower  .series  of  n  slmii  if  Perm  .and  are  functions  cf  not  more  Urns  two  .argument  r 
Wit!  nv-.l  1  nM  ; ;  i-y  of  nperl.nl  *uMps,  tdenTira I  for  r»l.l  zones,  the  <:«  leuiutimis  tire 
n.n.ie  very  simply  .arid  with  necessary  accuracy. 

•rrits  is.n  t  i.eism  I.  sen  1  side  the  advantages  of  Uauss-Kruger  coordinates  ere  easily 
in-  V » "i !  *-■  i  ty  e,.|..ii.,  fl.-.oi;  oi‘  f- nr.  If  mi.'i  rac  t.e  r  Is  tic  functions  cf  geodetic  projections. 

'.I!ii*.:t  functions  are  usually  given  for  points  of  axial  meridian. 

1.  ‘Ivirs'-Kro.-'er  nro  ire t  lors  X  .  ..  -  X. 

‘  ‘  o-r. 

f,  .*ol  finer  projection  xv  =  X. 

_ _  _  _  _  v  _  v 

nusseTT  stereoftr.niTirir'pVoJection’  £t:(-  . 


Gauss  stereograplile  projection  .v,5 ■ 


* + 1  >B  •£■  *•  * 


Lambert  conical  projection  a.i  ••  iV„cIr  fit 

Irorn  these  formulae  it  follows  that  the  more  simple  churacterls i-ic  functions 
nro  of  Onuss-Kruge r  and  Sol'dner  projections,  but.  the  last  one  Is  not  conformal, 

'ii.ls  property  of  t'.nuss-Kruger  projection  allows  transfer  of  origin  of  coord Uia  1 
'ilrisr.  axial  meridian  and  to  take  It.  at  any  point,  this  can  lead  t.o  uitupl  lljc.atir!,  of 
formulae  without  damage  to  their  generalization. 

!•  ivm  geodetic  projections  only  the  Gauss -Kruger  projection  can  be  applied  for 
aP  the  nuri'acr  of  the  globe,  if,  of  course,  all  the  countries;  will  adopt  the  namo 
reference  ellipnol  I.  V7e  must  assume  that,  in  the  future  a  question  can  .appear  about 
a  single  system  of  rectangular  coordinates  for  all  the  Karth.  As  Academician  V.  K, 
Khrlctov  points  oat.,  It  would  he  possible  In  such  a  case  to  avoid  negative  ahcclasiis 
for  .'iHtt.hr m  hemisphere,  if  a  length  of  square  of  a  meridian  is  added  to  point.:;  of 
a,-'  ini  meridian,  that,  is  to  takes 


yrtf;  *;.y.  ;..w  * t .■z'A-acu** :  j vf:-.;*-*.-!  •.tr.ffi 


*f  -  x  q  Q. 


Tills  means  that  length  of  arc  of  merldi tin  should  be  measured  from  f.outh  Pole. 
In  propagation  of  Unuss-Kruger  coordinates  to  large  areas  a  definite  system  is 
required.  UddK  has  the  greatest  experience  in  use  of  Gauss-Kruger  coordinates  both 
In  geodetic,  and  cartographic  work.  This  experience  should  he  eons id*  red  in  all 
Cases,  however.  It  is  already  used  in  certain  countries.  Here  Is  what  German 
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geodesist  Kneles,  coauthor  of  the  last  (tenth)  edition  of  a  well  Known  "instruction 
on  Geodesy"  Jordan,  In  Volume  IV  of  this  work  writes: 

"In  iJflflR  for  the  purpose  of  cartography  Gnuss-Kruger  projection  Is  also  used 
with  three  degree  and  six  degree  zones.  The  Soviet  designations  for  siz-degree 
zones,  for  coordinates  and  corresponding  grid  on  maps  are  very  expedient,  for  the 
same  reason  they  were  also  adopted  in  other  countries,  among  them  in  Germany,  for 
special  maps,  made  during  the  war."-1 


_ PIPE": KKNTIAL  FORMULAS 


§  55.'  DETERMINATIONS 

Hy  differential  formulas  of  spheroidal  geodesy  are  meant,  such,  wl  M.  whose  help 
correct, ions  of  calculated  geodetic  coordinates  and  azimuths  for  a  change  ol  Initial 
geodetic  data  such  ast  Initial  geodesic  coordinates,  azimuths,  distances,  major 
semlnxis  and  compression  of  reference  ellipsoid  are  taken  into  consideration,  lit 
accordance  with  tills  two  forms  of  differential  formulae  are  distinguished.  Thom1, 
which  give  indicated  corrections  for  change  of  initial  geodetic  coordinates,  dlatanrett 
and  azimuths,  are  called  differential  formulas  of  first  type,  and  those,  which  give 
corrections  for  change  of  major  semiaxis  and  compression  of  reference-ellipsoid, 
are  called  differential  formulas  of  second  type.  It  Is  clear,  that  these  terms  are 
conditional,  but  they  have  now  become  conventional. 

Causes,  for  changes  of  initial  geodetic  data,  art  f*s  a  rule,  unknown  beforehand. 
Kor  instance,  initial  geodetic  coordinates  can  change  after  general  adjustment,  of 
astronomic  geodetic  net  of  the  country.  Errors  in  initial  data  can  be  revealed 
during  calculntione  of  triangulaticn,  even  gross  errors  are  possible  in  initial,  data, 


ol’  coordinates  nni  azimuths. 

twajftw,- .syHKi:*. MTirv'Xii.ta-v.ir’.idj"-- vrdrrw# J  .tste.tt-i  nrsirw  vjwu.'si*,  a mmmmmnm 

When,  reference  ••ellipsoid  adopted  in  a  given  country  is  replaced  ~l>y  another, 


more  duitable  for  the.  area  of-  the  country,  it  becoitits  necessary,  to  repompute  the 
coordinates  of  points  on  a  new  reference-eUipsold,  In  this  case  it  is  necessary 
to  use  differential  formulas  of  both  first,  and  second  type,  v  .  . .. 

Prerevolutionary  triangulation  in  Russia  was . Coft.puted  on  ellipsoids  of  Val'bek,^ 


f 


beast*!,  Clarke  and  even  on  "coordinating"  ellipsoid.  The  re  To  re  In  using  points  ol1 
old  trlangulaticim,  necessity  arises  for  use  of  differential  formulas. for  recomputdliuii 
lJf  oiH.rdlrni.es  of  points  of  old  ti-L.-iiRul-itlons  on  Krnsovakly  reference-ellipsoid. 
Furthermore,  differential  formulns  of  the  first  type  are  used  In  ad, lusting  astronomic 
('.cod'  tic  net.  by  »  method  of  N.  A.  Uruayev,  and  formulas  of  the  second  type  during 
componi  f.Uut  uf  e.pratlnns  of  :  rlangulatlori, 

Naiumlly,  If  geodetic  coordinates  and  parameters  of  reference-ellipsoid  are 
changed,  Ih.eu  correspondingly  grid  coordinates  have  to  be  changed  in  HiiXU  to 
ihiuss-Krug.'r  coordinates,  Consequently  t  a  necessity  arises  for  obtaining  dl  ffemill  a  1 
TorWiIas-TorgY'  id  cooraTiTaTt  si  'Tod-  didoptei]  p  Foiled  (7ToiTo.f  t,  e~r  re  a  t.  rial-  elTT;  iS  < ff d-  o  n~  a 
pi  me.  We  will  call  such  formulas  differential  formulas  of  the  third  type, 

§  1)6 ,  •  Ull'TThdlSNTiAL  FORMULAS  OF  THE  FIRST  TYPE 
Let  ua  assume  that  geodetic  coordinates  of  the  first  point,  by  which  distance  and 
azimuth  of  coordinates  of  the  second  point  were  calculated  obtained  corresponding 
increases;  then  the  change  of  coordinates  of  the  second  point,  and  azimuth  of  geodesic 
of  this  point  can  be  expressed  by  the  following  formulas: 


<W»  -  A  +  M,  +  -ik  dB, 

d*  +  -^-dA,  +  an,  -f  dL, 


{10.1} 


Y. 

/Tip  t 


*A,  r  ’  '  ill. 

Expressions  (10.1)  essentially  are  not  total  differentials,  since  here  In  a 
BtflcUy  mi'Uiemnllcul  sense  there  are  no  partial  derivative!),  and  on  t.he  race  of  1 1. 
partial  changes  du,  dA^ ,  :1H.  are  not  differentials,  but  certain  given  numbers,  urn 
values  howaver,  under  the  sign  cf  partial  derivatives  sre  conversion  fr.d tors. 

’n.«v«ti'V»  it  would  be  wort'  correct  (10,1)  to  rewrite  them  in'fcbo  following  form: 

_  ,.  ''  o  . " 

MB5^yttiLT^V,\:fr.frrp>.ifrk\7yvisLvy.foi>j;rr’i)jr^yyire^^^ 

r1’  .v  ' . .  -  -pr— ^-r- . 

.11  ..  ,  4h*4Lt  +  4l\  +  4Li'  +  aLt  I,  (ao.f) 

•  whqpe  oigns  frojft  ubovnure  a ,  and  mean  that  corresponding  values  .coho  l  tier  only 
;'iv  \6'chttngV'af  length,  -talmuthiiind  lutitude.  .M  find  these  values,  from  geometric 
.’.•  .v.Veiationsl'.ipe.  '¥«■ ■  will';. define  rill*  dLl  and  dAl8,  Let  .w  assume  that  the  CHtidwaio  j 

v •*; h ,*•  >r-\\  j }  ...  ;  t  ••  .  *•  ,  •*  .  } 

1  ■':"';^l|iVwf?eii  two  polhti  wtiS'l^hanged  >)>y  da  (Fig,  102) ,  then  from  elementary  rlg»i'i>>ir;)g.j« 
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’triangle  R„P (Fig,  103)  we  haves  • 

r  •*  t  c:  c  if,-* 
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»'  v 
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Fig.  102. 


Fig.  303. 


"J* 1  -rfjcos(l80*-f4t). 
••  d*»l»»(180*-f  Af), 
44;  -  4L\  tin  Br 


tsf%  *• — "S," c0< 

4L\*>  —  ‘~*ln 
<M',  —  — — sin  At  »ln  B, 


(10.3) 


Formulas  (10.3)  give  partial  changes  of  latitude,  longitude  and  azimuth  at 
the  chunge  of  s  to  da. 

Let  us  assume  that  now  the  initial  azimuth  was  changed  to  dA^  (Fig.  104), 

then  in  accordance  with  Fig.  105  we  haves 

—  MjABfi  m  —  mtfil,  sin  Av 

j.  —  —  mdA^aiA,, 


Fig.  104. 


dB*‘  —  ~-*ln  AJdA) 

i-cosA,^, 

Using  (10.4),  we  find  a  change  of  second  azimuth.  Enter 
fundamental  equation  of  a  geodesic  in  the  form  of 


(10.4) 


rj  sin  A.^  -  »r2  sin  Ag,  differentiating  this  and  considering  as  a  constant* 

obtain:.  , . . . . ,  . * . . . „ . „ . ... . .  . 

cos  A, 44,  —  —  if, sin  A,— r,s<xAt1A„ 


n\ 

Fig.  105. 


hence: 


*■  ■*  M|Uh  lfgM|i 


therefore  taking  into  account  the  first  from. (10*4),  we  obtain: 


■  .fiBl- 


dA{‘  r=  . 


I; 


I  I/mA, 

m 

ft 

ted, sin  Aa sin  H} J dA , . 


li-.'O 


In  expressions  (10. 4)  and  (10. J,)  m  Is  a  reduced  leng  oi'  geodesic,  for  whose 
t'ump.it.-iLliui  furmula  (3.41*)  should  1/e  used. 

In  order  to  find  the  influence  cf  the  change  of  Initial  latitude  in  geodetic 
coordinates  of  second  point,  we  will  use  the  following  construction. 

hot.  us  assume  that,  with  constant  s  and  the  latitude  P^  is  changed  to  dP^ 
(Mg.  30*’),  then  P^  will  occupy  on  its  meridian  position  P^,  Let  us  take  as 

origin  of  the  polar  geodetic  coordinate,  and  radius, 
equal  to  s,  and  describe  the  geodetic  circumference  where 

i  ....  .  ii  i 


„ . =  maA?;  We  will  transfer  the  geodesic  P-iP-iPo  Parallel 

— \*  '  i. 

In#.?  to  itself  in  such  a  manner  that  point  coincided  with 

Hj_,  t.tien  s,  passing  through  P?,  will  occupy  a  new  position 


'’l’VV  where  by  construction  -  P?P2. 

Taking  now  for  the  origin  of  polar  coordinates  point 

t 

P^,  we  will  revolve  the  geodesic  until  it  will  not  have  an  azimuth,  equal  to  ac 

i 

point.  I’  .  During  rotation  of  second  end  of  the  geodesic  it  will  describe  an  arc  of 

it  n  i 

geodetic  oi reurr.  arence  and  point  Pg  and  occupy  position  Pp.  Obviously,  P,,  is  t.he 
unknown  position  P?  at  the  change  of  B^  to  dB^  This  construction  shows  that  the 
influence  of  dl^  on  final  coordinates  can  be  considered  a3  a  change  of  length  of  the 

I  It  I 

geodesic  to  ds  .  »  P£P2  and  th e  initial  azimuth  to  dA^, 

n  t 

!*’rom  the  elementary  right-angle  triangle 

Ptr,  -  nidA;  «.  Ai,rfH(>in/i(,  r;p;  =  /*,/>; »  At^n, 

Applying  equation  (^.49): 

t?  i  (£)•*<■ 

*in'  OUY-'Cfts#.  Whsr« 

*,  -  iiTrV'nA}M'dB" 


J4,tln  A(rf/I, 


p;p;  -  mjA\  *■  v»,( 

II  I 

Passing  from  Pg  to  and  from  Pg  to  Pg,  we  obtalnt 


j  -  * 
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rfflj. 


I 


*1, 


f  ••>1(1  /I  sin  d  (  —  )  -)  cos /I.  COK  /I  rfR 


rfij*  J  sin  At  sin  /I,  (  ^  —  c  >s  /l,  sid/l,  j  <ttl{ 


(10. 7) 


j  sin /I,  —  siri  4,  cus  A,  sin  «s  |. 

t  ""  MSi*  -  -7T ‘C i1**in “•] | rf/,i 

. ! i jr.i i  "p"  .it  derivative  J  ~~  ^  indicates  that.  It  Is  taken  fur  point 
.presslons  (10.3),  (10,4),  (10. ft)  and  (10.7)  In  totality  strictly  receive  tut* 
nosed  problem  and  are  caLled  differential  formulas  of  first  type. 

These  formulas  are  suitable  for  any  s.  For  short  distances,  on  the  order  of  a 
side  of  1st  order  triangulotlon,  these  formulas,  can  be  simplified,  hy  taking 

M, 


K  3  -  ir 


Ng  and  m  =  s  “%“•••  But  in  practice  It  is  bettor  to  use  othoi 
I'o rniu'l an ,  which  are  obtained  with  the  help  of  formulae  with  mean  argument!’. . 

l.et  us  consider  Inverse  problem  of  differential  formulas:  change  of  leiigt.ii  of 
arc  of  geodesic  and  Its  azimuths,  evoked  by  changes  ol'  latitude  and  longitude  of 
terminal  points. 

Let.  us  assume  that  arc  s  was  changed  to  ds  and  Aj  to  dA^,  then  from  (10.3), 
(10.4)  and  (10. b)  we  have: 


dfl,  —  -5-  sin  AJA,-  cos/lji/v 
AT*  Ml 


rff,.- SiSLdi.  . 


»*MnA,.t' 

ft 


—  Aljfln  A, 

.11,  VOS  A, 

r.rns.  A, 

*  1 

r,>ln  A, 

I 


(10,8) 


dAt  “[  +  v /,*hlu  v>"  u»j(Mi  - 

— »Ji»  »ln  «.  rf.%.  (10.9) 

From  the  first  two  equations  (10.8)  by  means  of  multiplication  oy  values,  shown 
on  the  right,  and  addition  we  obtain: 


f'd*  —  Af,co*  Ajlllj—r,  tin  A/tL, 
mdA,  «  Al,»in  AJti,  —  r, c* is  AidLi 


(10.10) 


Heplnelng  in  (10.9)  p  ds  and  mdA^  through  (10.10),  we  obtain: 

mdA,  •*  +  — ■*!  Ajiln^Mn  8,|  A^dH,  —/•,«>* /VV.J  d 

+ v«i  -  '.»»«  vt»|- 

Omitting  detallB  of  calculations,  this  expression  can  be  brought  to  the 
following  form: 


ills?' 


'  • '  »'  •  n 'V, a.fcd iftiMvttMLm 
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mdA,  *a(~-)(»ln AJB, 4- r, cos A,dL,  (ir-.ii  ) 

•>•:  -i  r*’a';)’.  of  chinpo  or  W-  coord  Inn  tec  or  terminal  pi'in'r  i  <.1 

tj:-,,  nil  ill.,,  the  lerif-M.li  cl'  I'eodesie  :tnd  1m  ‘izlmuths  ehniii'r  Um:’.: 


p“di  < .  —  At,  cm  A/lti,  —  r,  iln  AJt., 
mdA,  -  At,sln  Ajrf/J,—  ftto^A/IL, 
mdA,  M,  J  sin  -frt  cm  AydL, 


(io. i: 


A’  Hi-  m-'t-  ni'  courdlii  atec  oi‘  initial  polnL  l.o  d!.<^  and  dL^  t'ormn  1  .ae  (10.  A!1) 
piv-r.i  rvi-  'la-Jr  si  renp.th  wJih  replacement  of  indices  "l"  to  l.e., 


p“di  -  —  M,ei»A,dn,  —  rl sin  A,dL, 
mdA,  ^  M,^-~^slnAxdttx  +  r,cmA^/.x 
mdA,  -  Af, sin  A,rffl,—  r,cuiAxdLx 


(10. l-i ) 


I  r  however  coord  I  nates  ol’  InlU.’il  -•« nrl  .ermlnal  poln's  of  f.fiodeslc  are 
y  limit  taneoun  l,y  changed  then,  tnKlng  Into  accouc-  r-j  sin  A^  ■■■  -r„  sin  A,,  I'roni 

(lo.lf*)  and  (10. 1A)  it  I'ollowii  Unit.: 


p"ds  •  —  M,  cos  A,dfl,  —  Al,  cos  Ajrfa,—  r,  sin  A,  (ill.,  —  dLx) 
nitl/\,  M, ^  ~-J  sin  Axdllx  -|  Atj sin  Aftlll,  —  r,cwA,x 
X  <*//-,— 

mil  A,  Al,  'in  AX,IHX  At  j  ^  J  slit  A,iltt,-\-  rx  ci>«  A,'-' 


’.Hill.,- ill.,) 


(lo.l'l) 


hilYitrent.ini  formulaa  (l<'.14)  in  si  rap  1. 1  (’led  I'ui’m  are  applied  for  adjust  in/', 
a:.'. run.  villi*  (-v-vdel. ! <•  n“to  b.y  a  uinlhOd  of  H .  A,  Urmayt'V.  All  above  ohl., aim'd 

differential  form'll  an  are  st  rict  and  are  :m  1  tab  1  r 
for  any  o. 

Here  are  differential  formulan  of  first  type  In 
Holme rt  dec  Uinab Iona. 

We  have: 


rffi, «  p,dl),  +  ftrf.s  +  p,dAx  J 
d}t »  dLt  ■)•  +  q,d»  •(.  q,tiA,  ,! . 

M,  wi  r,dB,  +  r,rf*  +  r,dA,  J 


>).!!>) 


•  He  ret 


Pi  ( >in  A x  sin  A,  +  c ns  A,  eo»/t  J , 


Pi  “  ^  »ln  A„ 


,  -  (n»  Ax  iln  A,  (iS  ) . -  coi  A,  sin  A{  ] . 


-  —  [kin  A,  —  i-i|n  A,  cos  <4,  sin  fl,  +  sin  A,  ( ftlSiA. 
"I  rt  \r,eaiAt 


ltd  A,  tin  It,  „ 

- S - P  * 


[iS£-  W^kin^klnfl.]. 


Fig,  loy  gives  geometric  representation  of  values.  Included  Ln  dlf’^rcni  i  -.1 
formulas  of  the  first;  type. 


§  57.  DIFFERENTIAL  FORMULAE  OF  OEOOND  TYPE 
We  must  find  changes  of  differences  of  latitudes,  longitudes  and  azimuths, 
caused  by  changes  of  major  semiaxis  of  adopted  reference-ellipsoid  to  da  und 
compression  to  da.  In  the  common  form  we  may  assume  that  the  shown  differences, 
of  the  functions  of  major  semluxls  and  compression  of  ellipsoid  are: 


b  «  b  (a,  a). 

/  -  l(a,  a). 
1  *>  U®.  ■> 


l  I  “  4a  d-  -—-d* 

4t  Is 

la  bt 

4t  Is 


(10,16) 


For  b,  l  and  t  formulae  (5.9)  were  obtained.  Retaining  in  them  small  values 
up  to  second  order  inclusively,  we  have: 


In  these  formulas: 


I  •.  ltM  +  IjC*  +  +  <1 

I»liv4  fjtv  +  t, 
f  •«!»+%»• M» 


M  ■  1  cot  A,  t>**i»lnA 

m  ‘tfwfl  *  I*  "  *4mI 


(10,17 


(10. iC 


... u» 

*  » *  ^  ii' 

V*  »  I  +  V.  V  -  Hcoi*  It 


I"*  :t\fruv,  H 

_ l&tan-S.  >;d; ; :  ■■■ , 

:■  ■>  '-I 

~.>F* »’ •  v ,  '  .l-;-. v 


iK’llfl  V  •  rt~\  ‘W,  •  ‘  ‘ 

sLrteV/'ifv “•  £ ’ - .  ‘ ; 


r  ( lu .  1 /  we  nave: 


t 

V  ’ 

I 

£ 


1 


A^.  „•  + 

JL  , 

v*  + 

At  „» 

da 

da 

da  do 

d  * 

dl,  , 

l,  — L  v  J. 

An, 

* . 

-  "l0  + At 

uv. 

do  X 

da 

io 

do  Jo 

i2i  B+. 

AdluD 

*  = 

,  ti.p4.iSi 

ut  1 

da  °  + 

4  r  f  M  V. 

da 

it 

da  it 

uv 

JL. 

ta  ’ 


trlMlnr  calculation  of  derivatives,  we  will  record  final  results,  retaining 
in  as  i  M'nre  on;-.  I I  values  of  the  second  order  Inclusively: 


+  ms* B <2  _,*  +  ,,*  4  Y  v 14  m  3V  11  ,c  " 


Pcos'niaB  /”*  1  da 

j  H 


rliyia)-- 


V' 


X 


X (2  —  2 V -}•  2/‘t*)+— (lg*fl  +  ^-Vtg*a  + 

*b  \  2 

«”  -  -  |r  +  ts  b  (i  -  »,*)J  At  -  [  r  cos*  n  |t8»a- 

- — ».*  'e’«+  -j  ’* tg<  ®) + B  ,B  tt  (*«;  w  - 

-yVtl!,^+  -j-T*tB*e)]<f> 

»f  —  frcosBJfifl  +  *’^-'cosfi(l  +  tg’fl- 

-  |f  cos*  BtgB  ^tg*  li  —  A  t*  tg*fl  +  A  r*  tg‘  fl)- 

_^l«05.a(i_tg.a_tg*fl+  +  2  t,v^J  d«  | 


(lo.lv ) 


ill  lTeflit  1 M 1.  formulas  (10. IV)  are  used  in  calculation  of  correct.  Ions  In 
differences  of  latitudes.  longitudes  and  azimuths  for  a  change  of  major  aemiuxlst  by 
J:i  arid  compression  by  da  or:  the  adopted  reference-el Unsold.  These  formulae  ponces 
ill. (Vi  •leciir.'U’y  for  distances  of  about  £00-300  km,  i.e.,  for  diagonals  of  1st.  order 
•  t'L.'inculat  l.on  I’iKure:!,  i'her et'ore  they  should  be  recommended  for  depree  measurement 
when  parameters  of  terrestrial  ellipsoid  from  as' rononic  geodetic  nets  are 
determined.  Kor  1st  order  trlungulnt ion,  where  limiting  lengths  of  sides  do  not 
exceed  UO-YO  km,  these  formulas  are  excessively  exact  and  are  bulky. 

Inasmuch  -as  dlt' I'erential  formulas  at  distances  of  *>0-70  kin  are  morfi  frequent. ly 
used,  special  formulas,  computed  for  maos  application  arc  shown  below. 
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S  ljb.  JOINT  DHKEREHT1AL  FORMULA;}  04  <1R;5T  AHi'i  OFC4ND  TVi  i 
FOR  1ST  ORDER  TRI ANG'ILATI OK 


Li-i.  us 


U.nt,  initial  data  fo**  compute ». Son  of  coord irmtec  of 


t  rl-.n;  •.l-.i.i. 


points  were  changed  simultaneously: 


B,  to  4R,\  I  ta  A;  6  to  do; 

to  dL^,  A,  I,  dA,\  fl  t.0  (/*; 


it.  la  required  t.o  find  changes  B_,  L„  and  A,,. 

c  c  c. 

It  can  bo:  accepted  that: 


From  (10,20) 


Bi  -  B{B„  s,  A„  a.  a)m AD,  4  ifl,  »  B(H,  4  dll,.  s  4  <f<„  /t,  -f 
4  <fA„  a  +  d<s,  k  4  rf«) 

Lt-I-W |.  i.  A,,  e,  m)wdL,  4  »/.,  =  £  (W,  |  rf/ilt  s4«f%  A,  j 
4  <?A,.  «‘4  </u,  a  -j  dm) 

A,  =  A  (f}„  s.  A,,  u ,  u]miAt  4  !  A, «.  A  (0,  4  rf«„  t  I  d't.  A,  4 
4  rfA,.  a  4  da,  a  4  da) 


ifl,  -  rffl,  +  ^dBt  4  i ^  4  £  AA,  4  a 4  A  ) 


iL,-dl,+lLdBt  4  5  4  4  «-£-  ^  + 


,  »l  di 


Mi 

*L 


Ai  3 


dm 


,  KL  i/a  .  *1 


M, 


i<  a 


M, 


(1X20) 


(10.20' ) 


For  computation  of  partial  derivatives  from  B,  L  and  A  we  will  take  these 
functions  In  the  form  of  main  terms  of  formulas  with  mean  arguments: 


*-^VC0‘i4-  +  '» 

ImJErn  **lnA.«*cfl.4f» 
I  s  sin  An  ifl  Bm  4  /# 


(10.21) 


In  computation  of  partial  derivatives  we  will  retain  in  them  only  small  values 
of  first  order.  Since  partial  derivatives  have  in  (10,20')  factors 
dr?!,  ~p„  dA^,  ^  and  da  are  small  values  of  the  second  order,  then  final  formulas 
for  BBg,  6Lg  and  6A^  will  be  exact  to  small  values  of  third  order  inclusively.  For 
differentiation  by  latitude  will  be  considered  constant  since  change  in  by 
latitude  for  usual  sides  of  1st  order  fcrinngulation  shows  only  at  ’Sixth,  decimal 
point. 

From  (10.21)  with  shown  reservations  we  have: 


M  A 
«;-0* 

M  » 
fc  “  <  * 

il.-iJti-L 

M.  1 

M  * 

It  «  ’ 

■Jt*" 


tw  t  |rt  H 

•*“7**®- 

h  i 

to  "  •  * 

«  «... .. 
—  -  -r-cUA„. 
W|  2 

ii  _  « 

h 


M  __  f 
Mi  tin  1  B„ 

a*  t 

s4-«- 

M  n  t 
la  t 

id 

to 


lonseq-.ic-ntly , 


iB.-rffl.i  b  — +  6(5>-3sinllBJ<f«. 

•  u 

+  f  —  +  — f-4=-  dfl,  +  '£L«ds.<M 

•  Jj."  I?"  a 


(1 


n  oo\ 


•.'•bl.iinotl  formulae  .ire  suitable  for  distances  on  an  order  of  the  length  of  a 
side  of  let  order  I. rl angulation.  They  nr-  convenient  for  calculation  by  comput  err. 
with  retention  of  five  ceclmal  places.  Actual  corrections  have  to  be  rounded  to 

it 

0.001,  since  these  formulas  do  not  give  great,  accuracy,  inasmuch  as  coefficients  for 

pop 

dlJj ,  d  A.| ,  ...  da  are  erroneous  for  values  e  b,  e  l,  e  l.  These  formulas  are  fully 
fulfil' 1 1-  for  any  calculations  for  topographic  and  cartographic  purposes. 

during  recomput.-iMon  of  coordinates  from  one  ellipsoid  to  another.  If  this 
rccomputat  ion  is  made  fee  a  system  of  Interconnect  ed  points,  it.  Is  necessary  to  use 
differential  formulas  of  first  .and  second  type  simui.aneously.  Consequently, 
formulae  (Id..?'1)  fully  resolves  this  problem.  If  higher  accuracy  of  recomputation 
is  net.  required  than  that,  which  can  be  obtained  from  formulas  (10.??), 


§  DIFFERENT!  AT.  FORMULA:;  OF  THIRD  TVTE 

(FOR  CAbtRl-KRUUER  COORDINATES) 

l.et  us  .assume  that  simultaneously  geodetic  coordinates  P  and  l,  major  seml.axir.  a 
.and  compression  a  of  adopted  reference-ellipsoid  changed  thei^-  values;  it  is  required 
to  i ind  changes  in  Guusc-Kruger  coordinates,  i.e.,  changes  in  x  and  y. 

For  Oouss-Kmger  coordinates  take  formulas  (8.12) 

*  *■  X  +  of  +  of  +  .  .  , 

f,»V+V+  . .  • 

We  have: 


288 


W'>  designate* 


+  (<■&  +  r  *)«+<•  (£  *  +  *1.)  + 

•ffel+W)« 

^  0  «  + 15  ^  rffl  +  77  )  +  (t|  +  ' 

+  »/)<« 


••  0L  #« 


ix-  + 


4Y«tx+ix. 

Partial  derivatives,  entered  in  (10.23),  have  the  following  values: 


(10. 2r>', 


fci  —  Afn»2B 
«fl  “  2 


— Alsln  fl, 

an 


&  — ^ « )-  $  -  -- ~~  7  —  <*  - <• + 


iit  _  ft 

*>  a  ' 


di  a  ’ 

*.  »,  tin'  ft 

«•  “  r* 


Substituting  values  of  partial  derivatives  in  (10.23),  we  obtain: 

d.t  rn  i X  + X  +  - —  <5  - 18/*  -l- 1*)  J  illi  | 

+^(^  +  »l"*ftU)  +  <V  +  ^«tf  {10<2C) 

4f™  —  |t«  tta  8  +  ^  sin  a  cos'  a  (5  /«  +  5  V)j  </«  + 

+V(-~  +  slr.'Bd.)  +  (6,  +  36^)  rf/ 

In  practical  application  of  formulas  (10.26)  it  should  be  borne  in  mind  that 
bX  is  change  X,  during  change  of  latitude  B  to  dB  (taken  from  tables  of  arcs  of 
meridians) j  &x  is  change  X  due  to  change  a  to  da  and  a  to  da  (found  in  comparison  of 
tabular  arcs  of  meridians  for  the  same  latitude  of  both  reference-ellipsoids)  7  '****>*> 
During  calculation  of  partial  derivatives  following  simplifications  are  made: 
changes  b^  and  a^,  evoked  by  changes  of  a  and  a,  are  so  small  that  the  following  is 

*doPt#ds  it.*. 

*  *  77 ‘“77 m0: 

da  4 

derivative  Is  taken  in  "spherical  presentation,'  i.e.. 


Mi*rt  »*  eotl't. 


In  npp l  Lea*, ion  of  these  formulas,  tniles  y ! :o- > J '!  be  composed  for  vaLues, 
i'.-i  '■!!  i ! l.  !'.!.(>•:• ,  .u,"1:  i  1 1  If:-  iff  aviiTlf  i  i-i:!  for  i  degree  of  I  -  >  t  !  J  ;  i  <  1 1  •  wifi. 

»i  -V  /] 

:i-’.  ireitvil  j-l-n-'-a.  i/alura  i'  ,  I  ,  t  ,  'if'  aii-j  -if  nui : :  t.  hr  expressed  Is  r-.ad  i  -in:', , 
ici'K'il  i.:  (1  hnvf  m-j-u j-  to  small  values  of  third  order  inclusively  and 


••••hi  user)  •jiirlr’./*.  precise  geodetic  o. ■input  atlons . 

i-omulas  (l-t'.i'o)  consist,  o:'  l.wt  parts:  first,  part  expresses  change  of 
rf  t.  iiip.ii i  a r  ''in'r'llti-'i  tea  t  or  change;;  lti  geodetic  coordinates,  and  second  part  for 
1  :  a.t.ior  si-m i ax  1  s  and  cortp trss  1  on  of  adopted  reference-ellipsoid.  When 
mve.'UVi ry  ttirse  formulas  can  be  easily  broken  down  into  two  independent  parts, 
one  will  take  Into  eons  Ido  ration  the  In  flu*,  nee  of  a  change  of  geodetic  coordinates, 
and  the  other,  change  in  dimensions  and  compression  of  reference-ei.lipsold. 

$  ••■it.  DIFFERENTIAL  fOKMULAJ  FOR  CALCULATION  wE  JOINT  INFLUENCE 
OK  VARIATION  Oi''  PA KAMKTK Rd  AND  ORIENTATION 
OK  RKFKRFNOK-ELU I'JOID 

i:t  '.'fftain  technical  questions  necessity  arises  for  resolution  of  geodetic 


i  rob  i  i  ms  hetwi  a;ai  point'1  on  earth's  surface,  when  their  coordinates  refer  to  different, 
and  differently  oriented  bodies  of  the  Earth's  reference-ellipsoids,  lri  this  case 
geode  1. lit  coordinates  of  points  contain  additional  errors,  evoked  by  d l.f ferei.ee  of 
ma.ior  smsl.ix !  r. ,  compress  ton  and  orientation  of  reference-ellipsoids. 

The  problem  of  detenu! na i  1  on  of  shown  Influence's  is  analogous  to  that,  which 
appears  during  sub;- i.llutioti  of  adopted  reference-ellipsoid  wj.lli  simii  I  t.aneous  i.’i.anp.e 
of  geodetic  coordinates  of  initial  point  of  tri-angulation  of  a  given  country.  It: 
each  case  it,  is  necessary  to  determine  the  influence  of  variation  of  pn r.amei  era?  and 
orientation  of  ellipsoid  to  coordinates  of  points  of  geodetic  construction,  below 
mentioned  derivation  is  done  according  to  the  method  of  Professor  A.  A.  Lr.otov, 1 

Let  us  assume  that  !••  and  I.  are  geodetic  coordinates  of  a  polio.  of  state 
t riangulatioM  on  .an  ellipsoid  with  parameters  a  and  a;  h  is  height  of  geoid  above 
reference-ellipsoid  at  this  point;  (x,  y,  z)  are  space  rectangular  coordinates  of 

n  point,  with  origin  of  coordinates  in  center  of  ellipsoid  (a,,  a).,  ,  .We.  designate 

........  ...  -  *  '/■ 

variation  of  parameters  of  reference-ellipsoid  and  geodetic  coordinates 
correspondingly;  on,  t>u,  OB,  bL,  oh.  The  connection  between  geodetic  and 


a; 


lA.  A.  Izotov.  "Shape  and  dimensions  of  the  Earth  by  contemporary  data."  M. , 
Ceodesizd.at.,  19D0.  P. 


-jyc. 


roi-i.-iiif'iil  -ir  spare  coordinates  is  shown  by  formulae  (2,1f>),  wnleh,  lut  ii.g  11*  o  .'iccoum 

/ 

I, ho  value  of  I;  if  is  expedient  to  record  in  the  form  nf: 


x  —  N  cos  8  co*  L  -f  h  cns  ft  cos 
y ->iV cos iJ sin .*  +  Acosflsinl  ]. 
»  A^fl  •— <*)sin  B  +  Asln  B  I 


N  —  radius  of  curvature  of  first  vertical, 
h  -  bright  of  a  given  point  above  reference-ellipsoid. 

It'  the  parameters  of  ellipsoid  were  to  change  to  values  ha  and  na,  and  t hr 
geodetic  coordinates  to  bB,  bL  and  »>h,  then  corresponding  cliarigr-r.  of  rutt •angular 
coordinates,  ns  functions  B,  L,  li,  a  and  a,  it  can  be  calculated  by  t  in-  in rn.nl  n:; 


u-fe'*+#u  . 

•n-g-ia  +  Au+fn  +  A.i.+A-u 


(lO.ftt) 


from  (10.27)  after  differentiation: 


-(W+Aislnflcoj  t  „  _(,v  +•  A) cos B sin  1, 

•n  it.  * 

■£jfm '  —  t'H A)  sin/J sin  L,  -  (,V  -i, A) cn*  #1  cos  t, 

~  -(.W  +  A)  cos  8. 

■—•cosBcosi,  —■*  » cos  fl  cos  L,  -  •*  M  cos  ft  cm  L  sin*  ft, 

on  to  a  ti 

•—  -  cusflslni.  JL  m  Ji  cos  B  sin/.,  -**  «  Al  co»  It  slut  sin*  IS. 

90  fl  01 

£  -  cos  ft.  ■>  — -  (I  sin  ft,  «•  Jl  sin*  B  —  3A'  shift. 

ah  6u  a  <)• 


Substituting  values  of  partial  derivatives  in  (10.26),  we  find: 

«  *  -  —  (AM  A)  sin  0  cos  HU  —  (,V  +  A)  cut  II  sin  LIL\ 

4  cos  A  cot  Lt  A  +  A  cut  ft  an  L  4u"+  Aleut  Brut  L  sin*  II s 
•  (Af  +  AJsInfisInM. B ■!  (,V  +  AJcosAcostSi •< 

+  cosflslnj[,tA+  Acuiflsintio  +  At  cot  fi  Hit  A  sin1  il  4  »  ' 

*«  » (A<  +  A)coiBiB  +  lin/MA  +  A'(l  —  r*)siufttu  — 

—  A!(l +eoi*fl—c,sln»fl)»ln/M»1 


(10.29) 


H*r4V  ‘  ":c  -  ''vv  -  -u?“‘tr*v.r  -  '‘■►'.'-'vfffil' 


'.TiWilBawwaBBi 


Resolving  these  equation*  relatively  6B,  6L  end  bh  and  considering  that,  the 
Influence  h  on  geodetic  coordinate*  i*  negligibly  email,  we  obtain: 


At 4  U  “  —  »if!  Hen LKx  —  j|:t U sin  A ly  cos II 4 .» 

*f  sin  ficus 0  4o  +  Mi'ieiibi* 

Hl.t*  —sin f. ^ .r  -{ rosA 4 y  _  (ji’.'h!) 

4  A  «•  cos  Bcos/  4  c  -|-  Cus /I  sin  A  4  jH-  sin  fl  j  - 

-A'(l— c*iln*/i>»a  + Afslii»«it 

II-  !i  i  ■!  l-nllll;:  »>!'  '  • ■  1  I  < '  I  'it-  'I  yiVI’U  polnl.  I  f  >  (lb.  >''<  liMTl.'  with 

i • '  | '!  ■  •<  I'-.  ;  :  r  ] , 

isi  I-";  I  drat.  i.ift.  I'm  |m  |  >i  Hons  by  (10,  *0)  It  1u  Decennary  t.o  Know  bx,  by 
;tnJ  ....  '"i.«  i.r  valui.n  are  mined  from  bite  following  considerations!  the  -*i x J ;; 

r‘i i'.'i •  >.i i  vf  i  1 lip do ids  ,:i,  ii)  : 1 1 1 « 1  (a  )  ba,  a  +  nu )  after  their  orient,;) Mon  In  n 
I  oily •  id'  !•  -i  r : : .  will,  be  |i,i  »-.-i  I  !  «>J  to  ti-e  axis  or  i.itu  world  r:nl,  conneqticn  1. 1  ,v . 
lie!  wed  Mu'kisi*  I  vor. ,  fh>- re  I'nro  oi'i't'i'iiDOud  1  ng,  to  their.  .axis,  ol‘  coordinated  oi'  ayrtemf) 

( >. ,  ,v ,  .: )  'iiid  (x  i  bx,  y  <•  by  i  +  n;{)  will  also  !•».’  parallel,  l.o,,  I'orimUnu  (io.J’O) 
.'ii"  .hi:- 1  1 1’l ed  for  any  point.  Applicable  l.o  Initial  point  ol'  l.rluiit'itla'.  ton  If 
h  Uioite  ppvinnlna  will  In’  Ln  tin.  form  ol’S 

t  x>«  ll|M  —  M,  tin  Ht  cos  A,  4  /),  —  fl,  raj  tl,  sin  A,  4  A,  f 
+  cot  B,  caj  A,  4  h,  +  A'.eoi  B,  cui  A,4u  +  Af.cai  B^ost,  tln'/l,  4  * 

»  ¥  -  <  ft  -  -  Mt  tin  *n  A*  *  B,  +  N,  cot  fl,  cos  A, ».  A.  + 

+  *o*  4,  till  A,  >  A,  +  A1,  coi  fl,  iln  A,  4  a  + 

«(•  M,  cot  fi«  tin  A,  »ln*  fl..  4  t 

It .  *  tt  -  Af ,  cot  B, » 0,  + 1 1  n  0,  4  A,  +  A',  ( 1  - #*)  -  x 

X  la  +  Af.(|  +‘cos,fl4-r*»ln*fl,)4* 

Vainer.  wlllt  !-•  1  •  "o"  (ter! ’tin  to  the  Initial  point,  bui  with  M. ,  and 

it  la  neccttuury  t.o  underst-Mid  tin-  difference  in  orientation  nl'  two  •'! liponldu,  Mi 
formula;’.  A 1  • ' .  •‘‘i 1 1  wll.b  bx,  ny  aiii  !>;•.  )t  mint  be  Implied  l.ln*.  It,  la  bx  ,  ’'y()  biid  ox., . 

.’•'orinul’is*  (iO,  V)  Mid  (10,11)  Jointly  react  Ivon  mi  Important  geodetic  problem: 
with  them  ll.  I.;  pore,  ill*  to  compute  the  correct  loti  to  geodetic  coordinates  vnrlntlon 
nl  p.'ii'iini’t  era  of  adopted  refcrenca-ellipsoid  mid  its  orientation  to  the  surface  of.  • 
'■fchp'Kar'ih.  Values  hn(),  6Lk)  ani?  6fit>  cun’ in? 'couaidtirud  as  an  errer  of  oriental  ! on 
of  l.lii>  uecond  eiiipoold  in  relation  to'  t,hr  i re t. j  in  latitude,  longitude  mu!  iirUiiit. 
ValueB  ti|<0,  tiL^  nml  hh^  arc  only  Known  inn  c«so,  whore  ties  between  diiTei’nnt 
jT.eodei.lo  ayotMtia  of  ooordlntiteii  exlut,  In  the  nbeenee  of  these  Lieu,  fo rim.. i a n 
(10,?0)  and  (10,31)  can  be  med  for  approximate  calculi) tlonu  and  pmcumpiii.a t  luna 
of  noon  racy  In  resolution  of  itiveru*  geodetic  problemn. 

Approximate  cnlouln Lions  muut.  he  made  In  dutermlnatUvi  of  expected  ace u racy  nl' 
diBtunceB  and  ’iximutiis,  obtained  from  resolution  of  inverse  wtodetlc  prohlem,  If 
points,  between  whicn  I  he  prutuem  in.  being  reuolvod  heloni'.  U.  d  1  li'eei’it'  ,'enu,-tli! 


systems:  ol'  coordinates,  Contemporary  astronomic  geodetic  nets  o;‘  various  conn'  rl.cn; 
und  continents  in  most  cases  dc  not  have  geodetic  ties  among  themselves.  Therefore 
in  determination  of  limiting  values  bR..,  t.L^,  bh  it  is  necessary  to  follow 
derivation.:,  obtained  by  K.  N.  Kracovskiy  on  the  basis  of  investigation  of  general 
deviations  of  ellipsoid  from  geold. 

'aienerul  deviations  of  geold  from  ellipsoid  are  accompanied  by  general  devJatJ.- 
of  plumb  lines.  The  greater  value  of  such  general  deviations  of  plumb  lines  pmhanl 
docs  not  exceed  8", 1,1 

Thus,  In  the  absence  of  geodetic  ties  the  problem  of  determination  of  bl'(), 
tih.^,  t'h  j  remains  on  the'  whole,  unsolved.  However  by  values  of  general  deviations 
of  the  geold  from  ellipsoid  it  is  possible  t.o  precompute  the  expected  accuracy  of 
unknown  values,  obtained  from  resolution  of  inverse  geodetic  problem.  Thin  problem 
was  studied  in  detail  by  the  author,  and  obtained  results  are  published  in  an 
article:  "On  accuracy  of  distances  and  azimuths,  obtained  from  solution  of  inverse 
geodetic  problem."2 


*F„  N,  Kratov*kiy.  Instruction  on  higher  geodesy,  Ch,  N.  M  ,  Geodezizdat, 
1942. 

•"(leodeay  and  Aerial  Photography"  No.  3,  1959,  p.  79-3;. 


CONCLUSION 


K’ues  ol'  spheroidal,  geodesy  were  embodied  in  the  first:  half  of  3  Kh  century 
and  were  developed  during  19th  and  20th  centuries  in  works  of  the  greater, I.  ;:v  odor  1  u ! 
—  (iauss,  Bessel,  Struve,  Helmert,  Jordan,  Krasovskiy  and  others.  Mathematical 
apparatus  of  spheroidal  geodesy  was  developed  with  the  development  of  theory  of 
surfaces,  differential  geometry,  variable  calculus  and  in  general,  with  prognr.f: 
in  the  area  of  differential  and  Integral  calculus.  Carrying  out  close  contact, 
between  geodesy  and  mathematics,  scientists  reached  brilliant  successes  in  solution 
of  spheroidal  geodesy  problems.  It  is  justly  considered  that  spheroidal  geodesy  is 
one  of  the  most  scientifically  worked  out  divisions  of  higher  geodesy.  Theoretical 
and  practical  resolution  of  many  of  its  problems  by  classical  methods  of  matliemution 
is  carried  out  to  perfection. 

However  with  development  of  physics,  technology  and  mathematics  new  cnloulur 
appeared,  possessing  great  potenfcialialities  for  scientific  generalization  and 
geometric  clarity.  There  is  in  prospect  a  vector  and  tensor  calculus,  A  nrw 
apparatus  is  presently  widely  used  in  many  areas  of  science  and  technology,  reducing 
to  simplicity  and  clarity  of  presentation,  complex  problems  and  simultaneously 
creating  a  possibility  for  profound  scientific  generalizations  and  deductions.  New 
calculus  frees  us  from  artificial  constructions,  unavoidable  in  application  of 
systems  of  coordinates;  geometrical  solids  and  physical  phenomena  in  vectors  and 
tensors  are  studied  in  their  natural  state, 

In  spheroidal  geodesy  the  hew  calculus  is  also  forging  'a  path  for  itself,  but 
so  far  it  is  not  widely  used,  There  are  a  series  of  investigations  and  individual 
attempts  of  expounding  spheroidal  geodesy  with  the  aid  of  the  new  mathematical 


f.i  pp'J  rutus .  These  first  steps  clearly  show  that  r-.jt.urfi  mulheinat.lc.-U  apparat.iis  of 
■  t.l. <•»'<•!  I  ■. !  go-U--.:,v  l;1.  vector  ,-tii.i  tensor  cale-jlui:.  fJev*'  rt.i:c  1  <■:•.■. ,  ai  [i  re  r.-3ii '  ,  im- 
IuVi-.’I  iiV-t  lou  iri  inly  are--  ci  111  <|j;l  licit,  lead  t.o  final  »*emt  i  i-n «  whirl:  cuiild  he 
all  1  ix.ed  for  educational  purposes.  Time  is  required  and  furtuer  deep  i  lives  Mga t.louu 
1  t-fi-re  i  !  -•  in- v.'  i  it-tjii  *  leal  apparatus  will  fully  iiiiow  1  is  aclvant  ages  In  re.Ci  •In'  i -m  - 
problems  of  spheroidal  geodesy  over  the  methods  of  classical  mathematics. 

Thiii  Is  why  Ln  this  book  apparatus  of  v«-i.or  and  tensor  cn  Lculiut  Is  not  used 
fir  i’X[  oei.l  1  bases  of  Spi.crol  da  1  gend-u'.y ,  C-tie  of  the  so  1  * -l  ■  1  I  fie  prof  1  eini.i  in  :irr:i 
nf  ;i pi i* * i 1 1  a  1  gr-odeay  consist  s  in  application  of  tills  apparatus.  both  in  U:l:iK,  and 
abroad  sclent  j  fic  work  in  this  direction  is  conducted  more  or  less  intensely. 

Prom  :  l.i  •  above  It.  does  not.  follow  that,  classical  apparatus  of  spheroidal 
grortosy  in  not.  in  a  position  t.o  resolve  arising  new  problems.  However  It.  uohh  not 
possess  Unit,  depth  of  pem-t. rat-ton,  which  is  peculiar  to  the  new  apparatus. 

dh.urae t.erisMn  peculiarity  of  methods  of  spheroidal  geodesy  consists  In  Mint, 
they  are  catmint. eel  mu  Lilly  for  treatment,  of  material,  of  1st  order  l.rlu.MRula  Id  on. 
besides  the  length  of  aide  of  triangulutlon,  along  witti  square  of  eccentricity  of 
a  spheroid,  arc  considered  very  small  values  o»  first  order  in  comparison  to  mean 
radius  of  garth.  However  contemporary  radar  technical  means  allow  creation  of 
geodetic  mas  with  sides  b<JO-oOO  km,  and  in  prospect  up  to  UOO-IOOO  km.  Thus,  a 
picture  looms  of  world  geodetic  note  wl tit  long  sides  and  real.lx.uMon  of  geodetic 
1. 1  rai  between  nr  is  of  individual  countr'es  and  continents, 

in  connect ! on  with  such  prospective  development  of  geodetic  work,  the  first 
problem  advanced  Is  of  great  tils '  ances  not  ••is  a  particular  problem,  but.  as  a  basic, 
on  which  the  theory  of  spheroidal  geodesy  is  based.  In  Chapter  Vi',  basic  methods 
•ire  presented  for  Use  resolution  of  geodetic  problems  for  great  distances,  hut  they 
do  no  l  exhaust  the  problem  on  the  whole.  Thorough  laves  ligations  concerning  thin 
problem  are  being  conducted,  Kcsolution  of  geodetic  problems  for  long  dlntaunen 
on  the  surface  of  the  ellipsoid  is  one  of  the  fundamental  scientific  p rob  Inna  of 
spheroidal  geodesy.  "Surmounting  long  distances"  in  connectiqn  with  the  development 
Of  rocket  technology  and  artificial  cosmic  bodies  occurs  with  extraordinary  speed 
in  our  time.  The  research  in  spheroidal  geodesy  is  confronted  with  complex  problems, 
whose  resolution  will  require  new  powerful  mathematical  and  geode  Me  metti.n. 

All  geodetic  measurements  up  till  now  have  been  done  on  the  surface  of  the 
Karth,  therefore  for  mathematical  treatment  of  their  results  various  curfanc 


system:?  of  curvilinear  coordinates  .are  ' -aken.  Rocket,  technology,  .artificial  cosmic 
anti  radar  technical  me  .a  nr.  create  absolute!,,  mv:  «-onilt  Ions  for  geodM  i  <■ 
HiO.atiurtaii'.'nfi: ,  since  t.hey  can  also  be  produced  in  space,  enviously  for  •  real  mt  to  of 
:«.at.f*rLaJ  for  such  measurements  systems  of  3tirfnce  coordinates  are  Inexpedient,  here 
!'  will  tie  profitable  to  apply  space  systems  ot'  coordinates  wild,  origin  in  the 
(.•enter  of  a  spheroid  or  at  a  given  point  or.  the  surface.  Development,  and  :<ppl  iuatii:. 
of  such  systems  of  coordinates  la  the  future  problem  of  spheroidal  geodesy.  rur*  her. 
there  arises  a  reduct. ion  problem,  as  a  result  of  me-asu  rumen  i.s ,  carried  on'  s  =v.  * 
surface  of  the  Earth,  to  be  projected  on  the  surface  of  the  re!  erence-*  1  IS  pcoi  -J , 

.It.  wan  noi.  difficult  to  see  from  Chapter  III  that  a  connection  of  point  s  !  (•. 

surface  of  the  ellipsoid  by  geodetics  and  formation  of  figures  from  these  lines 
lead  to  the  fact  that  the  difference  of  latitudes,.,  longitudes  and  azimuths  is  not 
expressed  In  a  closed  form  by  elementary  functions,  but  presents  elliptic  Integrals, 
whose  practical  application  evokes  great,  difficulties.  Due  to  this  it  Is  necessary 
to  replace  them  by  infinite  series,  the  general  term  of  which,  .as  a  rule,  remains 
unknown,  investigation  of  convergence  however  is  a  difficult  problem.  One  of  the 
prohlem3  of  spheroidal  geodesy  la  that,  in  order  to  investigate  the  question  such 
as  in  .mat  problems  it  is  expedient  to  apply  geodesies,  and  in  what,  problems  to 
teach  about  normal  sections  and  chords  of  ellipsoid.  Although  this  problem  Is  net 
new,  it  i3  not  completely  solved  under  contemporary  conditions. 

Calculating  work  in  spheroidal  geodesy  occupies  a  significant  place.  Contemporary 
computer  technology  is  being  developed  at.  a  rapid  rate.  Due  to  this  formula  and 
methods  which  actual  calculations  are  made,  must  be  basically  changed.  At  present 
tt  number  of  problems  In  spheroidal  geodesy  are  resolved  on  high  speed  computers. 

For  machines  the  meaning  is  not  complexity  of  formulas  or  quantity  of  arithmetical 
operations,  which  are  characteristic  for  logarithmic  calculation,  but  convenience 
of  programming.  Special  investigations  are  required,  in  order  to  establish  type 
of  machines  and  accuracy  of  calculations}  simultaneously,  construction  of  formulas 
convenient  for  programming  ia  required. 

All  geodetic  projections  are  developed  applicable  to  treatment  of  geodetic 
nets  with  short  sides,  layed  out  in  comparatively  small  areas.  The  problem  of  long 
distances  poses  a  problem  In  absolutely  new  fashion  regarding  selection  of  a  surface 
of  projection.  Projecting  on  a  plane  of  any  projection  at  long  distances  will  lead 
to  prohibitive  distortions  and  large  deformations  of  geodetic  construction.  In  a 


given  It.  might  be-  expedient  i..i  utilize  ti.e  properties  01'  upoapherr,  where  e-icti 

p<l:,t  « i  *’  I.'i’iSS  c  :  t'Vi  <  ■■  re  i-o  I  fit- !  *i  M,  similar  i.urv.'i1  lire  it'  1.1. e  Epheroi  d , 

dim  ,  i  t  a. >  wi!;  « : :  i  rf  II  : : :  r  ;  ■  ry  t  i  riV  nt  ifv'it  e  pocsille  1 re  reuse  of  wid  i 

of  Zones  ! i :  .'i  ;y;;  f.i  of  tJnurs-Kruge  r  coordinates  1  y  means  of  tut  rodnet ion  of 
:"ipp!  ‘-."f  r:*  •: !  condition  for  Si-iec  tiui.  of  oi.iifftei  erisi.Lc  fane t. ions .  from  ant  rrm-ut  Inti 
siJ.  these  problems  art'  complex  and  require  deep  -'inrt  multifold  Invest.  I  gut-ion::  for 
ti  e  i  r  soito.  lun . 

A"  •  »•  soit'r.*  Ific  r.  rt'-f  1  otiS  of  spt.oroid.'i  1  /.  co  d  ts  y  i.ci  t  t.e  leur.:  important 

pluee  Jr.  o.".'upi >>u  t;y  qut st.loi.:'  f  proper  system  t>f  ties igtia t.ions  and  special 
terminology.  In  rpheroldul  geodesy  mathematical  symbolism  is  mainly  inset*,  but  up 
Lo  present,  time  this  symbolism,  stranded  in  the  initial  stage  of  Its  development., 
i.;  urn  bulky,  ilowever  the  problem  of  creation  of  special  symbolism  for  spheroidal 
geodesy  must,  be  resolved  parallel  with  the  development,  of  f.he  most,  scientific 
•!i .n.  Lpiine  in  Uu:  course  of  resolution  of  theoretical  and  practical  problems  of 
‘■t.chcr  geodesy . 

Noted  above  are  only  tlte  major  scientific  problems  of  con  temporary  spheroidal 
geodesy.  With  the  development,  of  geodetic  work  and  new  geodetic  technology,  also 
t.lie  requ I  remetit  s  of  adjacent,  disciplines,  appear  more  and  more  new  problem:'  In  the 
iivn  of  opiii'rol  dal  geodesy.  The  worst,  error  i::  that,  affirms  I.  ion ,  in  conformance 
wild:  which  it  is  believed  t.hai  the  problems  of  sphere i rl-.  1  geodesy  were  solved  hv 
the  , '"ivit.es  1.  mUtematiciuhu  of  the  past.  so  thoroughly  that  for  the  s' nro  of  our 
generation  only  t.he  current,  problems  of  dally  practical  .activity  remain. 
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